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ABSTRACT iv

Abstract

We study the work developed by J. C. Hidalgo et al. (2017) about the collapse of a real

Klein Gordon field and the formation of structures. We adapt the same method for a

complex scalar field, perturbing the Klein Gordon equation and obtaining a relation

between the mass of the field to the redshift of the era in which the collapse can occur.

With this result, we give a possible scenario for the creation of primordial black holes

which can provide new information about the reheating process in the universe and the

formation of supermassive black holes.

Abstract (Spanish)

Se estudia los trabajos desarrollados por J. C. Hidalgo et al. 2017 acerca del colapso de

campos reales de Klein Gordon para la formación de estructuras. Se adapta el mismo

método para campos escalares complejos, perturbando la ecuación de Klein Gordon y

obteniendo una relación entre la masa del campo que puede colapsar y el redshift de

la época en cuando esto puede ocurrir. Con este resultado, se da un posible escenario

para la creación de agujeros negros primordiales, los cuales pueden tener un papel

importante en el proceso de recalentamiento del universo y de la formación de agujeros

negros supermasivos.
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1. Introduction

The universe is not only vast in extension, is also vast in topics to studying it. Among

all the interesting and important ones are the early era of expansion of the universe,

inflation, and a still unanswered problem: the dark matter. Nowadays, both areas of

investigation are being modeled using the same kind of entity: scalar fields.

The scalar fields appear primarily in the quantum field theory, to represent particles

with no spin. In cosmology, they are used to interpret and explain certain phenomena.

The inflaton (for inflation) and the scalar field dark matter (for dark matter) are two

of the most important ones. Also, there are very interesting theories that try to unify

both into one single field (see A. R. Liddle, Pahud, and Ureña-López (2008) and A. R.

Liddle and Ureña-López (2006)).

Another interesting peculiarity of the scalar fields is that they can create structures

in the universe when they collapse. This happens when a fluctuation destabilize a

configuration of the field and ’crumbles’. Some of the most important structures that

can be created via this method are the primordial black holes (PBH).
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The PBH are black holes that are created in the early universe, and one of his

principal characteristics is that they can be formed with a wide range of their mass. Ac-

cording to this, if a PBH have a little mass, it could be evaporated due to the Hawking

radiation. If a PBH have a large mass, they could survive to a more recent stage in the

universe. This kind of object are principally studied because they are candidates to be

the components of the dark matter (see Georg, Melcher, and Watson 2009).

Considering the last arguments, in this work we will be investigating the collapse

of complex scalar fields for the creation of structures. If the conditions are correct, the

created structures could be PBH. Our mayor hypothesis is that, if PBH are formed,

they can exist in a wide range of masses, where the PBH with little mass evaporate and

the energy released can contribute to the reheating process, meanwhile PBH with a

large mass can survive to our days and be some of the supermassive black holes that

we observe.

This work is presented in the following way: the first section, constituted by the

chapter 2 to chapter 5, we will be introducing the results and concepts that are necessary

for the understanding of the second part. Here we will be presenting only the most

basic and important information, for more details and further information check the

bibliography.

In the second chapter we will review some basic cosmological ideas, such as the
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Friedmann-Lemaître-Robertson-Walker metric or the Friedmann equation, to later

explain the first era of the universe after the big bang: inflation. In third chapter

is dedicated to basic concepts of a black hole, focusing primarily on the Hawking

radiation, a phenom that will be used in the fifth and final chapter. Chapter four is

assigned to explain the scalar fields, the differences with other fields and to obtain the

equation that rules the evolution of them when there is nothing they can interact with:

the Klein Gordon equation. The last chapter of the first part is dedicated the to a really

specific kind of black holes: the primordial black holes; we will revise the basic aspect

of these bodies, like the formation and evaporation, and why they become relevant

nowadays.

The second section (chapters 6, 7 and 8) are related to the work developed by us,

related to the collapse of the scalar fields. In chapter 6 we revise the work done by

J. C. Hidalgo et al. (2017) for the collapse of real scalar fields, where we will be

reviewing the method to use, the model of collapse (top-hat model), the perturbations

to the Klein Gordon equation and the conditions to results they obtain. The chapter 8 is

restricted to the original work we have done, adapting the same treatment revised in the

previous chapter for the case of complex scalar fields, the adjustments that are neces-

sary to make to potentials, KG equation and the perturbative regime. In the last chapter

we will establish our results and the numbers we obtain through numerical calculations.

Without anything else to add, let’s begin.
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2. Background

In this chapter we describe some cosmological aspects that will become relevant in the

following chapters. First, a brief introduction about important cosmological concepts

that will help us in the development of the work. Subsequently, we present some of the

most important stages of the universe, focusing in the primordial era, since the very

creation of the universe to the formation of the first particles and structures. Later, we

will discuss the radiation-dominated and matter-dominated eras to illustrate the general

behavior of the universe through these stages and the distinctive characteristics of them.

Finally, we will introduce the primordial perturbations, particularly the curvature

perturbation, in order to understand the importance of it in the structure-formation

scenario. Notice that, from this point and through the whole work (all the chapters),

we will be using the system of units where c = h̄ = 1.
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2.1 General Concepts in Cosmology

To begin, we need to define the spacetime in which we will be working, and the

characteristics of it. First of all, we will be considering the cosmological principle as a

cornerstone. The principle explains that there are no special points in the universe, i. e.,

the universe (at large scale) is homogeneous and isotropic. Also, the laws of physics

remain the same at (almost) all stage of the universe, from the early time to the present.

With the mentioned characteristics, it is necessary to define the shape of the universe

an how are we going to measure, i. e., the metric or the line element. To this we will

be using the Friedmann-Lemaître-Robertson-Walker (FLRW) metric, given through

the line element

ds2 =−dt2 +a2(t)
(

dr2

1−Kr2 + r2dΩ

)
(2.1)

considering r the radial coordinate and Ω the solid angle. This metric will represent

the forms of the possible universe. There are two major elements in this metric that we

need to consider: the scale factor a(t) and the curvature K. The scale factor will relate

the (physical) coordinates to another system that will be carrying along the universe as

it expands, the comoving coordinates. This factor will be measuring the expansion rate.

The curvature K will have three possible values according to the possible configura-

tions in which the universe can be stable: K = 1, for a closed universe with a spherical

geometry; K =−1, for an open universe with hyperbolic shape; and K = 0, for a flat

universe.
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Now that we have introduced this basic concepts, we can define the Hubble param-

eter H as

H =
ȧ
a
=

d(lna)
dt

(2.2)

where the dots represents derivatives in time. The value of the parameter at present

time is denoted H0 and it is called the Hubble constant.

