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A magnetized object in Kaluza-Klein theory
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h this paper, we presert a study of the srable equatorial (0 - r/2) d polú (0 = consl¿no tBjecLoner of neurat o;
ch¿¡ged test p¿nicles dound a ma8nerized object in five dimensional KaturKlein rheory. We also show how the naturc
of there hjecrories chdges with tbe veiatio¡ of the meuld monentum of üe resl paricles md wi¡h lhe mag¡etic neld
pa¡uet€r. We point our that the Caüssia¡ cunaüre ie¡ds to ¡nfinity at üe Maros surface (denned ir rhe le)(0_ A conpdison
is also made b€tween forFdimensional od frvediúe¡sionat srudies for equato¡ial a¡d pole mjecrones.

.:;.UÚ

D¡¡s cet ¿nicle, nous presestons u¡e élude des rmjectoires st¡bles éqüato¡iares (0 = n/2) e! polaircs (0 = co¡$.) de
paricules d'esai, ¡eüres ou chúgées, autou. d'un objet aimanl¡á, dans la théorie Kaluza-Klei¡ ¡ cinq diúensions. Nous
mo¡t¡ons aúlsi qüe la nature de ces rájecbi¡es chhge av@ ¡¡ vdiation dr none cinétique des panicules d esai cr du
par¿m¿t¡e de cha¡np magnétique. Nous monr¡ons que la courbure gaussie¡n€ tend lers I innni d la surface de Matos (dénnje
dds le teJ(te). On fáit aussi une conpüaison erÍe les ihéo¡ies ¿ quarre er ¡ cinq dim€nsions poü les rEjecroircs équa¡o.iates

ce r. pnF. óa.64e (reeo) nradun par la revüel

1. Introduction
During ¡he past two decades, a lot of arention has been

devoted to the study of particle trajedories in ihe fields of
astrophysical objects embedded in magnetic or g¡ávitational
fields. Dadhich ¿¡ dl. (l) studied the trajectories of charged
particles i¡ the equátorial plane of the Emst space-lime (2)-
Dhunndha¡ and Sha¡ma (3) considered null geodesics in the
same spac€-time. Krori and Samah (4) invésrigated rhe siabil-
ity of tr¿jecbries of superluninal paricles (kchyons) in rhe
equatorial plane of the Emst space-time. Later Kton et al.
(5) showed that stable üajecrories of ch¿¡ged panicles, neutral
pa¡ticles, photons, and tachyons occur in rhe equarorial plane
of the Emst space,time. More recenlly. Krori ¿¡d SarEah have
worked on sNdies of the dis¡ored polar úajectories of neürral
pánicles arou¡d a biack hole ernbedded in (i) a magneric (6)
and (t,) a gravi&tional field (7).

But so far, no i¡vestigation has be€n made, !o our knowl,
edge, of the ñeld of an ast¡ophysical objed in 6ve dimensional
Kaluzs-Kiein üeory. The purpose ol rhis paper i\ ro presem a
study, using neutral or cha¡ged test panicies. of the equato¡ial
and the polar fields of a magnetized objecl in this theory. We
also show how lhe nature of these tr¿jectories ch¿nges with ¡he
angular momentün of the test paticle and the magnetic-field
paramet€r a¡d we poinl out that the Caussiar curvature tends
to infinity ar the Matos surface (defined in Secr. 5). ln Secr.
6, a study in five dimensions is added for a €omp¿rison with
the results in four dimens;ons.

2. Effeclive potential and stability
The four-dimensional metric represenring a magnetized ob,

ject in five{imens¡onal Kaluza-Klein rheory is given by Matos
(8) as folo.rs

tlt
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For convenience we may wnrc tl - (2n/tn = X. men [1] may be wrinen as

'' '.in'ol'/o¡a.! ^ .\ -lL2l dr2 - rrl211 - n tos, xrl'l I l t - L- I { 
- 

+¡- do- I +¡' sin'Odo- I - r d.1[L ',r I \1 t J "

whele I is the magnetic-field pa¡ameter related to the magnetic potertial, ,41, given by

t31 A. : -rlm cose

F¡om f2l we have

,*:1"x
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s,t - yt/z¡t -\toex,t,r (r -.';:gfu)-/
f4l \

