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Preface

The General Theory of Relativity is an extremely successful theory, with a
well-established experimental footing, at least for weak gravitational ﬁelds. Its
predictions range from the existence of black holes, gravitational radiation (now
conﬁrmed) to the cosmological models, predicting a primordial beginning, namely
the big-bang. All these solutions have been obtained by ﬁrst considering a plausible
distribution of matter, and through the Einstein ﬁeld equation, the spacetime metric
of the geometry is determined. However, one may solve the Einstein ﬁeld equation
in the reverse direction, namely one ﬁrst considers an interesting and exotic
spacetime metric and then ﬁnds the matter source responsible for the respective
geometry. In this manner, it was found that some of these solutions possess a
peculiar property, namely “exotic matter,” involving a stress-energy tensor that
violates the null energy condition. These geometries also allow closed timelike
curves, with the respective causality violations. It is thus perhaps important to
emphasize that these solutions are primarily useful as “gedanken-experiments” and
as a theoretician’s probe of the foundations of general relativity, and include traversable wormholes and superluminal “warp drive” spacetimes. This book, in
addition to extensively exploring interesting features, in particular, the physical
properties and characteristics of these “exotic spacetimes,” is meant to present a
state of the art of wormhole physics, warp drive spacetimes and recent research on
the energy conditions. The ideal audience is intended for undergraduate and
postgraduate students, with a knowledge of general relativity, and researchers in the
ﬁeld, who are interested in exploring new avenues of research in these topics.
More speciﬁcally, in this book, general relativistic rotating wormhole solutions,
supported by a phantom scalar ﬁeld, are presented. The properites of these rotating
wormhole solutions including their mass, angular momentum, quadrupole moment,
and ergosphere are discussed, and the stability issues are explored. Concerning the
astrophysical signatures, physical properties and characteristics of matter forming
thin accretion disks in wormhole geometries are analyzed. It is shown that speciﬁc
signatures appear in the electromagnetic spectrum of thin disks around wormhole
spacetimes, thus leading to the possibility of distinguishing these geometries by
using astrophysical observations of the emission spectra from accretion disks.
v
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Explicit examples of globally regular static, spherically symmetric solutions in
general relativity are also constructed with scalar and electromagnetic ﬁelds,
describing traversable wormholes with flat and AdS asymptotics and regular black
holes, in particular, black universes. (A black universe is a regular black hole with
an expanding, asymptotically isotropic spacetime beyond the horizon.) Such objects
exist in the presence of scalar ﬁelds with negative kinetic energy (“phantoms,” or
“ghosts”), which are not observed under usual physical conditions. To account for
that, “trapped ghosts” (scalars whose kinetic energy is only negative in a
strong-ﬁeld region of spacetime) are considered, as well as “invisible ghosts,” i.e.,
phantom scalar ﬁelds sufﬁciently rapidly decaying in the weak-ﬁeld region.
Self-sustained traversable wormholes, which are conﬁgurations sustained by their
own gravitational quantum fluctuations, are also considered. The investigation is
evaluated by means of a variational approach with Gaussian trial wave functionals
to one loop, and the graviton quantum fluctuations are interpreted as a kind of exotic
energy. It is shown that for every framework, the self-sustained equation will
produce a Wheeler wormhole of Planckian size. Some consequences on topology
change are discussed together with the possibility of obtaining an enlarged
wormhole radius.
In the context of modiﬁed theories of gravity, it is shown that the higher-order
curvature terms, interpreted as a gravitational fluid, can effectively sustain wormhole geometries, while the matter threading the wormhole can be imposed to satisfy
the energy conditions. In this context, a systematic analysis of static spherically
symmetric solutions describing a wormhole geometry in a Horndeski model with
Galileon shift symmetry is presented. In addition to this, working in a metric-afﬁne
framework, explicit models are explored in four and higher dimensions. It is shown
that these solutions represent explicit realizations of the concept of geon introduced
by Wheeler, interpreted as topologically nontrivial self-consistent bodies generated
by an electromagnetic ﬁeld without sources. Several of their properties are discussed. Furthermore, using exactly solvable models, it is shown that black hole
singularities in different electrically charged conﬁgurations can be cured. These
solutions describe black hole spacetimes with a wormhole giving structure to the
otherwise point-like singularity. It is shown that geodesic completeness is satisﬁed
despite the existence of curvature divergences at the wormhole throat. In some
cases, physical observers can go through the wormhole, and in other cases, the
throat lies at an inﬁnite afﬁne distance. The removal of singularities occurs in a
nonperturbative way.
Quantum ﬁeld theory violates all the classical energy conditions of general
relativity. Nonetheless, it turns out that quantum ﬁeld theories satisfy remnants
of the classical energy conditions, known as quantum energy inequalities (QEIs),
that have been developed by various authors since the original pioneering work of
Ford in 1978. Here, an introduction to QEIs is introduced, as well as to some of the
techniques of quantum ﬁeld theory in curved spacetime (particularly, the use of
microlocal analysis together with the algebraic formulation of QFT) that enable
rigorous and general QEIs to be derived. Speciﬁc examples are computed for the
free scalar ﬁeld, and their consequences are discussed. QEIs are also derived for the
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class of unitary, positive energy conformal ﬁeld theories in two spacetime
dimensions. In that setting, it is also possible to determine the probability distribution for individual measurements of certain smearings of the stress-energy tensor
in the vacuum state. Semiclassical quantum effects also typically violate the energy
conditions. The characteristics of a nonlinear energy condition and the flux energy
condition (FEC) are also studied, and a quantum version of this energy condition
(QFEC) is presented, which is satisﬁed even in more situations of physical interest.
Other possible nonlinear energy conditions are introduced, namely the
“trace-of-square” (TOSEC) and “determinant” (DETEC) energy conditions.
While General Relativity (GR) ranks undoubtedly among the best physical
theories ever developed, it is also among those with the most striking implications.
In particular, GR admits solutions that allow faster-than-light motion and consequently allow closed timelike curves, with the respective causality violations, such
as warp drive spacetimes. The basic deﬁnition and interesting aspects of these
spacetimes are extensively discussed, such as the violation of the energy conditions
associated with these spacetimes, the appearance of horizons for the superluminal
case, and the possibility of using a warp drive to create closed timelike curves.
Applying linearized gravity to the weak-ﬁeld warp drive, it is found that the energy
condition violations in this class of spacetimes are generic to these geometries and
are not simply a side effect of the superluminal properties. Furthermore, a “preemptive” chronology protection mechanism is considered that destabilizes superluminal warp drives via quantum matter back-reaction and hence forbids even the
conceptual possibility to use these solutions for building a time machine. This result
will be considered both in standard quantum ﬁeld theory in curved spacetime and in
the case of a quantum ﬁeld theory with Lorentz invariance breakdown at high
energies. Some lessons and future perspectives will be ﬁnally discussed.
Lisbon, Portugal
December 2016
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Chapter 1