Also, we can define the redshift z via the scale factor

1+ z =
a0

a(t)
(2.3)

where a0 is the scale factor at present time. This factor is related with the Doppler

effect that the light will experiment due to the expansion of the universe, and will be

used to give information about the time in which events in the universe happen. As the

value of the redshift increases, we get to older events.

To describe the general characteristics of the universe, we will need equations of

state, for the pressure P and the density ρ in the form P = P(ρ). First we will introduce

the denominated Friedmann equation

H2 =

(
ȧ
a

)2

=
8πG

3
ρ− K

a2 (2.4)
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and the acceleration equation

ä
a
=−4πG

3
(ρ +3P) . (2.5)

These equations are obtained by solving the Einstein field equations using the FLRW

metric. In those expressions, G is the gravitational constant. The fluid equation

ρ̇ +3H(ρ + p) = 0 (2.6)

also will be useful. With the Friedmann equation (2.4) we can define some important

constants and parameters. If K = 0, there must be a value in density in which the

universe may be flat, such parameter is named critical density ρc and is given as

ρc =
3H2

8πG
. (2.7)

With this constant, it is defined the denominated density parameter Ω

Ω =
ρ

ρc
= 1+

K
a2H2 (2.8)

that relates the density of the universe in units of the density for a flat geometry. For an

open universe: 0 < Ω < 1, and for a closed universe: Ω > 1.

Returning to the equation of state of the universe, the pressure can be related to the

density in several ways. For this, we will study three specific cases. If p = ρ/3 (when
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we treat with radiation) we obtain the following expressions

ρ ∝ a−4 (2.9)

a(t) ∝ t1/2 (2.10)

H(t) = 1/(2t) (2.11)

when this conditions were fulfilled, the universe were in the denominated radiation-

dominated era, that lasted from the early universe to a point in time with redshift

zeq ≈ 3300. If P = 0 we have the following relations

ρ ∝ a−3 (2.12)

a(t) ∝ t2/3 (2.13)

H(t) = 2/(3t) (2.14)

when the universe had this equation of state, it was the matter-dominated era, that

began at the end of the radiation era. Finally, for P =−ρ we have the expressions

ρ ∝ a0 (2.15)

a(t) ∝ exp
√

Λ/3t (2.16)

H(t) = constant (2.17)

that are the relations for a universe with a cosmological constant Λ.
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2.2 Early Stages of the Universe

Now that we have studied the mayor characteristics for universe, we know that it must

be a beginning for it. The creation and formation of everything we see is a question

that has intrigued the humankind. At the starting point for the universe, all the material

that exist was crushed into a point of infinite density. In the current era, the Standard

Big Bang (SBB) is the most well-accepted theory which describes such phenom.

Even when SBB is considered as the best option, there are certain problems with

the theory, such as the flatness problem, the horizon problem, monopole problem, etc.

(see Vázquez, Padilla, and Matos 2018).

To solve all these complications, the inflationary model was created. After the Big

Bang, there was an initial era where the universe exponentially expanded quite rapidly,

this is know as Inflation. In this stage the scale factor increases in value, corresponding

to a gravitational repulsion, representing the expansion:

ä > 0 . (2.18)

Also, the comoving Hubble length (aH)−1, that gives the size of the horizon (events

that are causally connected), is decreasing in time

d
dt

(
1

aH

)
< 0 . (2.19)

This represents that the observable universe is constantly becoming smaller during
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this stage. At the beginning of inflation the universe is inside the horizon, and at the

end, is well outside. If we consider the fluid equation (2.6) and the condition for the

scale factor in this era (2.18), we obtain a restriction in the material required for the

expansion

ρ +3p < 0 (2.20)

then, taking into account that the density is a positive quantity, non of the equations

of state that we have revised fulfil the condition, i. e., neither the radiation or matter

could drive the inflationary era. Hence, we need another solution.

In this era, the energy density and the pressure of the cosmological fluid are domi-

nated by scalar fields, the most important one is called inflaton (here being represented

as φ ). This field can derive the condition for a negative pressure and drive the inflation-

ary era.

After a really short period of time, the expansion must have end and the inflationary

era as well, then all the energy that is contained in the inflaton (and other possible

scalar fields that are relevant in this epoch) must be converted into the traditional matter

and radiation, in a process that is called reheating. For this to happen, the slow-roll

approximation seem to be a good solution. During the inflationary era, the kinetic part

of the inflaton is subdominant over the potential V (φ). Later, scalar field starts slowly

"rolling down" the potential and, at the end of inflation, both parameter are comparable

and the reheating starts.
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The reheating begins when the thermal equilibrium is established, and it ends

when practically all the energy of the scalar field(s) is transformed into radiation at

thermal equilibrium. The temperature at which this is achieved is known as the reheat

temperature. In this stage, the energy from the inflaton (or other scalar fields) must be

transferred to the fields of the standard model, in order to form the particles we know

today.

Lets also mention that during inflation, the quantum fluctuations of the fields that

participate in this era were driven to scales much larger than the Hubble horizon, then,

these fluctuations turned to perturbations in the metric. These perturbations (in the met-

ric) can be separated in two: the curvature (or scalar) perturbations, that are coupled

with matter and give birth to much of the structures observed in the universe today,

and the tensor perturbations, that are related to the creation of primordial gravitational

waves.

These perturbations, particularly the curvature perturbations, will be useful in the

following chapters to form the structures that will become relevant to our work.
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3. Physics of the Black Holes

Another phenomenon in cosmology that is of our interest are the black holes. They

represent one of the most well-studied fields in physics due to the unique characteristic

they model: singularities in the universe.

So, in this chapter, we will briefly revise the principal aspects related to this topic:

the ’definition’ of black hole, what it is and how it is modeled, and the principal

concepts and results that are involved. Specially, we will be focusing in one particular

aspect of these structures, the denominated Hawking radiation, that will be used in the

chapters 5 and 8, principally to determinate the lifetime of the black holes.

Even when this topic is really vast, we will only refer to a small part of it. In

chapter 5 we will speak about a really specific type of black hole and we will be given

more information about it.
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3.1 General Definition

It is no easy task to give a definition for a black hole. It is necessary to review the char-

acteristics of it. Several textbooks give several definitions, like a "region of no escape"

(Wald 1984), or a "strong spacetime curvature that it can no longer communicate with

the external universe" (Misner, Thorne, and Wheeler 2017). For practical purposes, we

will call black hole a body with such a gravitational force that, if something enters in it,

cannot come back (not even light). For this, the black hole is composed of a region

called event horizon which is the boundary between the events that can communicate

to a distant observer and the ones that not. Because nothing can go faster than the

speed of light, the trajectories of light rays will determine the size of the event horizon.