Bu = r-zx-t/2\t - ttoz.r'r,.'(l - i#) '^

gi} =x-t/2r 2 sin-2O¡l - r¡ log.1ll2¡-r

For a páficle of mass p a¡d charge ¿ we have (9)

lsal - ttz = eúpos

= gttpl + g22pl + g11pl + g@p|

¿ = the ¡ component of fou.-momentum

po = the 0 component of four' momentum

t5rl pt = the Q component of fou¡-momentum

= r2X1/2O _ rl to|&Lt l\ sin2}6

=L,-eAt
¿. is lhe sngular momentum about rhe axis of s)úmet¡y, ¿ is the charge of a tesr paficle
t compo¡eflt of the four-momenturn, rhat is, s (say).

ln the equatorial plane 0 = Í12, p6 = g ¡5t1 4t .

ror e =¡ = 
-4 

(at)' i, * 4rr,'"? *,tt

gr' /d.\r,, I L) ,t
= td \ao/ e'{ xl;tt,(r _ r ro&x',,,' u'j

whele a dot means diff€rentia¡ion wirh rcsp€r¿ to ar af6ne pa¡3meter ¡,. Then,

, = _4($)"0,.".r.r

where the effecLive potenrial funcdon is

,t4
f2-,th

v,tr) = ---:-!L *xlt,

iu'¡tJ'J

in the field of üe object, a¡d ft is the

Using-P-l we have calculatedfhe effectir¡e potential function %(r) vs. ¡ for various values of ¿¿ with rn - l, p2 = 1, anrt
¡ = 0.09 for the test paficles. Thes€ results a¡e plotred in Fig. l. These curves show ¿listinct Dosiriv€ minima- which indicare
the ltability of orbits. Then results fo¡ y.(¡) vs. r are c¿lculat€d for the parrictes wirh u = 1, i, = \ *AL = l0 for va¡ious
valu€s of ¡. Thes€ rcsults arc plotled i¡ Fig. 2. The c¿lculatioos and üe plob show disri¡ct poiftive minima, whi"tr inaicut" the
slability of orbi6 in rhe equalorial t0 = rúp) plaDe.

3. Bound equator¡al orbit

TL,"_*bT.9f,q: bo14.o-tlit_in-.the equaroriat (0: r!/2) plane is obtained by considerins [6]. Using the values of g@, grr,
¿nd O from lal. t2l. and t5ál i¡ tól we obrain

(a¡\'1 lE - v,(t\1t4xt lz tt - rt lo! xtl2)
\&-i - -/ "rTt¡-Lilt--l\ r'xJ

r8r g= ¡t - v,qr'¡1t/2 r2yt laqt - rl tos

,('-fr)
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Frc.1. Plo¡of4(¡)vs. r for various values of¿. wilh u =1, p,= trc.2. Ploror4(¡)vs.¡ fü vdious v¿rües ofl wirhn= l, p,=
l, ard n :0.09. 1, md ¿. = 10.

- Using f8l and putting l =0.09, ,,¿:1, ¿¿ = 10, a¡df =0.9955 we calculat€ rhe orbil. The nature of ihe orbir is spirat
and confined between the ftdii r = 4 ütd t : 12 as shown in Fig. 3.

4. Polar orbit

-To 
find the narue of a polar orbit 1[ = 6s¡5¿a¡1 p¡a¡e), we use [51. Considering pt = 0 and ps = ¿e, the Ángular momentum

of ahe tes¿ paticle in a polar orbit, we nnd lhe expression for the €ffective potential i¡ the O =consb;t phne i;
r2yt/219) vDu.0)= ---. -=--;ri=-- - -+Xlr?' ¡(r_' i,"") '",, ¡,.r.rú,,\ txJ

Consi<iering zr = l, t!2 = I, a¡¡d I, = l0 we calculate the values of the potenrial funcrions using [9] for different values of
rl (q :0.@, 0.09, and 0.18) wilh various values of 0 (0 = 0-2n). The minima arc shown in Tabb a. Tbe l"lu€s of rhe minim¿
(¡.) thus obtai¡ed ar€ joined for each value of ¡ and elliptical curves a¡€ obtained. The narure of the curves are rep¡esented in
Fig. 4.