Introduction
Francisco S.N. Lobo

1.1 Historical Background
Traversable wormholes and “warp drive” spacetimes are solutions to the Einstein
field equation that violate the classical energy conditions and are primarily useful as
“gedanken-experiments” and as a theoretician’s probe of the foundations of general
relativity. They are obtained by solving the Einstein field equation in the reverse
direction, namely, one first considers an interesting and exotic spacetime metric,
then finds the matter source responsible for the respective geometry. It is interesting
to note that they allow “effective” superluminal travel, although the speed of light
is not surpassed locally, and generate closed timelike curves, with the associated
causality violations.
Wormhole physics can originally be tentatively traced back to Flamm in 1916
[1, 2], where his aim was to render the conclusions of the Schwarzschild solution
in a clearer manner. Recall that Schwarzschild published two remarkable papers
in 1916, where the first is related to the exterior static and spherically symmetric
vacuum solution [3], and the second to the interior solution of a general relativistic
incompressible fluid [4]. Flamm in his paper showed through sketches of an equatorial plane that the spatial sections of Schwarzschild’s interior solution possess the
geometry of a portion of a round sphere. Furthermore, he showed that the surface
of revolution is isometric to a planar section of the Schwarzschild exterior solution.
Now, he considered that the meridional curve is a parabola, where the surface of
revolution joins two asymptotically flat sheets, which in a modern terminology can
be considered as a tunnel. However, we emphasize that he was not contemplating
the possibility of bridge-like, or wormhole-like, solutions [2].
It was only in 1935, that specific wormhole-type solutions were considered by
Einstein and Rosen [5]. Their motivation was to construct an elementary particle
F.S.N. Lobo (B)
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model represented by a “bridge” connecting two identical sheets. This mathematical
representation of physical space being connected by a wormhole-type solution was
subsequently denoted as an “Einstein–Rosen bridge”. In fact, the neutral version
of the Einstein–Rosen bridge is an observation that a suitable coordinate change
seems to make the Schwarzschild (coordinate) singularity disappear, at r = 2M. In
particular, Einstein and Rosen discovered that certain coordinate systems naturally
cover only two asymptotically flat regions of the maximally extended Schwarzschild
spacetime. Thus, the key ingredient of the bridge construction is the existence of an
event horizon, and the Einstein–Rosen bridge is a coordinate artefact arising from
choosing a coordinate patch, which is defined to double-cover the asymptotically flat
region exterior to the black hole event horizon.
The field lay dormant for approximately two decades after the work by
Einstein and Rosen, and it was only in 1955 that John Wheeler began to be
interested in topological issues in General Relativity [6]. More specifically, in a
multiply-connected spacetime, where two widely separated regions were connected
by a tunnel, and taking into account the coupled Einstein–Maxwell field equations,
Wheeler constructed hypothesized “geon” solutions. These denote a “gravitationalelectromagnetic entity” and in modern language, the geon may be considered as
a hypothetical “unstable gravitational-electromagnetic quasisoliton” [7]. Building
on this work, in 1957, Misner and Wheeler presented an extensive analysis, where
Riemannian geometry of manifolds of nontrivial topology was investigated with an
ambitious view to explain all of physics [8]. Their objective was essentially to use the
source-free Maxwell equations, coupled to Einstein gravity, in the context of nontrivial topology, to build models for classical electrical charges and all other particle-like
entities in classical physics. Indeed, this work was one of the first uses of abstract
topology, homology, cohomology, and differential geometry in physics [7] and their
point of view is best summarized by the phrase: “Physics is geometry”. It is interesting to note that this is also the first paper [8] that introduces the term “wormhole”.
In fact, Misner and Wheeler considered that the existing well-established “already
unified classical theory” allows one to describe in terms of empty curved space [8]
the following concepts: gravitation without gravitation; electromagnetism without
electromagnetism; charge without charge; and mass without mass (where around the
mouth of the “wormhole” lies a concentration of electromagnetic energy that gives
mass to this region of space).
Despite of the fact that considerable effort was invested in attempting to understand
the “geon” concept, the geonlike-wormhole structures seem to have been considered
a mere curiosity and after the solutions devised by Wheeler and Misner, there is a
30-year gap between their original work and the 1988 Morris–Thorne renaissance
of wormhole physics [9]. However, isolated pieces of work appeared in the 1970s,
such as the Homer Ellis’ drainhole [10, 11] concept and Bronnikov’s tunnel-like
solutions [12]. It is only in 1988 that a renaissance of wormhole physics took place,
through the seminal paper by Morris and Thorne [9]. In 1995, Matt Visser wrote a
full-fledged treatise on wormhole physics and we refer the reader to [13] for a more
recent review on wormhole physics and warp drive spacetimes.
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1.2 State of the Art: Wormhole Geometries and Warp
Drive Spacetimes
The purpose of the present book is to provide an update on the state of the art on
several topics of research in wormhole physics and warp drive spacetimes. Although
rather incomplete in all the existing topics, we present the relevant fields of modern
research in this interesting topic throughout the book.
In Chap. 2, the basics of wormhole physics are briefly reviewed, where the
interesting properties and characteristics of static spherically symmetric traversable
wormholes are considered, such as, the mathematics of embedding, equations of
structure for the wormhole, the traversability conditions, the necessity of exotic matter to support these geometries and wormhole solutions in modified gravity. Furthermore, recent advances are presented on dynamic spherically symmetric thin-shell
traversable wormholes. More specifically, a novel approach is considered in the stability analysis of thin-shell wormholes, by reversing the logic flow and the surface
mass is determined as a function of the potential. This procedure implicitly makes
demands on the equation of state of the matter residing on the transition layer, and
demonstrates in full generality that the stability of thin-shell wormholes is equivalent
to choosing suitable properties for the material residing on the thin shell.
In Chap. 3, rotating wormholes in General Relativity are presented in four and
five dimensions. Their nontrivial topology is supported by a phantom field, and it is
shown that the wormhole solutions depend on three parameters, which are associated
with the size of the throat, the magnitude of the rotation, and the symmetry of the
two asymptotic regions. The physical properties of these wormholes are discussed
in detail. Their global charges are derived, including the mass formulae for the
symmetric and nonsymmetric cases, and their geometry is discussed, a definition
of their throat is presented in the nonsymmetric case, and their ergoregions are
investigated. Furthermore, the existence of limiting configurations are demonstrated,
which correspond to extremal rotating vacuum black holes. Since a stability analysis
of rotating wormholes in four dimensions is very involved, a stability analysis of fivedimensional rotating wormholes is performed, with equal magnitude of the angular
momenta only, where the investigation is restricted to the unstable radial modes. It
is interesting to note that when the rotation is sufficiently fast, the radial instability
disappears for these five dimensional wormholes.
In Chap. 4, the observational and astrophysical features are considered and the
physical properties of matter forming thin accretion disks in static spherically
symmetric and stationary axially symmetric wormhole spacetimes are discussed.
The time averaged energy flux, the disk temperature and the emission spectra of the
accretion disks are obtained for these exotic geometries, and are compared with the
Schwarzschild and Kerr solutions, respectively. For static and spherically symmetric
wormholes it is shown that more energy is emitted from the disk than in the case
of the Schwarzschild potential and the conversion efficiency of the accreted mass
into radiation is more than a factor of two higher for wormholes than for static black
holes. For axially symmetric wormhole spacetimes, by comparing the mass accretion
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with the one of a Kerr black hole, it is verified that the intensity of the flux emerging
from the disk surface is greater for wormholes than for rotating black holes with the
same geometrical mass and accretion rate. Furthermore, it is shown that the rotating
wormholes provide a much more efficient engine for the transformation of the accretion mass into radiation than the Kerr black holes. It is then concluded that specific
signatures appear in the electromagnetic spectrum, thus leading to the possibility
of distinguishing wormhole geometries by using astrophysical observations of the
emission spectra from accretion disks.
In Chap. 5, wormhole geometries in modified gravity are considered, in particular,
a systematic analysis of static spherically symmetric solutions describing a wormhole
geometry in a specific Horndeski model with Galileon shift symmetry is presented.
The Lagrangian of the theory contains the term (εg μν + ηG μν )φ,μ φ,ν and represents
a particular case of the general Horndeski lagrangian, which leads to second-order
equations of motion. The Rinaldi approach is used to construct analytical solutions
describing wormholes with nonminimal kinetic coupling. It is shown that wormholes exist only if ε = −1 (phantom case) and η > 0. The wormhole throat connects
two anti-de Sitter spacetimes. The wormhole metric has a coordinate singularity at
the throat. However, since all curvature invariants are regular, there is no curvature
singularity there.
In Chap. 6, self sustained traversable wormholes are considered, which are configurations sustained by their own gravitational quantum fluctuations. The analysis
is evaluated by means of a variational approach with Gaussian trial wave functionals
to one loop, and the graviton quantum fluctuations are interpreted as a kind of exotic
energy. Since these fluctuations usually produce ultra-violet divergences, two procedures to keep them under control are introduced. The first consists of a zeta function
regularization and a renormalization process that is introduced to obtain a finite one
loop energy. The second approach considers the case of distorted gravity, namely,
when either Gravity’s Rainbow or a noncommutative geometry is used as a tool to
keep under control the ultra-violet divergences. In this context, it is shown that for
every framework, the self-sustained equation will produce a Wheeler wormhole of
Planckian size. Some consequences on topology change are discussed together with
the possibility of obtaining an enlarged wormhole radius.
Chapter 7 reviews the properties of static and spherically symmetric configurations of general relativity with a minimally coupled scalar field φ, whose kinetic
energy is negative in a restricted (strong-field) region of space and positive outside
it. This “trapped ghost” concept may, in principle, explain why no ghosts are observed
under usual weak-field conditions. The configurations considered are wormholes and
regular black holes without a center in particular, black universes (black holes with
an expanding cosmology beyond the event horizon). Spherically symmetric perturbations of these objects are considered, and it is stressed that, due to the universal
shape of the effective potential near a transition surface from canonical to phantom
behavior of the scalar field, such surfaces restrict the possible perturbations and play
a stabilizing role.
In Chap. 8, an explicit implementation of geons in the context of gravitational
theories extending General Relativity is discussed in detail. Such extensions are
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formulated in the Palatini approach, where the metric and affine connection are
regarded as independent entities. This formulation is inspired on the macroscopic
description of the physics of crystalline structures with defects in the context of solid
state physics. Several theories for the gravitational field are discussed, including
additional contributions of the Ricci tensor in four and higher dimensions. As opposed
to the standard metric approach, which generically develops higher order derivative
field equations and ghost-like instabilities, the Palatini formulation generates ghostfree and second-order equations that reduce to the general relativistic equations in
vacuum. In this context, static and spherically symmetric solutions with electric fields
generate a plethora of wormhole solutions satisfying the classical energy conditions,
and whose properties allow to identify them with the concept of the geon, originally
introduced by Wheeler. These solutions provide new insights on the avoidance of
spacetime singularities in classical effective geometries.
The standard energy conditions of classical general relativity are (mostly) linear in
the stress–energy tensor, and have clear physical interpretations in terms of geodesic
focussing, but suffer the significant drawback that they are often violated by semiclassical quantum effects. In contrast, it is possible to develop non-standard energy
conditions that are intrinsically non-linear in the stress–energy tensor, and which
exhibit much better well-controlled behavior when semi-classical quantum effects
are introduced, at the cost of a less direct applicability to geodesic focussing. In
Chap. 9, a review of the standard energy conditions and their various limitations
is presented. (Including the connection to the Hawking–Ellis type I, II, III, and IV
classification of stress-energy tensors). One then turns to the averaged, nonlinear, and
semi-classical energy conditions, and see how much can be done once semi-classical
quantum effects are included.
Chapter 10 surveys the violation of classical energy conditions in quantum field
theory (QFT) and the theory of Quantum Energy Inequalities (QEIs). The latter
QEIs are lower bounds on local averages of energy densities and related quantities
in QFT. They replace the classical energy conditions of classical general relativity.
In particular, (a) the main properties of QEIs are indicated using the example of
a free scalar field in Minkowski spacetime; (b) a rigorous derivation of a QEI for
scalar fields in general curved spacetimes is given; (c) the resulting QEI is evaluated
explicitly in some specific cases; (d) further recent developments, including QEIs
for conformal field theories and an integrable QFT are presented, along with work
on the probability distribution for measurements of averaged energy densities; (e)
the status of QEIs in interacting models is discussed; (f) various applications of the
QEIs are presented.
Moving on to “warp drive” spacetimes, the basic definition is considered and
interesting aspects of these spacetimes are explored, in Chap. 11. In particular, the
violation of the energy conditions associated with these spacetimes is discussed, as
well as some other interesting properties such as the appearance of horizons for the
superluminal case, and the possibility of using a warp drive to create closed timelike
curves. Applying linearized gravity to the weak-field warp drive, it is found that the
energy condition violations in this class of spacetimes is generic to the form of the
geometry under consideration and is not simply a side-effect of the “superluminal”
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properties. Fundamental limitations of “warp drive” spacetimes are also found, by
proving extremely stringent conditions placed on these geometries.
An interesting aspect of the warp drive resides in the fact that points on the outside
front edge of a superluminal bubble are always spacelike separated from the centre
of the bubble. This implies that an observer in a spaceship cannot create nor control
on demand an Alcubierre bubble. However, causality considerations do not prevent
the crew of a spaceship from arranging, by their own actions, to complete a round
trip from the Earth to a distant star and back in an arbitrarily short time, as measured
by clocks on the Earth, by altering the metric along the path of their outbound trip.
Thus, Krasnikov introduced a metric with an interesting property that although the
time for a one-way trip to a distant destination cannot be shortened, the time for a
round trip, as measured by clocks at the starting point (e.g., Earth), can be made
arbitrarily short. Interesting properties of this solution, denoted as the Krasnikov
tube are presented such as its four-dimensional generalization, the violations of the
energy condition, among other features. Finally, the generation of closed timelike
curves are considered in the warp spacetime and the Krasnikov tube.
Faster than light travel and time machines are among the most tantalizing possibilities allowed for by Einstein’s General Relativity. In Chap. 12, the main features of
these phenomena are reviewed, namely, in which spacetimes they appear to be realized, and it is explained why they are interconnected with the Einsteinian framework.
The paradoxes related to the possibility of time travel of the proposed solutions are
then briefly discussed. Finally, an explicit example is provided where a purely semiclassical gravity framework seems sufficient to prevent the stability of a spacetime
allowing faster than light propagation. It is argued that this supports a sort of “preemptive” chronology protection that forbids the generation of the very spacetime
structures which could lead to the construction of time machines.
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Part I