To model black holes with a mass M (with G the gravitational constant), the

Schwarzschild line element

ds2 =−
(

1− 2GM
r

)
dt2 +

dr2

1−2GM
r
+ r2 (dθ

2 + sin2
θdφ

2) (3.1)

is the most basic form. In here we are using spherical coordinates, and it is easy to see

that for r = 0 a singularity exist. Equally, for r = 2M, called Schwarzschild radius,

gives a frontier between the events that can and cannot be reached. If a particle lies

inside the radius r = 2M, inevitably will fall to r = 0. If a particle comes from the

exterior to the inside of this region, will be trapped and inevitably will fall to r = 0.

Then, the Schwarzschild radius gives the size of the event horizon.
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Even when the black holes are a really interesting and extensive topic, we will only

need this knowledge to continue our work. In chapter 5 we will consider some really

specific kind of black hole (primordial black hole), and will study it in a little more

detail. Now, we need to revise a special characteristic of black holes that will be useful

in the rest of our work.

3.2 Hawking Radiation

To this point we have seen that a rough definition of a black hole could give the idea

that, as a classical body, it can only absorb particles but not emit particles. In 1974,

Stephen Hawking (see Hawking 1975) proved that the emission of particles from a

black hole was possible, and the emission is the same as a hot body with a temperature

(in Kelvin)
κ

2πk
≈ 10−6

(
M⊙
M

)
(3.2)

where κ is the surface gravity of the black hole, with k the Boltzmann constant and

M⊙ the solar mass. This radiation comes from the application of the quantum nature

of the particles interacting with the electromagnetic fields near the black hole.

Even when Hawking used the quantum field theory (QFT) to obtain his results,

there are some other, and more simple, methods to illustrate the same process, for

example the one given by Schutz (2017). Following his arguments, to start, lets
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consider the uncertain principle in the form

∆E∆t ≥ 1/2 (3.3)

where ∆E is the minimum uncertainty in energy which a particle can have in a quantum

state during the time ∆t.

The quantum field theory considers that the space is filled with "vacuum fluctua-

tions" that consist of pairs of photons that are produced and recombined continuously.

Of course, when these pairs are being created they violate the energy conservation, but

if they live (with energy ∆E) less than ∆t = 1/2∆E, there is no violation of the law,

which translates as a conservation in a large scale even when at small scales it does not

happen. This occurs even in the spacetime close to the black hole, that will be consider

as locally flat.

Taking the production of a pair of photons, one with energy E and other with

energy −E, in the flat spacetime the photon with negative energy could propagate

freely within a time 1/2E, when the recombination must happen. But if the production

occurs near the even horizon, the photon could cross it before the time 1/2E elapses

and then, once inside the horizon, propagate freely. Then, the positive-energy photon

is allowed to escape to infinity

Now, lets regard Schwarzschild metric (eq. 3.1). A particle standing in near the

event horizon with radial coordinate 2M+ε (ε a small displacement) that immediately
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starts falling inwards, follows a trajectory with energy

E =

(
1−2M
2M+ ε

)1/2

≈
(

ε

2M

)1/2
(3.4)

and gets to the horizon after a proper time ∆t. The time that elapses for the particle to

reach the Schwarzschild radius, is given through the expression

dτ =− dr(
E2−1+ 2M

r

)1/2 . (3.5)

Substituting the expression for the energy (3.4) into the (3.5) and integrating, we obtain

∆t =−
∫ 2M

2M+ε

(
2M
r
− 2M

2M+ ε

)−1/2

dr . (3.6)

Expanding and considering the terms to first order in ε , we obtain

∆t = 2(2Mε)1/2 . (3.7)

Remember that the time ∆t to reach the horizon must be equal to fluctuation time 1/2E

for the energy conservation. Then, the energy E of the photon that falls inside the

horizon is

E =
1
4
(2Mε)−1/2 (3.8)

that must be the same as the energy for the photon that moves away from the horizon of

the black hole. If we consider now the outgoing photon, the energy E that is conserved
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along its trajectory from the pair creation point, 2M+ ε , to infinity is

E = E
(

ε

2M

)1/2
=

1
8M

. (3.9)

This is a remarkable result, it tells us that no matter where the photon is created,

it always comes out with this characteristic energy. Equally, this expression is quite

similar to the Hawking calculation, where the energy of the photon is given through

the spectrum of a black body with temperature TH = 1/8πkM, known as Hawking

temperature. Then, according to the black body theory, the energy of the photon should

be E = 1.58/8M, a quite similar result as (3.9).

The Hawking temperature is proportional to M−1, while the rate of radiation of a

black body AT 4, with A the area of radiation of the black body, which is proportional

to M2. Then, the luminosity of the black hole is proportional to M−2. Since the energy

comes from the mass of the hole, and every negative-energy falling photon decreases

its mass, we have

M2dM ∼ dt (3.10)

the lifetime τ of a black hole is given as

τ ∼M3 . (3.11)

So, a big hole implies a long life, but a cooler temperature. If we consider that a hole of

mass 1012Kg has a lifetime of 1010 years, we can obtain an expression for the lifetime
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of a black hole with mass M

τ

1010 yr
=

(
M

1012Kg

)3

. (3.12)

This expression will be used in the last chapter to calculate the lifetime of primordial

black holes that could be produced due to the collapse of a scalar field.
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4. Scalar Fields and the Klein-Gordon

Equation

As we have seen, the Scalar Fields have a great importance in the evolution of the

universe, specially in the primordial stages, where the inflaton is quite relevant. Equally,

some other phenoms, like Dark Matter, are well described using these kind of fields.

The aim of this chapter is to present the Scalar Fields, the differences with other

kinds of fields, his representation and usefulness. Also, we will introduce the Klein-

Gordon equation, which describes the evolution of these entities, and will be the

starting point for the work presented in the chapters 6 and 7. For now, we will restrict

ourselves to a theory in a flat spacetime, but with certain arrangements the results could

be extrapolated to a general spacetime.
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4.1 Scalar Fields

In the Classical Field Theory, a field could be roughly portrayed as an entity with

infinite degrees of freedom. The action S of the system is defined as

S =
∫

dt L =
∫

dt
∫

L dx

where L = T −V is the Lagrangian of the system, with T and V the kinetic energy and

the potential of the system, respectively. The Lagrangian is also obtained as the spatial

integral of the Lagrangian density L . For the evolution of the degrees of freedom, we

must consider the least action principle

δS = 0 (4.1)

which states that a small change δS in S is negligible if it is the result of a small change

in the time dependence of the degrees of freedom. This change is arbitrary, but the

boundary condition depends on the system.