- N:e!t lsrlg rl: 1, pl = l, and ¡ = 0.09 we calculate the values of y, (¡, O) for vsrious vatües of Lp (Le : tO, t5, arñ2},
fo¡ 0 : 0-2rL The values of r- that corespond to the mhima tltüs obiained arE shown in Table 2. Joininó rhes€ v¿lues of rú
for each value of¡" we get elliptical cuves, the natue of which are r€prcs€nred iD Fig. 5.

5. GaBsian curvature at the Malos sürfac€
Th€ metric [1] sho*s that for

l10t ,- = n+ nlTls¡]e
the expressioÍ

tll] t- t'"b='e, =o

'('-+)
The expression in [11] becomes iflaginary for

We call the su¡face cor¡esponding to ¡ = r¡, (se€ [10]) tlrc Ma@s surfa.e after the aurhor of metric [1]. We rcw proceed to 6¡d
the Cau¡sia¡ cü$rtüre at üis surface using th€ two-dimensional lirc element

It2l ú? = H dÚ +G d42

:'l
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T^¡LE 1. Values of r_ for varioüs vatues of ¡l wit¡ n = t, ¿, = 10 and p1 = I
0. 30. 45" 60. ffi1 360. 310. 3r5. 100. 210. 24{" 

";. 
;ió" ";

0.ú 222.4o.ú u3
0.8 224

222-6 222.7
223.3 223.5
2U.25 224-5

222.7 222.6 222.4
223.5 223.3 223
224.5 2U.25 2U

222.8
223-7
24.8

223
224.1
225 2

222.8
223.7
224 a

llr:rtuv
T^Br-! 2. V¿rues of r. fo¡ vdious v¿lues of ¿¡ with 

'l = 0.09, r¡ = l, aftl ¡r, = I

0.30.4s,ffir" 36ú 33r 3r5' 300' 270. z4o" ils. ;1ó" -ó.

t0
l5
m

98.8

398

9E.81 98_85 98.8? 98_9
223.3 223.5 223.t 224.1
398.4 399 399.6 400

98.87 98.85 98.81
223.7 223.5 223.3
399.6 399 398.4

9E.8
223
398

,.. lq ,'

¡1 = ¡27r h q - t1 rosyt,t (t - t#)"'

F¡6. 3. Na¡ñ of .qurorial úbits of th€ lest pa¡ticls.

Fr- 4. NanRof pol¿r o¡bi6 of üe ler parr¡cles wiü u L !?.
I, dd ¿¿: l0 fo¡ vüious v¿tus of ¡.

'i]

?= o.o9

?= ol8

tl31

tl41 G = r2xt/2O -\toc,xt/2)sLrr2g
The cau¡siar curvao¡e a¡ any giv€n vatue of r h given by

tr51 "=-;ñ*[h#]
Substituring n3l atrd U4l h Usl we obtain

t161

It can be-s€€n that as ¡ tends to r¡r, ( tends !o infinity. This is ar impofia¡t feature of the M¿ros surface. Anolhef pecutiar
f€aru¡e of this so¡face is tha¡ ¡ exftibils singula¡ity only ar rwo points ¡; = 2m, 6 : g 

^r r* = vn, 6 : ¡.

6. A study in five d¡meffions
. fouowing ceg€¡b€¡g ¿¡d Kunstatter (10), the Matos metric [t] may be *ritren in five dinensions

:..i.-i.ii;-l. lt, ar2 : su' dJ' ax' + r'1,1F dr¡' + d¡5)2

'. wberc A v = O,1,2,3,
laiqi, (
5if1¡-.
;;iij,:. .. :i .-.,:i:
¡.:*1. | 11 li, : - ,:r...;.¡.. ..

o'"x(' -t9J) - ^, *",

4r' f /' (r - \ to ext /2 ) (r -'? ;9)' 
/'
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Lp= I5

Lp' to

LF=zo

FG. 5. Naturc of pold orbils of the test pa¡ticles with n : I , p'? =
l, úd 1 = 0.09 for vúious valüs of ¿p.