Traversable Wormholes

Chapter 2

Wormhole Basics
Francisco S.N. Lobo

2.1 Static and Spherically Symmetric Traversable
Wormholes
2.1.1 Spacetime Metric
Throughout this book, unless stated otherwise, we will consider the following spherically symmetric and static wormhole solution [1]
ds 2 = −e2Φ(r ) dt 2 +

dr 2
+ r 2 (dθ 2 + sin2 θ dφ 2 ) .
1 − b(r )/r

(2.1)

The metric functions Φ(r ) and b(r ) are arbitrary functions of the radial coordinate
r . As Φ(r ) is related to the gravitational redshift, it has been denoted the redshift
function, and b(r ) is called the shape function, as it determines the shape of the
wormhole [1–3], which will be shown below using embedding diagrams. The radial
coordinate r is non-monotonic in that it decreases from +∞ to a minimum value r0 ,
representing the location of the throat of the wormhole, where b(r0 ) = r0 , and then
increases from r0 to +∞. Although the metric coefficient grr becomes divergent at
the throat,which is signalled by the coordinate singularity, the proper radial distance
r
l(r ) = ± r0 [1 − b(r )/r ]−1/2 dr is required to be finite everywhere. The proper
distance decreases from l = +∞, in the upper universe, to l = 0 at the throat, and
then from zero to −∞ in the lower universe. One must verify the absence of horizons,

F.S.N. Lobo (B)
Faculdade de Ciências, Instituto de Astrofísica e Ciências do Espaço,
Universidade de Lisboa, Campo Grande, 1749-016 Lisboa, Portugal
e-mail: fslobo@fc.ul.pt
© Springer International Publishing AG 2017
F.S.N. Lobo (ed.), Wormholes, Warp Drives and Energy Conditions,
Fundamental Theories of Physics 189, DOI 10.1007/978-3-319-55182-1_2

11

12

F.S.N. Lobo

in order for the wormhole to be traversable. This condition must imply that gtt =
−e2Φ(r ) = 0, so that Φ(r ) must be finite everywhere.1
Another interesting feature of the redshift function is that its derivative with respect
to the radial coordinate also determines the “attractive” or “repulsive” nature of
the geometry. In order to verify this, consider the four-velocity of a static observer
given by U μ = d x μ /dτ = (e−Φ(r ) , 0, 0, 0). The observer’s four-acceleration is a μ =
U μ ;ν U ν , which has the following components:
a = 0,
t



b
,
a =Φ 1−
r


r

(2.2)

where the prime denotes a derivative with respect to the radial coordinate r . Now,
note that from the geodesic equation, a radially moving test particle which starts
from rest initially has the equation of motion
d 2r
= −Γttr
dτ 2



dt
dτ

2
= −a r .

(2.3)

Here, a r is the radial component of proper acceleration that an observer must maintain
in order to remain at rest at constant r, θ, φ, so that from Eq. (2.2), a static observer
at the throat for generic Φ(r ) is a geodesic observer. In particular, for a constant
redshift function, Φ  (r ) = 0, static observers are also geodesic. Thus, a wormhole
is “attractive” if a r > 0, i.e. observers must maintain an outward-directed radial
acceleration to keep from being pulled into the wormhole. If a r < 0, the geometry
is “repulsive”, i.e. observers must maintain an inward-directed radial acceleration to
avoid being pushed away from the wormhole. Indeed, this distinction depends on the
sign of Φ  , as is transparent from Eq. (2.2).