Now, if we incorporate the quantum theory, we obtain the Quantum Field The-

ory (QFT). In QFT, the particles of the standard model could be represented as a

single field, differentiated and classified according to the spin of the particle. The

fields for particles with spin-1/2 (fermionic fields) are called spinor fields. For par-

ticles with spin-1 (bosonic fields), we have the vector fields, also known as gauge fields.



CHAPTER 4. SCALAR FIELDS AND THE KLEIN-GORDON EQUATION 21

The scalar fields correspond to particles with spin-0, and the name ’scalar’ comes

from the way these fields transform under the Lorentz transformation (of course, as a

scalar). Considering this, the action of this kind of field should be a Lorentz invariant.

In this case, considering a flat spacetime, the action of the field is given in terms of the

Lagrangian density L as

S =
∫

d4xL . (4.2)

The Lagrangian density for scalar fields must satisfy some requirements. The most

important one is that it must be invariant under spacetime translations, this is, L must

not depend explicitly on the coordinates. The independence of L in time makes L

independent in time, which leads to a energy conservation. Equally, the independence

in spatial coordinates gives a momentum conservation.

For a scalar field ϕ (which has units of energy), the simplest Lagrangian density

that fulfils the mentioned requirements is:

L =−1
2

∂
µ

ϕ∂µϕ−V (ϕ) (4.3)

where the first term is called the ’kinetic term’ and the second one, the ’potential term’

V (ϕ), is a function named scalar field potential, which has a dimension of [energy]4.

For the evolution of the field, we must make use of the action principle (equation
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4.1), and the action (4.2). The field equation is then (for a flat spacetime)

∂L

∂ϕ
− ∂

∂xµ

(
∂L

∂ (∂µϕ)

)
= 0 . (4.4)

Taking the Lagrangian (4.3) and inserting it in the field equation, we obtain

ϕ̈−∇
2
ϕ +

dV (ϕ)

dϕ
= 0 (4.5)

where the double dot represent the second derivative in time. For an homogeneous

field, this equation is reduced to

ϕ̈ +
dV (ϕ)

dϕ
= 0 (4.6)

which, making an analogy with classical mechanics, this equation represents a unit-

mass non-relativistic particle, where ϕ represents the position of the particle, subject

to the potential V (ϕ).

4.2 Klein-Gordon Equation

Usually, the solution of the field equation corresponds to plane waves that do not

interact too strongly. In this case, for a real scalar field, the potential for the nearly free

scalar field is predicted to be quadratic

V =
1
2

m2
ϕ

2 (4.7)
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With this potential, the field equation (4.5) is

ϕ̈−∇
2
ϕ +m2

ϕ = 0 (4.8)

this result is known as the Klein-Gordon (KG) equation, and it represents a particle

with mass m that do not interact, or, a (almost) free field. If we consider again a

spatially homogeneous real field, the equation (4.8) transforms into

ϕ̈ +m2
ϕ = 0 (4.9)

As we mentioned, this result is valid for a flat spacetime. It is possible to generalize

the KG equation for any spacetime with metric gµν . Then, the equation (4.8) is

rewritten as

gµν
ϕ;µν −m2

ϕ = 0 (4.10)

where the symbol ; represents the covariant derivative.

All the results obtained in this chapter are useful for real scalar fields, and will

be used in chapter 6; but if we consider complex scalar fields, we must make some

modifications in order to correctly describe the behavior of this fields. In chapter 7 we

will see how this changes must be made.
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5. Primordial Black Holes

Now that we have revised the principal results in black holes and scalar fields, we

are able to revise a way to connect them. In this chapter we will be revising the

principal concepts of the denominated primordial black holes (PBH), focusing in their

characteristics, formation and importance they have according to their mass. Take into

account that this is a vast topic that is being investigated nowadays, so, we will only

mention what we consider the most important results and the necessary information

so the rest of the work can be understood; for more information, please check the

bibliography.

5.1 Important Concepts

Just as in the case of a general black hole, it is not easy to define what is a primordial

black hole. We can call a primordial black hole to any black hole that were created in

the early stages of the universe. The existence of this entities is still open to speculation,

but the importance of the PBH resides in the information they give in several areas of

physics, such as the early universe and gravitational collapse or high energy physics.
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The first ideas related to PBH where developed by Zel’dovich and Ya. B. Novikov

(1966), and retaken in the 70’s by B. J. Carr and Hawking (1974). In these works, they

proposed that at the early stages of the universe, when large overdensities could be

formed, the internal pressure in these structures couldn’t counteract the gravitational

forces and finally collapse. There are two major phenoms related to PBH: their forma-

tion and their evaporation. We will talk a little bit more about them later.

One important characteristic of PBH is that they have a great range of masses in

which they can be created: from 10−5 gr to several millions of solar masses. According

to the mass, they may decay (evaporation due to Hawking radiation) or remain to form

other structures (candidates for supermassive black holes, cold dark matter).

• PBH as dark matter. We know that roughly the 30% of the density of the uni-

verse is formed by cold dark matter. PBH are particularly of interest, since the

PBH with masses larger than 1015g could have survived to later times and be

massive enough to be dynamically ’cold’. This kind of black holes are being

studied since they represent a candidate to form the cold dark matter.

Another possibility that is being studied is that even PBH with no great masses

could form dark matter. When the PBH evaporates, the process could stop when

the mass of the remain (or ’relic’) is closed to the Planck mass. This relics are

relevant in the string scenario, where (in the Planck scale) the compactified extra
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dimensions have influence on this relics.

• PBH and large scale structures. Since the formation of supermassive black holes

(SBH) through the traditional and well-studied methods are quite strange, the

SBH with masses up to 106M�−108M� could have a primordial origin, with

the sufficient mass to survive to our era.

Another possible scenario is that PBH could be formed in clusters, which eventu-

ally can condensate and finally form a single supermassive black hole (Suyama

and Yokoyama 2019).

If a PBH with a great mass survive to our time as a supermassive black hole, it

might not be easy to identified them and finally distinguished them from those

SBH that formed at a more recent era. Recent investigations (Arbey, Auffinger,

and Silk 2019) motivate methods to do it. For example, if the SBH have spin

(Kerr black hole), those who started as PBH could violate the Thorne limit (a

restrain in the spin of the black hole), an in this way giving a method to differen-

tiate them.
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5.2 Formation and Evaporation

As Bernard Carr mentions (B. J. Carr 2005), there are several process in which PBH

could be formed: soft equation of state, collapse of cosmic loops, collisions of broken

symmetry, etc.