0.98 o:o6090.

F¡c.6. Plor of 4(¡) fú vúious valu6 of ¿5 wiü É = I'
lj ¿, : 10, and n = 0.09

tl8l /2(scalar field) =

FI6 7. Plor of 4(r) for various values ofn pith l/ = I, u =
1, L. - 10, añ U =2.

1l= o

'? 
= 0.18

,= oo9

F¡€ 8. Pola¡ orbns for vdious
'\1 LF - lo' añ L, = 2.

valu6 of n wirh I': = l, n =

1m

and Ao: At : A2 = O, A3 = -rl¿ coso
Also folowins ref 10, we have

tr91 -É : gúii+ sttri: + s33fi+ ,1
for equatorial Fajectories wiú ló eqüat to the angular momentum in the fiftI¡ dimension and

t2
l20l -¡f = s6pf,+ sttp| +stp!+ 

,"t

for pola¡ !-¿jectories. Cor¡esponding to [l9] rhe potenti¿l-€nergy finction for an €qüatorial Eajecbry is (se€ [7t

r2rr vd,= ;r#¡\-r(r, J;)
Dn lhe other hand, corresponding to [20], the po¡ential-energl¡ fi¡nction for a pola¡ trajectory is (see [9])



6:4 r: caN. J. PHYS VOr ffi !Sq)

nc.9. Pold orbits for vdious latues of ¿s wnh pr : l, ,1¡ =l, ¿, - 10, and q = 0.09

As pointed out in rcf 10, ¿5 is relaled to ihe ch¡rge of rhe
test palicle. Equadons [21] and [22]. r¡erefore, show thal úe
potenti¡I-energy funclio¡ are lhe same in borh four and five di-
mensions for uncharged paticles. Differe¡¡ces occur, however.
for charged tesr p¿ticles as shown in Figs ó-9.

7. Discussion
The snalysis in four djnensions l€ads us ro rhe conclusion

thal mass¡ve tesr panicles may move around a Kaluza-Klein
object in stable equatorial and potar (O = conslanr) orbils. A
special fearüre of polar orbirs is that .he) rre a hrrte Rauened
al the poles whereas the s¡abje polar orbrt: ,n rets. ó aJld ?
are e¡ongakd at rhe poles. Anorher rn¡ere(inr teature ot our
investi8arion is lhal rhe equaronat dno Dota; orbir\ are Lhe
same fo' both charged a¡d neurmt parjcte\ ql\o rs rtedr
from Sefl.5 ¡hat lhe merric fjl i, nor !¿trd ior, < ¡,v (\ee
ll0l) and rhe Gaussi¿n cuwarure rends ro infiniry for ¡ ¡ending

Ho$ete!. rhe re.u¡rs are ditferen¡ tor charged {¿. / 0j p¡r.
Irles m five dimen\ron'. FiBUre b \hos\ ho$ rhe nurur; otV.(r, changes tor difierenr Ktue. or ¿, r¿. 0. L and t;wÍh !'- l. nt l. L. - t0. ¡nd n = 0.0c On ¡he orher
hand,withUz= l, m = 1,añL": l0theorderof rhe curve¡
in Fig. 

-2 
for ¿5 = 0 in four dimensions is exactly reversed ¡¡

Fig. 7 for ¿5 = 2 in 6ve dimensions. Also. a reve$ai of tbe
order of üe curves in Fig. 4 for ¿5 = 0 in four rlimensions
occurs in Fig. 8 for ¿r :2 in nve dime¡sions. Figure 9 shows
Ihar rhe oóir \^ith !' I. a = I ¿¡ t0. an¡l n _ 0.09
become. smr¡ler and sn¿tter ¿\ ¿. incr;ase,lrom 0 . L )

I
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