2.1.2 The Mathematics of Embedding
We can use embedding diagrams to represent a wormhole and extract some useful
information for the choice of the shape function, b(r ). Due to the spherically symmetric nature of the problem, one may consider an equatorial slice, θ = π/2, without
loss of generality. The respective line element, considering a fixed moment of time,
t = const, is given by
dr 2
+ r 2 dφ 2 .
(2.4)
ds 2 =
1 − b(r )/r
1 This follows from a result originally due to C.V. Vishveshwara stated as follows: In any asymptoti-

cally flat spacetime with a Killing vector ξ (ξ = e0 for the metric (2.1)) which (i) is the ordinary timetranslation Killing vector at spatial infinity and (ii) is orthogonal to a family of three-dimensional
surfaces, the 3-surface ξ · ξ = 0, i.e. e0 · e0 = gtt = 0, is a null surface that cannot be crossed by
any outgoing, future-directed timelike curves, i.e. a horizon.
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Fig. 2.1 The embedding
diagram of a
two-dimensional section
along the equatorial plane
(t = const, θ = π/2) of a
traversable wormhole. For a
full visualization of the
surface sweep through a 2π
rotation around the z−axis,
as can be seen from the
graphic on the right

To visualize this slice, one embeds this metric into three-dimensional Euclidean
space, in which the metric can be written in cylindrical coordinates, (r, φ, z), as
ds 2 = dz 2 + dr 2 + r 2 dφ 2 .

(2.5)

In the three-dimensional Euclidean space the embedded surface has equation
z = z(r ), so that the metric of the surface can be written as

ds 2 = 1 +



dz
dr

2 
dr 2 + r 2 dφ 2 .

(2.6)

Comparing Eq. (2.4) with (2.6), one deduces the equation for the embedding surface,
which is given by

−1/2
r
dz
=±
−1
.
(2.7)
dr
b(r )
To be a solution of a wormhole, the geometry has a minimum radius, r = b(r ) = r0 ,
denoted as the throat, at which the embedded surface is vertical, i.e. dz/dr → ∞.
Far from the throat, one may consider that space is asymptotically flat, dz/dr → 0
as r → ∞.
To be a solution of a wormhole, one also needs to impose that the throat flares
out (see Fig. 2.1 for details). This flaring-out condition entails that the inverse of the
embedding function r (z) must satisfy d 2 r/dz 2 > 0 at or near the throat r0 . Differentiating dr/dz = ±(r/b(r ) − 1)1/2 with respect to z, we have
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d 2r
b − b r
=
> 0.
dz 2
2b2

(2.8)

This “flaring-out” condition is a fundamental ingredient of wormhole physics, and
plays a fundamental role in the analysis of the violation of the energy conditions. At
the throat we verify that the form function satisfies the condition b (r0 ) < 1. Note,
however, that this treatment has the drawback of being coordinate dependent, and
we refer the reader to Refs. [4, 5] for a covariant treatment.

2.1.3 Equations of Structure for the Wormhole
From the metric expressed in the form ds 2 = gμν d x μ d x ν , one may determine the
Christoffel symbols (connection coefficients), Γ μ αβ , defined as
Γ μ αβ =


1 μν 
g
gνα,β + gνβ,α − gαβ,ν ,
2

(2.9)

which for the metric (2.1) have the following nonzero components:
Γ

t

rt



=Φ ,

Γ

r

tt



b
Φ  e2Φ ,
= 1−
r

Γ r θθ = −r + b ,
Γ θ rθ = Γ φrφ =

1
,
r

Γ r rr =

b r − b
,
2r (r − b)

Γ r φφ = −(r − b) sin2 θ ,

Γ θ φφ = − sin θ cos θ ,

Γ φ θφ = tan θ .

(2.10)

The Riemann tensor is defined as
R α βγ δ = Γ α βδ,γ − Γ α βγ ,δ + Γ α λγ Γ λ βδ − Γ α λδ Γ λ βγ .

(2.11)

However, the mathematical analysis and the physical interpretation is simplified
using a set of orthonormal basis vectors. These may be interpreted as the proper
reference frame of a set of observers who remain at rest in the coordinate system
(t, r, θ, φ), with (r, θ, φ) fixed. Denote the basis vectors in the coordinate system as
(et , er , eθ , eφ ). Thus, the orthonormal basis vectors are given by
⎧
e ˆ = e−Φ et
⎪
⎪
⎨ t
er̂ = (1 − b/r )1/2 er
.
eθ̂ = r −1 eθ
⎪
⎪
⎩
eφ̂ = (r sin θ )−1 eφ

(2.12)

The nontrivial Riemann tensor components, given in the orthonormal reference
frame, take the following form:
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b
b r − b 
−Φ  − (Φ  )2 +
Φ ,
R tˆr̂ tˆr̂ = −R tˆr̂ r̂ tˆ = R r̂ tˆtˆr̂ = −R r̂ tˆr̂ tˆ = 1 −
r
2r (r − b)
 

Φ
b
R tˆθ̂ tˆθ̂ = −R tˆθ̂ θ̂ tˆ = R θ̂ tˆtˆθ̂ = −R θ̂ tˆθ̂ tˆ = − 1 −
,
r
r
 

b Φ
,
R tˆφ̂ tˆφ̂ = −R tˆφ̂ φ̂ tˆ = R φ̂ tˆtˆφ̂ = −R φ̂ tˆφ̂ tˆ = − 1 −
r
r
b r − b
R r̂ θ̂ r̂ θ̂ = −R r̂ θ̂ θ̂ r̂ = R θ̂ r̂ θ̂ r̂ = −R θ̂ r̂ r̂ θ̂ =
,
2r 3
b r − b
R r̂ φ̂r̂ φ̂ = −R r̂ φ̂ φ̂r̂ = R φ̂ r̂ φ̂r̂ = −R φ̂ r̂ r̂ φ̂ =
,
2r 3
b
R θ̂ φ̂ θ̂ φ̂ = −R θ̂ φ̂ φ̂ θ̂ = R φ̂ θ̂ φ̂ θ̂ = −R φ̂ θ̂ θ̂ φ̂ = 3 ,
r
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(2.13)
(2.14)
(2.15)
(2.16)
(2.17)
(2.18)

where, as before, a prime denotes a derivative with respect to the radial coordinate
r.
The Ricci tensor, Rμ̂ν̂ , is given by the contraction Rμ̂ν̂ = R α̂ μ̂α̂ν̂ , and the nonzero
components are the following:



b
br − 3b + 4r 
Φ ,
Rtˆtˆ = 1 −
Φ  + (Φ  )2 −
r
2r (r − b)



b
b − b r
b − b r

 2

Φ + (Φ ) +
Φ + 2
,
Rr̂ r̂ = − 1 −
r
2r (r − b)
r (r − b)



b r + b
Φ
b
−
.
Rθ̂ θ̂ = Rφ̂ φ̂ = 1 −
r
2r 2 (r − b)
r

(2.19)
(2.20)
(2.21)

The curvature scalar or Ricci scalar, defined by R = g μ̂ν̂ Rμ̂ν̂ , is given by



b r + 3b − 4r 
b
b
Φ  + (Φ  )2 −
−
Φ . (2.22)
R = −2 1 −
r
r (r − b)
2r (r − b)
Thus, the Einstein tensor, given in the orthonormal reference frame by G μ̂ν̂ =
Rμ̂ν̂ − 21 R gμ̂ν̂ , yields for the metric (2.1), the following nonzero components:
b
,
(2.23)
r2
 

b
b Φ
,
(2.24)
= − 3 +2 1−
r
r r



Φ
b
b r − b 
b r − b
Φ  + (Φ  )2 −
Φ − 2
+
, (2.25)
= 1−
r
2r (r − b)
2r (r − b)
r
= G θ̂ θ̂ ,
(2.26)