The most important one is due to perturbations or fluctuations (that most of these

arise from inflation) that evolve in an overdense spherical region. If we have an

equation of state P = γρ (notice the similarity with the equations of state presented in

chapter 2), the overdense region must be larger than the associated Jeans length

RJ = 4π

√
γ

5+9γ
dH (5.1)

where dh is related to the Hubble radius (see Juan Carlos Hidalgo 2009). The considered

region also must be shorter than the size of the horizon

rH =
1
H

f (γ) (5.2)

where f (γ) is a function of the proportionality constant in the equation of state (T.

Harada and B. J. Carr 2005). Considering this, and that the region must be spherically

symmetric, the mass of the primordial black holes created is given as

MPBH =
4
3

πr3
Hρ (5.3)

where ρ is the density of the overdense region. In this way, the amplitude δP of the
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fluctuations for the density perturbation to collapse and create a PBH must be in the

order of the constant γ: δP ∼ γ .

As we saw in Chapter 3, PBH also emit energy according to the Hawking radiation,

with a time scale given as (3.10). This implies that black holes with mass 1014 gr are

evaporating in our present era. This radiation gives a constrain in the abundance of

PBH

ΩPBH(M ∼ 1015g). 10−8 . (5.4)

The mass fraction of the universe that turn into PBH with mass M, βPBH(M), is

given as the integral of the probability density function P(δP) of the amplitude δP

βPBH(M) =
∫

P(δP)dδP (5.5)

in which is known as the Press-Schechter formula.

Even when this theory is being studied due to the arguments we already give, the

existence of PBH is still under debate, with several shortcomings that still don’t have

an answer. For now, this is all the information we need to continue.
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6. Collapse with Real Scalar Fields

Taking into account all the knowledge that we have revised related to the structure

formation (specially in the case for PBH), we are able to model the processes in which

a scalar field collapse to provoke this.

In this chapter we will be reviewing the work developed by J. C. Hidalgo et al.

(2017) about the collapse of a real Klein Gordon field for the formation of structures,

particularly focusing in the method they used for this, the spherical collapse through

the top-hat model, and the perturbations to the KG equation to model the fluctuations

that are necessary for the field to crumble. Of course, the full explanation and the

complete calculations can be seen with more detail in the original work.

6.1 Spherical Collapse: Top-Hat Model

To model the perturbations that could create structures, as we have already revised, the

spherical symmetry is an important condition. For this, lets consider the FLRW metric

(eq. 2.1) for a closed space, K = 1, given in terms of the comoving radial coordinate χ
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ds2 =−dt2 +a2(t)
(
dχ

2 + sin2
χdΩ

)
(6.1)

where a(t) is the scale factor and dΩ is the differential of solid angle. We will call χa

to the maximum comoving radius of the closed region.

To include the perturbations, lets consider the denominated "top-hat" model. This

model considers three principal regions: 1) a flat background, with density ρb (the

factors with subindex "b" will indicate that are related to this region), in which the other

regions will be immersed. 2) A closed region with an overdensity ρa (the quantities

with subindex "a" will be referred to this zone), surrounded by 3), a region with an

underdensity that will compensate the addition of the fluctuations δρ (the components

with subindex "b" will be identify to this region) to the first closed region, so the over-

all average density of the second and third regions match the density of the background.

In other words, the top-hat model consist of a flat spacetime that will serve us as

a background. Then, for the fluctuations, we will use a central spherical region that

will have a density which we can make as large as necessary. For this, a third region

will be surrounding it, and will have a density with a value that we will make as small

as necessary so the average value of this last two regions will be almost the same as

the density in the background. All this will provide a correct framework to sketch the

primordial fluctuations without any addition of the density in the background.

In the figure 6.1 we can see a diagram of this regions.
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Figure 6.1: Basic scheme of the top-hat model. The central region, in orange,
represents the closed region that will contain the overdensity. The blue area is the

region with underdensity that will compensate the fluctuations in the central region. All
is included in the flat spacetime that serves as background.

Now that we have revised the configuration that we will be using to model the

fluctuations, the next step is making some calculations to obtain the conditions so the

collapse could occur. We know that the densities between the three regions will be

related through the overdensity δρ in the central region, this is

ρa = ρb +δρ = ρb(1+δ ) (6.2)

where δ is the density contrast between the two zones. As a first condition, we consider

that, at initial time ti, both regions expand at the same rate, so their Hubble parameters
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will be

Ha(ti) = Hb(ti) . (6.3)

Using the Friedmann equation (2.4), the last condition is represented as

H2
b =

κ

3
ρb =

κ

3
ρb(1+δ )− κ

3
δρ

=
κ

3
ρa−Ka

c2

a2(ti)
= H2

a

(6.4)

where κ = 8πG, a the scale factor and Ka = 1 the curvature of the central region. If

we demand a uniform expansion in the perturbative regimen, it generates a gauge for

the matter perturbation, given through the expression

κ

3
δρUH = H2

a δUH =

(
c

a(t)

)2

(6.5)

where the subscript UH expresses the uniform expansion gauge. We can rewrite this

last condition in terms of the areal radius of the overdense region, Ra = a(t)sin(χa),

and the Hubble radius, RH = c/H, as

δUH =

(
RH

Ra

)2

sin2
χa (6.6)

and, finally, we will also consider that the values over the time of horizon crossing

should be

δ
H
UH = sin2

χa . (6.7)

The expansion of the overdense region is equivalent to the solution of the scale

factor in a closed universe. The maximum expansion will be reached, at time tmax,
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when Ha(tmax) = 0. Then, we have the following expression for the scale factor, amax,

at this point

amax =

√
3c2

κρa(tmax)
=

(
1− 1

Ωa

)−1

a(t) =
Ωa

(Ωa−1)3/2
c
H

(6.8)

where

Ωa =
κρa(t)
3H2

a

is the matter density parameter of the overdense region before the maximum expansion.