G tˆtˆ =
G r̂ r̂
G θ̂ θ̂
G φ̂ φ̂

respectively.
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2.1.4 Stress–Energy Tensor
Through the Einstein field equation, G μ̂ν̂ = 8π Tμ̂ν̂ , one verifies that the stress–energy
tensor Tμ̂ν̂ has the same algebraic structure as G μ̂ν̂ , Eqs. (2.23)–(2.26), and the only
nonzero components are precisely the diagonal terms Ttˆtˆ, Tr̂ r̂ , Tθ̂ θ̂ and Tφ̂ φ̂ . Using
the orthonormal basis, these components carry a simple physical interpretation, i.e.
Ttˆtˆ = ρ(r ) ,

Tr̂ r̂ = −τ (r ) ,

Tθ̂ θ̂ = Tφ̂ φ̂ = p(r ) ,

(2.27)

where ρ(r ) is the energy density, τ (r ) is the radial tension, with τ (r ) = − pr (r ), i.e.
it is the negative of the radial pressure, p(r ) is the pressure measured in the tangential
directions, orthogonal to the radial direction.
Thus, the Einstein field equation provides the following stress–energy scenario:
1 b
,
8π r 2
 

b
1
b Φ
,
τ (r ) =
−2 1−
8π r 3
r r


1
b
b r − b
p(r ) =
1−
Φ  + (Φ  )2 − 2
Φ
8π
r
2r (1 − b/r )

Φ
b r − b
+
.
− 3
2r (1 − b/r )
r

ρ(r ) =

(2.28)
(2.29)

(2.30)

Note that one now has three equations with five unknown functions of the radial
coordinate. Several strategies to solve these equations are available, for instance, one
can impose an equation of state [6–10] and consider a specific choice of the shape
function or of the redshift function.
Note that the sign of the energy density depends on the sign of b (r ). One often
comes across the misleading statement, in the literature, that wormholes should
necessarily be threaded by negative energy densities, or negative matter; however,
this is not necessarily the case. Note, however, that due to the flaring-out condition,
observers traversing the wormhole with sufficiently high velocities, v → 1, will measure a negative energy density. This will be shown below. Furthermore, one should
perhaps correctly state that it is the radial pressure that is necessarily negative at the
throat, which is transparent for the radial tension at the throat, which is given by
pr (r ) = −τ (r0 ) = −(8πr02 )−1 .
By taking the derivative with respect to the radial coordinate r , of Eq. (2.29), and
eliminating b and Φ  , given in Eqs. (2.28) and (2.30), respectively, we obtain the
following equation:
2
(2.31)
τ  = (ρ − τ )Φ  − ( p + τ ) .
r
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Equation (2.31) is the relativistic Euler equation, or the hydrostatic equation for
equilibrium for the material threading the wormhole, and can also be obtained using
the conservation of the stress–energy tensor, T μ̂ν̂ ;ν̂ = 0, inserting μ̂ = r .
The effective mass, m(r ) = b(r )/2 contained in the interior of a sphere of radius
r , can be obtained by integrating Eq. (2.28), which yields
m(r ) =

r0
+
2



r

4π ρ(r  ) r 2 dr  .

(2.32)

r0

Therefore, the form function has an interpretation which depends on the mass distribution of the wormhole.

2.1.5 Exotic Matter and Modified Gravity
2.1.5.1

Exoticity Function

To gain some insight into the matter threading the wormhole, Morris and Thorne
defined the dimensionless function ξ = (τ − ρ)/|ρ| [1], which taking into account
Eqs. (2.28) and (2.29) yields
ξ=

b/r − b − 2r (1 − b/r )Φ 
τ −ρ
=
.
|ρ|
|b |

(2.33)

Combining the flaring-out condition, given by Eq. (2.8), with Eq. (2.33), the exoticity
function takes the form


2b2 d 2 r
b Φ
.
(2.34)
ξ=
−
2r
1
−
r |b | dz 2
r |b |
Now, taking into account the finite character of ρ, and consequently of b , and the
fact that (1 − b/r )Φ  → 0 at the throat, we have the following relationship:
ξ(r0 ) =

τ0 − ρ0
> 0.
|ρ0 |

(2.35)

The restriction τ0 > ρ0 is a somewhat troublesome condition, depending on one’s
point of view, as it states that the radial tension at the throat should exceed the energy
density. Thus, Morris and Thorne coined matter constrained by this condition “exotic
matter” [1]. We shall verify below that this is defined as matter that violates the null
energy condition (in fact, it violates all the energy conditions) [1, 2].
Exotic matter is particularly troublesome for measurements made by observers
traversing through the throat with a radial velocity close to the speed of light. Consider



a Lorentz transformation, x μ̂ = Λμ̂ ν̂ x ν̂ , with Λμ̂ α̂ Λα̂ ν̂ = δ μ̂ ν̂ and Λμ̂ ν̂  defined as
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⎡

γ
⎢ 0
μ̂
(Λ ν̂  ) = ⎢
⎣ 0
γv

0
1
0
0

0
0
1
0

⎤
γv
0 ⎥
⎥.
0 ⎦
γ

(2.36)

The energy density measured by these observers is given by T0̂ 0̂ = Λμ̂ 0̂ Λν̂ 0̂ Tμ̂ν̂ ,
i.e.
T0̂ 0̂ = γ 2 (ρ0 − v2 τ0 ) ,

(2.37)

with γ = (1 − v2 )−1/2 . For sufficiently high velocities, v → 1, the observer will
measure a negative energy density, T0̂ 0̂ < 0.
This feature also holds for any traversable, nonspherical and nonstatic wormhole.
To see this, one verifies that a bundle of null geodesics that enters the wormhole at
one mouth and emerges from the other must have a cross-sectional area that initially
increases, and then decreases. This conversion of decreasing to increasing is due
to the gravitational repulsion of matter through which the bundle of null geodesics
traverses.

2.1.5.2

The Violation of the Energy Conditions

The exoticity function (2.33) is closely related to the null energy condition (NEC),
which asserts that for any null vector k μ , we have Tμν k μ k ν ≥ 0. For a diagonal
stress–energy tensor, this implies ρ − τ ≥ 0 and ρ + p ≥ 0. Using the Einstein field
equations (2.28) and (2.29), evaluated at the throat r0 , and taking into account the
finite character of the redshift function so that (1 − b/r )Φ  |r0 → 0, we verify the
condition (ρ − τ )|r0 < 0. This violates the NEC. In fact, it implies the violation of
all the pointwise energy condition. Although classical forms of matter are believed
to obey the energy conditions, it is a well-known fact that they are violated by certain
quantum fields, amongst which we may refer to the Casimir effect. Thus, the flaringout condition (2.8) entails the violation of the NEC, at the throat. Note that negative
energy densities are not essential, but negative pressures are necessary to sustain the
wormhole throat.
It is interesting to note that the violations of the pointwise energy conditions led
to the averaging of the energy conditions over timelike or null geodesics [11]. The
averaged energy conditions permit localized violations of the energy conditions, as
long on average the energy conditions hold when integrated along timelike or null
geodesics. Now, as the averaged energy conditions involve averaging over a line
integral, with dimensions (mass)/(area), not a volume integral, they do not provide
useful information regarding the “total amount” of energy condition violating matter.
In order to overcome this shortcoming, the “volume integral quantifier” was proposed
[12]. Thus, the amount of energy condition violations is then the extent that these
integrals become negative.
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Wormholes in Modified Theories of Gravity

Generally, the NEC arises when one refers back to the Raychaudhuri equation,
which is a purely geometric statement, without the need to refer to any gravitational
field equations. Now, in order for gravity to be attractive, the positivity condition
Rμν k μ k ν ≥ 0 is imposed in the Raychaudhuri equation. In general relativity, contracting both sides of the Einstein field equation G μν = κ 2 Tμν (where κ 2 = 8π ) with
any null vector k μ , one can write the above condition in terms of the stress–energy
tensor given by Tμν k μ k ν ≥ 0, which is the statement of the NEC.
In modified theories of gravity the gravitational field equations can be rewritten
eff
eff
, where Tμν
is an effective
as an effective Einstein equation, given by G μν = κ 2 Tμν
stress–energy tensor containing the matter stress–energy tensor Tμν and the curvature
quantities, arising from the specific modified theory of gravity considered [13]. Now,
the positivity condition Rμν k μ k ν ≥ 0 in the Raychaudhuri equation provides the
eff μ ν
k k ≥ 0, through the modified gravitational field equation.
generalized NEC, Tμν
Therefore, the necessary condition to have a wormhole geometry is the violation
eff μ ν
k k < 0. In classical general relativity this simply
of the generalized NEC, i.e. Tμν
reduces to the violation of the usual NEC, i.e. Tμν k μ k ν < 0. However, in modified
theories of gravity, one may in principle impose that the matter stress–energy tensor
satisfies the standard NEC, Tμν k μ k ν ≥ 0, while the respective generalized NEC is
eff μ ν
k k < 0, in order to ensure the flaring-out condition.
necessarily violated, Tμν
More specifically, consider the generalized gravitational field equations for a large
class of modified theories of gravity, given by the following field equation: [13]
g1 (Ψ i )(G μν + Hμν ) − g2 (Ψ j ) Tμν = κ 2 Tμν ,

(2.38)

where Hμν is an additional geometric term that includes the geometrical modifications inherent in the modified gravitational theory under consideration; gi (Ψ j )
(i = 1, 2) are multiplicative factors that modify the geometrical sector of the field
equations, and Ψ j denote generically curvature invariants or gravitational fields such
as scalar fields; the term g2 (Ψ i ) covers the coupling of the curvature invariants or
the scalar fields with the matter stress–energy tensor, Tμν .
It is useful to rewrite this field equation as an effective Einstein field equation, as
eff
, given by
mentioned above, with the effective stress–energy tensor, Tμν
eff
≡
Tμν

1 + ḡ2 (Ψ j )
Tμν − H̄μν ,
g1 (Ψ i )

(2.39)

where ḡ2 (Ψ j ) = g2 (Ψ j )/κ 2 and H̄μν = Hμν /κ 2 are defined for notational convenience.
eff μ ν
k k < 0, implies
In modified gravity, the violation of the generalized NEC, Tμν
the following restriction:
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1 + ḡ2 (Ψ j )
Tμν k μ k ν < H̄μν k μ k ν .
g1 (Ψ i )

(2.40)

For general relativity, with g1 (Ψ j ) = 1, g2 (Ψ j ) = 0, and Hμν = 0, we recover
the standard violation of the NEC for the matter threading the wormhole, i.e.
Tμν k μ k ν < 0.
If the additional condition [1 + ḡ2 (Ψ j )]/g1 (Ψ i ) > 0 is met, then one obtains
a general bound for the normal matter threading the wormhole, in the context of
modified theories of gravity, given by
0 ≤ Tμν k μ k ν <

g1 (Ψ i )
H̄μν k μ k ν .
1 + ḡ2 (Ψ j )

(2.41)

2.1.6 Traversability Conditions
In constructing traversable wormhole geometries, we will be interested in specific
solutions by imposing specific traversability conditions. Assume that a traveller of an
absurdly advanced civilization begins the trip in a space station in the lower universe,
at proper distance l = −l1 , and ends up in the upper universe, at l = l2 . Furthermore,
consider that the traveller has a radial velocity v(r ), as measured by a static observer
positioned at r . One may relate the proper distance travelled dl, radius travelled dr ,
coordinate time lapse dt, and proper time lapse as measured by the observer dτ , by
the following relations:


b −1/2 dr
dl
= ∓ e−Φ 1 −
,
dt
r
dt


b −1/2 dr
dl
=∓ 1−
.
vγ =
dτ
r
dτ
v = e−Φ

(2.42)
(2.43)

It is also important to impose certain conditions at the space stations [1]. First,
consider that space is asymptotically flat at the stations, i.e. b/r
1. Second, the
gravitational redshift of signals sent from the stations to infinity should be small, i.e.
1. The condition |Φ|
1 imposes that the
Δλ/λ = e−Φ − 1 ≈ −Φ, so that |Φ|
proper time at the station equals the coordinate time. Third, the gravitational acceleration measured at the stations, given by g = −(1 − b/r )−1/2 Φ  −Φ  , should
be less than or equal to the Earth’s gravitational acceleration, g ≤ g⊕ , so that the
condition |Φ  | ≤ g⊕ is met.
For a convenient trip through the wormhole, certain conditions should also be
imposed [1]. First, the entire journey should be done in a relatively short time as
measured both by the traveller and by observers who remain at rest at the stations. Second, the acceleration felt by the traveller should not exceed the Earth’s
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gravitational acceleration, g⊕ . Finally, the tidal accelerations between different parts
of the traveller’s body should not exceed, once again, Earth’s gravity.

2.1.6.1

Total Time in a Traversal

The trip should take a relatively short time, for instance, Morris and Thorne considered 1 year, as measured by the traveller and for observers that stay at rest at the
space stations, l = −l1 and l = l2 , i.e.

Δτtraveller =
Δtspace station =

+l2

−l1
 +l2
−l1

dl
≤ 1 year,
vγ

(2.44)

dl
≤ 1 year,
veΦ

(2.45)

respectively.

2.1.6.2

Acceleration Felt by a Traveller

An important traversability condition required is that the acceleration felt by the
traveller should not exceed Earth’s gravity [1]. Consider an orthonormal basis of the
traveller’s proper reference frame, (e0̂ , e1̂ , e2̂ , e3̂ ), given in terms of the orthonormal
basis vectors of Eq. (2.12) of the static observers, by a Lorentz transformation, i.e.
e0̂ = γ etˆ ∓ γ v er̂ ,

e1̂ = ∓ γ er̂ + γ v etˆ ,

e2̂ = eθ̂ ,

e3̂ = eφ̂ , (2.46)

where γ = (1 − v2 )−1/2 , and v(r ) being the velocity of the traveller as he passes r , as
measured by a static observer positioned there. Thus, the traveller’s four-acceleration


μ̂
expressed in his proper reference frame, a μ̂ = U ν̂ U ;ν̂  , yields the following restriction:




b 1/2 −Φ  Φ  

γ e  ≤ g⊕ .
|a| =  1 −
e
(2.47)


r

2.1.6.3

Tidal Acceleration Felt by a Traveller

It is also convenient that an observer traversing through the wormhole should not be
ripped apart by enormous tidal forces. Thus, another of the traversability conditions
required is that the tidal accelerations felt by the traveller should not exceed, for
instance, the Earth’s gravitational acceleration [1]. The tidal acceleration felt by the
traveller is given by
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Δa μ̂ = −R


μ̂
ν̂  α̂  β̂ 







U ν̂ ηα̂ U β̂ ,

μ̂

(2.48)


where U μ̂ = δ 0̂ is the traveller’s four-velocity and ηα̂ is the separation between

two arbitrary parts of his body. Note that ηα̂ is purely spatial in the traveller’s refer


ence frame, as U μ̂ ημ̂ = 0, so that η0̂ = 0. For simplicity, assume that |ηî | ≈ 2 m
along any spatial direction in the traveller’s reference frame. Taking into account the

μ̂
antisymmetric nature of R ν̂  α̂ β̂  in its first two indices, we verify that Δa μ̂ is purely
spatial with the components


Δa î = −R î





0̂ ĵ  0̂



η ĵ = −Rî  0̂ ĵ  0̂ η ĵ .

(2.49)

Using a Lorentz transformation of the Riemann tensor components in the static observer’s frame, (etˆ, er̂ , eθ̂ , eφ̂ ), to the traveller’s frame, (e0̂ , e1̂ , e2̂ , e3̂ ), the
nonzero components of Rî  0̂ ĵ  0̂ are given by
R1̂ 0̂ 1̂ 0̂ = Rr̂ tˆr̂ tˆ



b
b r − b 
= − 1−
−Φ  − (Φ  )2 +
Φ ,
r
2r (r − b)
R2̂ 0̂ 2̂ 0̂ = R3̂ 0̂ 3̂ 0̂ = γ 2

γ2
= 2 v2 b  −
2r

(2.50)

Rθ̂ tˆθ̂ tˆ + γ 2 v2 Rθ̂ r̂ θ̂ r̂


b
+ 2(r − b)Φ  .
r

(2.51)

Thus, Eq. (2.49) takes the form




Δa 1̂ = −R1̂ 0̂ 1̂ 0̂ η1̂ ,





Δa 2̂ = −R2̂ 0̂ 2̂ 0̂ η2̂ ,





Δa 3̂ = −R3̂ 0̂ 3̂ 0̂ η3̂ . (2.52)



The constraint |Δa μ̂ | ≤ g⊕ provides the tidal acceleration restrictions as measured
by a traveller moving radially through the wormhole, given by the following inequalities:




br − b    1̂ 

 2
 1− b
Φ + (Φ ) −
Φ  η ≤ g⊕ ,
(2.53)

r
2r (r − b)
 2



γ
 
b
2

   2̂ 

v
b
+
2(r
−
b)Φ
−
(2.54)
 2r 2
 η ≤ g⊕ .
r
The radial tidal constraint, Eq. (2.53), constrains the redshift function, and the lateral
tidal constraint, Eq. (2.54), constrains the velocity with which observers traverse the
wormhole. These inequalities are particularly simple at the throat, r0 ,
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|Φ  (r0 )| ≤
γ 2 v2 ≤

2g⊕ r0
(1 − b ) |η1̂ |
2g⊕ r02
(1 − b ) |η2̂ |

,

(2.55)

,

(2.56)

For the particular case of a constant redshift function, Φ  = 0, the radial tidal
acceleration is zero, and Eq. (2.54) reduces to


γ 2 v2   b   2̂ 
η ≤ g⊕ .
b −
2r 2 
r 

(2.57)

For this specific case one verifies that stationary observers with v = 0 measure null
tidal forces.