The maximum areal radius that the overdensity can achieve is associated with the

comoving radius through the scale factor

Rmax = amax sin χa =
Ωa

Ωa−1
Ra(t) . (6.9)

Using the equation (6.7) we can relate the matter density of the perturbation to the

radius of maximum expansion, via the comoving Hubble scale, RHa = c/Ha, as

δ
H
UH =

(
Rmax

amax

)2

= (Ωa−1)
R2

a

R2
Ha

. (6.10)

For the gravitational collapse, Bernard Carr (Bernard J. Carr 1975) provides a

condition for our model: If the maximum expansion radius Rmax is greater than the

characteristic instability radius R̂J , the configuration of the inhomogeneity of the

overdense region will be unstable and finally collapses. The radius R̂J represents a

rescaling of the Jeans’ length RJ (which appears in astrophysics for the collapse of

interstellar gas). This condition for collapse can be expressed as the relation
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Rmax

amax
>

R̂J

amax
= f . (6.11)

For the correct rescaling, Tomohiro Harada, Yoo, and Kohri (2013) gave a suitable

rescaling considering for a perfect fluid with equation of state

P = ωρ (6.12)

with P the pressure of the fluid, ρ its density and ω a positive constant. The proposed

condition (only considering the Carr’s criterion) is

R̂J =
3

8π2 RJ(tmax) =
√

ωamax . (6.13)

With equations (6.11) and (6.13) we obtain

f =
√

ω . (6.14)

From (6.10) we observe that there must be a threshold value for the density contrast

when the horizon crossing occurs in the uniform expansion gauge

ω < δ
H
UH < 1 . (6.15)

In the work developed by Harada et al., the refinement to the last equations, specially

for the instability scale, is derived from the propagation of a wave in an expanding

overdensity, considering the time of propagation and the time of collapse, in the same
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case of barotropic fluids (fluids whose density is only a function of the pressure). Such

radius of instability, Rinst , at maximum expansion is given as

Rinst = amax sin
(

π
√

ω

1+3ω

)
. (6.16)

Then, the threshold amplitude for the density contrast δc will be given as

δc =

(
Rinst

amax

)2

= sin2
(

π
√

ω

1+3ω

)
= sin2

(
π f

1+3 f 2

)
. (6.17)

The last expression relates the scales of the three regions of the top-hat model. Also,

we can give a critical value for the overdensity in the coordinate radius, χc if we take

into account the equation (6.7)

χc =
π f

1+3 f 2 . (6.18)

Finally, the same model allows us to give an average value for the curvature

perturbation necessary for the collapse, ζ c, related to the critical comoving radius

ζ c =
1
3

ln
(

3χc− sin(χc)cos(χc)

2sin3(χc)

)
. (6.19)

This last equation gives a formula to test the primordial perturbations in curvature for

collapse.
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6.2 Perturbations to the KG equation

Now that we have revised the method to model the inhomogeneities and the conditions

for the collapse, we will move us to the real scalar fields scenario.

To use the same conditions as before, we will take into account the general KG

equation (eq. 4.10) for a minimally-coupled scalar field that will be immersed in a flat

spacetime that will serve as the background.

For this, using the FLRW metric (eq. 2.1)

ds2 =−dt2 +a2(t)
(

dr2

1−Kr2 + r2dΩ

)
(6.20)

and considering a flat spacetime (K = 1), a homogeneous real scalar field must satisfy

the equation

ϕ̈ +3Hϕ̇ +m2
ϕ = 0 (6.21)

where H is the Hubble parameter, m the mass of the scalar field and the dots expresses

the derivatives to the physical time.

In the case where the cosmological expansion is larger than the dynamical time of

the field (m� H), a solution for the equation is

ϕ(t) = ϕ0a−3/2

[
sin(mt)+O

{(
H
m

)2
}]

(6.22)

where ϕ0 is a constant and a is the scale factor. Notice that the average pressure of this
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field is given as

〈P〉= O
(

a−6
)

(6.23)

so, acting for a long time, the field behaves as a pressureless fluid, so the top-hat model

will be useful. Considering the last condition, the field (6.22) will be our starting point.

Even when the field (6.22) satisfies the KG equation, the fluctuations are easily

studied using the modified Mukhanov-Sasaki variable (see Mukhanov 1988 and Sasaki

1986):

µ̂ ≡−2

√
a3
(

1− H ′

H 2

)
ζ (6.24)

where H is the Hubble parameter in the conformal time and ζ is the curvature

perturbation. So, in the Fourier space, the perturbed equation results:

¨̃µs +

{
k2c2

a2 +
d2V
dϕ2 +3κφ̇

2− κ2

2H2 φ̇ 4 +
3κ

4

(
ϕ̇2

2
−V

)
+2κ

ϕ̇

H
dV
dϕ

}
µ̃s = 0 (6.25)

where k is the wavenumber of the instability.

Using the potential for a nearly-free scalar field (eq. 4.7) an the solution (6.22), we

obtain the following expression (considering factors up to O
(
a−3)

[
k2c2

a2 +m2 +2
√

6κm2
ϕ0a−3/2 sin(mt)cos(mt)

]
µ̃s + ¨̃µs = 0 . (6.26)
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Making the variable change z = mt +π/4, the last equation rewrites as

d2µ̃s

dz2 +(Ak−2qcos(2z)) µ̃s = 0 (6.27)

which is an (almost) Mathieu equation, with

Ak = 1+
k2c2

m2a2 (6.28)

and

q =
1
2

√
6κm2

ϕ0a−3/2 . (6.29)

Now, we need to study the instabilities of the Mathieu equation in order to obtain the

instability band we will later use.

6.3 Mathieu Equation

For a single variable x(t), the general form of the Mathieu equation is

d2x
dt2 +(δ + ε cos t)x = 0 (6.30)

which is a linear differential equation with variable periodic coefficients, where δ and ε

are parameters. The Mathieu equation is commonly observed in problems related with

nonlinear vibration: in systems where exist a periodic force or motion. For example,

the equation appears in the case of a vertical pendulum, which is subject to the action

of the gravity.
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The stability of the systems which are described by this equation, is given consider-

ing a small ε , and expanding δ in a power series of the same parameter. The stability

changes are given by curves in the δ − ε plane, which are called transition curves,

given by the equation

δ =
1
4
± ε

2
+O

(
ε

2) . (6.31)

Considering only the linear terms (see Rand n.d.), inside the two curves is the

instability region that is called the tongue. In this region, for small ε , x(t) has a expo-

nential behavior. Outside the tongue, in the stable region, x(t) is conformed by periodic

functions with substantial values in frequency, giving a quasiperiodical function in t.

Figure 6.2: Plane δ − ε and transition curves. The white area is the thong (instability
region), and the blue area is the stability region.
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6.4 Instability Band

Now that we have revised the stability of the Mathieu equation, we can return to

equation (6.27). Applying the result (6.31), the instability band of the perturbations

that fall inside the Hubble horizon are given by

1−q < Ak < 1+q (6.32)

or, it could be rewritten as

−q <
k2c2

m2a2 < q (6.33)

and inserting the expression for q, eq. (6.29), we can obtain and expression for the

instability wavenumber k

k =
a
√

3mH
c

(6.34)

that corresponds to the scale of the smallest fluctuation that is able to collapse when

the entrance to the event horizon occurs.