2.2 Dynamic Spherically Symmetric Thin-Shell
Traversable Wormholes
An interesting and efficient manner to minimize the violation of the null energy
condition is to construct thin-shell wormholes using the thin-shell formalism [2, 14]
and the cut-and-paste procedure as described in [2, 15–18]. Motivated in minimizing
the usage of exotic matter, the thin-shell construction was generalized to nonspherically symmetric cases [2, 15], and in particular, it was found that a traveller may
traverse through such a wormhole without encountering regions of exotic matter.
In the context of a linearized stability analysis [16], two Schwarzschild spacetimes
were surgically grafted together in such a way that no event horizon is permitted
to form. This surgery concentrates a nonzero stress energy on the boundary layer
between the two asymptotically flat regions and a dynamical stability analysis (with
respect to spherically symmetric perturbations) was explored. In the latter stability
analysis, constraints were found on the equation of state of the exotic matter that
comprises the throat of the wormhole. Indeed, the stability of the latter thin-shell
wormholes was considered for certain specially chosen equations of state [2, 16],
where the analysis addressed the issue of stability in the sense of proving bounded
motion for the wormhole throat.
This dynamical analysis was generalized to the stability of spherically symmetric thin-shell wormholes by considering linearized radial perturbations around some
assumed static solution of the Einstein field equations, without the need to specify
an equation of state [18]. This linearized stability analysis around a static solution was soon generalized to the presence of charge [19], and of a cosmological
constant [20], and was subsequently extended to a plethora of individual scenarios
(see [21] and references therein). The key point of the present section is to develop
an extremely general, flexible, and robust framework that can quickly be adapted to
general spherically symmetric traversable wormholes in 3 + 1 dimensions see [21].
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We shall consider standard general relativity, with traversable wormholes that are
spherically symmetric, with all of the exotic material confined to a thin shell.

2.2.1 Generic Static Spherically Symmetric Spacetimes
To set the stage, consider two distinct spacetime manifolds, M+ and M− , with
μ
μ
+
−
(x+ ) and gμν
(x− ), in terms of independently defined coordinate
metrics given by gμν
μ
μ
systems x+ and x− . A single manifold M is obtained by gluing together the two
distinct manifolds, M+ and M− , i.e. M = M+ ∪ M− , at their boundaries. The
latter are given by Σ+ and Σ− , respectively, with the natural identification of the
boundaries Σ = Σ+ = Σ− .
Consider two generic static spherically symmetric spacetimes given by the
following line elements:
ds 2 = −e2Φ± (r± ) 1 −



b± (r± )
b± (r± ) −1 2
dt±2 + 1 −
dr± + r±2 dΩ±2 , (2.58)
r±
r±

on M± , respectively. Using the Einstein field equation, G μν = 8π Tμν (with c =
G = 1), the (orthonormal) stress–energy tensor components are given by
1 
b,
8πr 2

1  
2Φ (b − r ) + b ,
τ̄ (r ) =
2
8πr
1 
pt (r ) = −
(−b + 3r b − 2r )Φ 
16πr 2

+ 2r (b − r )(Φ  )2 + 2r (b − r )Φ  + br ,
ρ(r ) =

(2.59)
(2.60)

(2.61)

where we have denoted the quantity τ̄ (r ) here as the radial tension (the variable τ
in this section denotes the proper time, as measured by a comoving observer on the
thin shell). The ± subscripts were (temporarily) dropped so as not to overload the
notation.

2.2.2 Extrinsic Curvature
The manifolds are bounded by hypersurfaces Σ+ and Σ− , respectively, with induced
metrics gi+j and gi−j . The hypersurfaces are isometric, i.e. gi+j (ξ ) = gi−j (ξ ) = gi j (ξ ),
in terms of the intrinsic coordinates, invariant under the isometry. As mentioned
above, a single manifold M is obtained by gluing together M+ and M− at their
boundaries, i.e. M = M+ ∪ M− , with the natural identification of the boundaries
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Σ = Σ+ = Σ− . The three holonomic basis vectors e(i) = ∂/∂ξ i tangent to Σ have
μ
μ
the following components e(i) |± = ∂ x± /∂ξ i , which provide the induced metric on
μ ν
e( j) |± .
the junction surface by the following scalar product gi j = e(i) · e( j) = gμν e(i)
The intrinsic metric to Σ is thus provided by
dsΣ2 = −dτ 2 + a 2 (τ ) (dθ 2 + sin2 θ dφ 2 ),

(2.62)

where τ is the proper time of an observer comoving with the junction surface, as
mentioned above.
Thus, for the static and spherically symmetric spacetime considered in this section,
the single manifold, M , is obtained by gluing M+ and M− at Σ, i.e. at f (r, τ ) =
r − a(τ ) = 0. The position of the junction surface is given by
x μ (τ, θ, φ) = (t (τ ), a(τ ), θ, φ) ,

(2.63)

and the respective 4-velocities (as measured in the static coordinate systems on the
two sides of the junction) are
⎛
μ
U±

=⎝


e−Φ± (a) 1 −
1−

b± (a)
a
b± (a)
a

+ ȧ 2

⎞
, ȧ, 0, 0⎠ ,

(2.64)

where the overdot denotes a derivative with respect to τ .
We shall consider a timelike junction surface Σ, defined by the parametric equation of the form f (x μ (ξ i )) = 0. The unit normal 4−vector, n μ , to Σ is defined
as


 αβ ∂ f ∂ f −1/2 ∂ f


,
(2.65)
n μ = ± g
∂xα ∂xβ 
∂xμ
μ

with n μ n μ = +1 and n μ e(i) = 0. The Israel formalism requires that the normals point
from M− to M+ [14]. Thus, the unit normals to the junction surface, determined by
Eq. (2.65), are given by

μ
n±

=±

e−Φ± (a)
1−

b± (a)
a


ȧ, 1 −

b± (a)
+ ȧ 2 , 0, 0
a

.

(2.66)

Note that the above expressions can also be deduced from the contractions U μ n μ = 0
and n μ n μ = +1. The extrinsic curvature, or the second fundamental form, is defined
μ
μ
as K i j = n μ;ν e(i) e(νj) . Taking into account the differentiation of n μ e(i) = 0 with
respect to ξ j , the extrinsic curvature is given by
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K i±j


= −n μ

α
β
∂2xμ
μ± ∂ x ∂ x
+
Γ
αβ
∂ξ i ∂ξ j
∂ξ i ∂ξ j


.

(2.67)

Note that for the case of a thin shell K i j is not continuous across Σ, so that for
notational convenience, the discontinuity in the second fundamental form is defined
as κi j = K i+j − K i−j .
Thus, using Eq. (2.67), the nontrivial components of the extrinsic curvature can
easily be computed to be
K θθ±
K ττ±


1
b± (a)
+ ȧ 2 ,
=±
1−
a⎧
a
⎫

⎨ ä + b± (a)−b± (a)a
⎬
(a)
b
2
±
2a
=± 
+ Φ± (a) 1 −
+ ȧ 2 ,
⎩
⎭
a
1 − b±a(a) + ȧ 2

(2.68)
(2.69)

where the prime now denotes a derivative with respect to the coordinate a.