Considering that the horizon crossing happens in the radiation dominated era, and

that in this case the wavenumber must be equal to the inverse of the comoving distance,

k = aH, the expression for the k in terms of the mass m of the scalar field is

k =
√

3m
(

8πG
3

ρr0

) 1
4

(6.35)

where ρr0 is the density of the radiation in the present era. Substituting the values of
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the constants, the equation becomes

k
1.006 Mpc−1 =

√
m

10−22 eV
. (6.36)

So, for a given scalar field of mass m, we can obtain the scale of the perturbation that

allows the field to collapse.

It is important to mention that the existence of the instabilities in the fluctuations of

the scalar field is not a sufficient condition for the collapse and formation of structures,

such PBH. Values in the perturbations and the era in which they happened must be

taken into account. For example, for the formation of structures, the threshold value

for the perturbation in curvature (eq. 6.19) could be of order

ζc = 10−16 (6.37)

for a inflaton with energy E = 1010 GeV. Also, the fluctuations must happen at the

time of horizon entry, where the overdensity have to be in the spherical region.
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7. Collapse with Complex Scalar

Fields

Now that we have revised the collapse with real scalar fields, the next step is following

the same treatment considering a complex scalar field, that will provide us new infor-

mation about the fields that could collapse and the "quantity" that is needed for the

formation of structures.

We will start by noticing the differences between the real and the complex fields,

and the changes that are necessary to make to the equations that we have used in the

previous chapter for the correct calculation of the perturbations. Later, we will obtain

an expression that relates the mass of the field that can collapse to the era in which

they can make it.

7.1 The case of Complex Scalar Field

Considering the same model as the one used in the previous chapter, we must treat

with a scalar field immersed in a flat spacetime. With this conditions, we will use
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a complex scalar field that satisfies the appropriate KG equation. In this case, the

potential V = 1
2mϕ2 must be modified to

V = m2
ϕϕ
∗ (7.1)

where ϕ is the considered field, m is the mass of the field, and ϕ∗ is the complex

conjugate of the field. This potential V shows explicitly the complex nature that we are

trying to reflect.

Now that we have the correct expression for the potential, the KG equation used

for the real field needs to be modified as well. The field equation (4.6) for a spatially

homogeneous field must be changed to

ϕ̈ +
dV (ϕ)

dϕ∗
= 0 .

So, with our new potential V (eq. 7.1), we notice that the general KG equation

(4.10) remains the same. So, using the same conditions as in the previous case for a

real field (a flat spacetime), the evolution equation (6.21) also remains the same.

ϕ̈ +3Hϕ̇ +m2
ϕ = 0 (7.2)

where the dots denote the derivative to physical time.

Considering the same conditions for the spherical collapse, the top-hat model, and
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making an analogy with in the real case, we will now use a field of the form:

ϕ(t) =
ϕ0

t
ei(S(t)−mt) (7.3)

where ϕ0 is a constant obtain by boundary conditions, S(t) is a phase and m is the mass

of the field.

Notice that, as in the case for the real field, the pressure of the complex field goes

as

〈P〉 ∼ t−2

so, if we let the oscillating field acting for a long time, it behaves as a pressureless

fluid. Hence, the same model to the collapse for the real field will be useful.

Equally, for the homogeneous density of the field we have

〈ρ〉 ≈ 2V = 2mϕϕ
∗ = 2m2 ϕ2

0
t2 =

ρ0

t2 (7.4)

where ρ0 is the initial value of the density. To obtain an expression for ϕ0 lets consider

the Friedman equation (2.4), then ρ0 is given as

ρ0 = Ω
0
m

3H2
0

8πG
(7.5)

where H0 is the Hubble constant, G is the gravitational constant and Ω0
m is the density

parameter of matter at the present time.
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Using (7.4) and (7.5), ϕ0 is then

ϕ0 =
1
4

√
3

πG
Ω0

m
H0

m
. (7.6)

Returning to the proposed complex scalar field, as we know, it must be a solution

of the KG equation in a flat space. If we insert (7.3) in (7.2), we find that, of course, it

is a solution, but it generates a condition for the phase S(t), which is given through the

differential equation:

S̈(t)+ i[Ṡ(t)−m]2− im2 = 0 (7.7)

where we are able to see that S(t) must have a specific expression; for example, the

phase cannot be a constant. Then, S(t) has as a general solution the form

S(t) =C2− i log(e2im(t+C1)−1) (7.8)

for t < 0, with C1 and C2 constants. In this way, the form of the phase also defines the

group of scalar fields that we are able to use for the collapse, and will produce specific

hydrodynamical equations (see Matos, Avilez, et al. 2016).

For the instabilities of the KG equation, we have to modify the equation (6.25)

in the Mukhanov-Sasaki variable, to an appropriate expression for a complex scalar

field. Making the same changes as we did in the potential, we find the equation for the

evolution in the perturbative regimen in the Fourier space:
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¨̃µs +{
k2c2

a2 +
d2V

dϕdϕ∗
+6κϕ̇ϕ̇

∗− 2κ2

H2 (ϕ̇ϕ̇
∗)2+

3κ

4
(ϕ̇ϕ̇

∗−V )+2κ
ϕ̇

H
dV
dϕ∗
}µ̃s = 0

(7.9)

where k is the wavenumber for the instability, κ = 8πG, and H is the Hubble factor.

Inserting the potential (7.1), the field (7.3) and the fact that the fluctuations must be

in the radiation dominated era, where the Hubble factor is related with the physical

time as H = (2t)−1, the equation (7.9) reduces (considering only the factors up to order

O(t−2)) to:

¨̃µs +

{
k2c2

a2 +m2 +4im2
κ

ϕ2
0
t

(
Ṡ−m

)
e2i(S−mt)

}
µ̃s = 0 . (7.10)

Making the variable change z = 2(S−mt), and considering only the real part of the

equation, we obtain

d2µ̃

dz2 −
{

1
4m2 tan2(mt)

(
k2c2

a2 +m2
)
+2mκϕ0

1
t

tan(mt)cosz
}

µ̃ = 0 (7.11)

which is another Mathieu-like equation.

The results in Chapter 6 help us to determine the instabilities for our equation.

Considering the expression (6.31), the transition curves to the instability band are given

by
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k2 =−m2a2

c2 csc2(mt)±4κ
m3a2

c2
ϕ2

0
t

cot(mt) . (7.12)

In the horizon crossing, the instability wavenumber k must be equal to the comoving

horizon: k = aH, then, the equation is rewritten as

0 = H2− m2

c2 csc2
( m

2H

)
±12

G
c2 mH2

0 Ω
0
mH cot

( m
2H

)
. (7.13)

The last expression relates the mass of the scalar field that collapses to the Hubble

parameter, which give us information about the era in which the instability occurs.

This is the equation we will be using to obtain the results presented in the next chapter.

Finally, the parameter H can be expressed in terms of the redshift z. For this, lets

take into account the Friedmann equation (2.4),

H2 =
8πG

3
ρrad (7.14)

where ρrad is the density in the radiation-dominated era. As we know, in this epoch,

the density is related to the scale factor as ρ ∝ a−1, where a = (z+1)−1. Then, we

can rewrite the last expression in terms of the redshift z:

H2 =
8πG

3
ρeq

(
z

zeq

)4

(7.15)

where zeq ≈ 3300 is the redshift for the matter-radiation equivalence, and ρeq is the
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density at the same era, given through the relation

ρeq = Ω
0
m

3H2
0

8πG
z3

eq (7.16)

with the constants remaining the same as the ones described previously.

Now, we have everything we need to start making some calculations to obtain

the masses of the scalar fields that could form structures according to the redshift

appropriate for the era in which the fluctuations happened.
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8. Results and Final Remarks

Taking into account the results in the last chapter, using eq. (7.13) we can calculate

the mass of a scalar field that can collapse if we know an appropriate value for the

Hubble parameter for the era in which the collapse can occur. First, lets introduce the

values for the constants we will be using (lets remember that we have been considering:

c = h̄ = 1)

Hubble constant : H0 = 100h
[

Km
s−1 Mpc−1

]
, h = 0.72±0.8 .

Gravitational constant : G = 6.672×10−11
[

m3

kg−1 s−2

]
.

Density parameter : Ω
0
m = 0.23 .

Redshift matter-radiation equivalence : zeq ≈ 3300 .

With these values for the constants, we are able to continue (the value of the

constants where extracted from textbooks, for example A. Liddle 2015). As we have

considered, we need a value for the redshift z for the horizon crossing where the

collapse could occur. An appropriate redshift for the horizon entry for small scales is

z = 3.3×108 (Lyth and A. R. Liddle 2012). With this value, the Hubble parameter (eq.
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7.15) is

H = 1.65×1012 eV . (8.1)

With this value for H, and the constants presented before, introducing all the numerical

values in (7.13), we can calculate the solutions for the masses of the scalar fields that

could collapse at the given redshift.

Figure 8.1: Graph of the eq. (7.13) for z = 3.3×108. The mass is in units of H. Each
cross of the function with the axis of the abscissas represents the mass of a scalar

field that could collapse for the given z.

The graph in Figure 8.1 represents the form of the equation for the fluctuations

(7.13). The mass is given in units of H, in our example is the value shown in (8.1).

Each intersection of the function with the x axis is a possible solution, where, of

course, only the positive values for mass have a physical meaning. It is easy to see
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that there are solutions in practically all the range of the real numbers, specially, the

graph shows the solutions in the range of GeV. Even when the graph isn’t helpful to

visualize it, numerical analysis suggest that there are also solutions for small values

of mass, in smaller ranges than eV (that can also be reached with a bigger redshift).

Improvements in the numerical method to obtain the solutions for the mass is one of

the many subsequent refinements that will be done.

The last result mentioned could be the biggest difference with the results obtained

using real fields. Meanwhile with real fields we have a relation between the mass of

the field and the wavenumber of the fluctuation (eq.6.36), where for each value of the

wavenumber we have one single value for mass, using complex fields we also obtained

a equation that relates the mass and the fluctuation (eq. 7.13) but where for each value

of k (or z) we have practically infinite possible values for the mass of the scalar field

that could collapse (since the solutions exist for all the range of the real numbers). We

are not saying that all the scalar fields with a value of mass that is a solution for the

eq. (7.13) are able to collapse, or even exist, there are certain conditions that must be

satisfied so this can be possible.

With all the solutions in the wide range of masses, we will be focusing in two

scenarios (according to our hypothesis): small mass values, for scalar field like dark

matter (m = 10−22 eV) and significant mass values, like the scalar field for the inflaton

(m = 1016 GeV).
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For a configuration of a scalar field with mass mϕ , the critical mass M of such

configuration is given through the relation provided by Seidel and Suen (1990) (also

Matos, Ureña-López, et al. 2004, for an application)

M = 0.633
m2

pl

mϕ

(8.2)

where mpl is the Planck mass. Using this expression, in the scenarios that we have

mentioned, the critical masses are given in the following table:

Scalar Field Mass Critical Mass

Inflaton 1.07×1016 GeV 1.44×10−5 Kg

Dark Matter 10−22 eV 7.7×1011M⊙
Table 8.1: Scalar fields and their critical mass

As we have already discuss, there are certain requirements that must be fulfilled

for the collapse and final formation of structures (spherical symmetry, correct values

in perturbations, etc.). With the correct conditions, the scalar fields mentioned could

form PBH with masses according with their critical mass. This is:

• The scalar field of the dark matter could form supermassive black holes of 1011

solar masses, resulting in black holes with sufficient mass to exist in the present

time.

• For reheating, if PBH have contributions to the energy in this period, these must

have a really short life, being completely evaporated under the first second of

the universe. With this condition, using eq. (3.12), the PBH must have a critical

mass under 3×107Kg. Scalar fields with masses under mϕ = 4×1017GeV can
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fulfil the requirements to for these structures. So, a scalar field with a mass value

similar to that of the inflaton could be the principal candidate to form this kind

of PBH.

To conclude this work, lets make a brief resume to the overall process we have

done and the results we obtained:

• First, we studied the work developed by J. C. Hidalgo et al. (2017) related to the

collapse of real scalar fields and extended the same to the case of complex scalar

fields.

• Using complex scalar fields, we obtained an equation that relates the mass of the

field that could collapse to the redshift of the era in which they can do it, where

for single value of z, mathematically, we have an infinite number of the possible

values the mass of the scalar field that could collapse.

• With the correct conditions, the scalar fields could collapse to produce structures

in a wide range of masses.

• Scalar fields with a large mass value, like the inflaton, could produce primordial

black holes with the necessary mass so they could evaporate and produce energy

that could contribute in the reheating process.

• Scalar fields with a small mass value, like the scalar field for the dark matter,

could produce supermassive black holes that could exist to the present era.

Finally, with subsequent calculations, our work can be supplemented by obtaining

the correct conditions for the collapse, such as the values for the curvature perturbation
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according to the mass of the field. Equally, the results are useful for determinate the

rate of PBH created and needed for a contribution of these objects to the reheating and

the quantity of SBH observed nowadays. Also, the hydrodynamic representation of the

evolution equations for the scalar fields we found could provide information about the

different energy contributions this entities can provide in different scenarios.
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