2.2.3 Lanczos Equations: Surface Stress–Energy
The Lanczos equations follow from the Einstein equations applied to the hypersurface
joining the four-dimensional spacetimes, and are given by
Si j = −

1
(κ i j − δ i j κ kk ) ,
8π

(2.70)

where S i j is the surface stress–energy tensor on Σ. In particular, because of spherical


symmetry considerable simplifications occur, namely κ i j = diag κ ττ , κ θθ , κ θθ . The
surface stress–energy tensor may be written in terms of the surface energy density,
σ , and the surface pressure, P, as S i j = diag(−σ, P, P). The Lanczos equations
then reduce to
1 θ
κ ,
4π θ
1 τ
(κ + κ θθ ) .
P=
8π τ
σ =−

(2.71)
(2.72)

Taking into account the computed extrinsic curvatures, Eqs. (2.68) and (2.69), we see
that Eqs. (2.71) and (2.72) provide us with the following expressions for the surface
stresses:
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1
b+ (a)
b− (a)
2
2
+ ȧ + 1 −
+ ȧ ,
σ =−
1−
4πa
a
a
⎡
 (a)

b+ (a)+ab+
1 ⎣ 1 + ȧ 2 + a ä −
b+ (a)
2a
 (a)

+ ȧ 2 aΦ+
P =
+ 1−
8πa
a
b+ (a)
2
1 − a + ȧ
⎤

b (a)+ab (a)
1 + ȧ 2 + a ä − − 2a −
b− (a)
 (a)⎦ .

+ ȧ 2 aΦ−
+
+ 1−
a
b (a)
1 − −a + ȧ 2

(2.73)

(2.74)

Note that the surface energy density σ is always negative, consequently violating
the energy conditions. The surface mass of the thin shell is given by m s = 4πa 2 σ ,
which will be used below.

2.2.4 Conservation Identity
The first contracted Gauss–Codazzi equation is given by
G μν n μ n ν =

1
(K 2 − K i j K i j − 3 R) ,
2

(2.75)

which combined with the Einstein equations provides the evolution identity
+

S i j K i j = − Tμν n μ n ν − .

(2.76)

1
+
−
+
−
The convention [X ]+
− ≡ X |Σ − X |Σ and X ≡ 2 (X |Σ + X |Σ ) is used.
The second contracted Gauss–Codazzi equation is
μ

G μν e(i) n ν = K i| j − K ,i ,
j

(2.77)

which together with the Lanczos equations provides the conservation identity
%+
$
μ
S i j|i = Tμν e ( j) n ν .

(2.78)

−

When interpreting the conservation identity Eq. (2.78), consider the momentum flux
defined by
$

μ

Tμν e (τ ) n ν

%+
−



= Tμν U μ n


ν +
−

⎡



= ⎣± Ttˆtˆ + Tr̂ r̂


 ȧ 1 −
1

b(a)
+
a
b(a)
− a

ȧ 2

⎤+
⎦ ,
−

(2.79)
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where Ttˆtˆ and Tr̂ r̂ are the four-dimensional stress–energy tensor components given
in an orthonormal basis. This flux term corresponds to the net discontinuity in the
momentum flux Fμ = Tμν U ν which impinges on the shell. Applying the Einstein
equations, we have
$

μ
Tμν e (τ )

n

ν

%+
−

ȧ
=
4πa




Φ+ (a)



(a)
b+ (a)
b
−

+ ȧ 2 + Φ− (a) 1 −
+ ȧ 2 .
1−
a
a
(2.80)

It is useful to define the quantity
1
Ξ=
4πa





(a)
(a)
b
b
+
−
+ ȧ 2 + Φ− (a) 1 −
+ ȧ 2 .
Φ+ (a) 1 −
a
a


(2.81)

and to let A = 4πa 2 be the surface area of the thin shell. Then in the general case,
the conservation identity provides the following relationship:
d(σ A)
dA
+P
= Ξ A ȧ .
dτ
dτ

(2.82)

The first term represents the variation of the internal energy of the shell, the second
term is the work done by the shell’s internal force, and the third term represents the
work done by the external forces.
If we assume that the equations of motion can be integrated to determine the
surface energy density as a function of radius a, that is, assuming the existence of a
suitable function σ (a), then the conservation equation can be written as
2
σ  = − (σ + P) + Ξ ,
a

(2.83)

where σ  = dσ/da. Note that the flux term Ξ is zero whenever Φ± = 0, which
is actually a quite common occurrence, for instance in either Schwarzschild or
Reissner–Nordström geometries, or more generally whenever ρ + pr = 0. In particular, for a vanishing flux Ξ = 0 one obtains the so-called “transparency condition”,
+

G μν U μ n ν − = 0 [22]. The conservation identity, Eq. (2.78), then reduces to the
simple relationship σ̇ = −2 (σ + P)ȧ/a, which is extensively used in the literature.

2.2.5 Equation of Motion
To qualitatively analyse the stability of the wormhole, it is useful to rearrange
Eq. (2.73) into the thin-shell equation of motion given by
1 2
ȧ + V (a) = 0 ,
2

(2.84)
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where the potential V (a) is given by
&

 '
m s (a) 2
1
Δ(a) 2
b̄(a)
−
V (a) =
−
.
1−
2
a
2a
m s (a)

(2.85)

Here m s (a) = 4πa 2 σ (a) is the mass of the thin shell. The quantities b̄(a) and Δ(a)
are defined, for simplicity, as
b̄(a) =

b+ (a) + b− (a)
,
2

Δ(a) =

b+ (a) − b− (a)
,
2

(2.86)

respectively. This gives the potential V (a) as a function of the surface mass m s (a).
By differentiating with respect to a, we see that the equation of motion implies
ä = −V  (a).
It is useful to reverse the logic flow and determine the surface mass as a function
of the potential. Following the techniques used in [23], suitably modified for the
present wormhole context, we have

m 2s (a) = 2a 2 1 −

b̄(a)
− 2V (a) +
a


1−



b+ (a)
b− (a)
− 2V (a) 1 −
− 2V (a) ,
a
a

(2.87)

and in fact

m s (a) = −a

b+ (a)
− 2V (a) +
1−
a




b− (a)
− 2V (a) ,
1−
a

(2.88)

with the negative root now being necessary for compatibility with the Lanczos equations. Note the novel approach used here, namely, by specifying V (a) dictates the
amount of surface mass that needs to be inserted on the wormhole throat. This
implicitly makes demands on the equation of state of the exotic matter residing on
the wormhole throat.
In a completely analogous manner, after imposing the equation of motion for the
shell one has



1
b+ (a)
b− (a)
− 2V (a) + 1 −
− 2V (a) ,
(2.89)
σ (a) = −
1−
4πa
a
a
⎡
 (a)

b+ (a)+ab+
b+ (a)
1 ⎣ 1 − 2V (a) − aV  (a) −
2a
 (a)

+ 1−
P(a) =
− 2V (a) aΦ+
8πa
a
b (a)
1 − +a − 2V (a)
⎤
 (a)

b− (a)+ab−
1 − 2V (a) − aV  (a) −
b− (a)
2a


− 2V (a) aΦ− (a)⎦ . (2.90)
+ 1−
+
a
b (a)
1 − −a − 2V (a)
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and the flux term is given by
1
Ξ (a) =
4πa





b+ (a)
b− (a)

− 2V (a) + Φ− (a) 1 −
− 2V (a) .
1−
a
a



Φ+ (a)

(2.91)
The three quantities {σ (a), P(a), Ξ (a)} are related by the differential conservation
law, so at most two of them are independent.

2.2.6 Linearized Equation of Motion
Consider a linearization around an assumed static solution a0 to the equation of
motion 21 ȧ 2 + V (a) = 0, and so also a solution of ä = −V  (a). A Taylor expansion
of V (a) around a0 to second order yields
1
V (a) = V (a0 ) + V  (a0 )(a − a0 ) + V  (a0 )(a − a0 )2 + O[(a − a0 )3 ] , (2.92)
2
and since we are expanding around a static solution, ȧ0 = ä0 = 0, we automatically
have V (a0 ) = V  (a0 ) = 0, which reduces Eq. (2.92) to
V (a) =

1 
V (a0 )(a − a0 )2 + O[(a − a0 )3 ] .
2

(2.93)

The assumed static solution at a0 is stable if and only if V (a) has a local minimum at
a0 , which requires V  (a0 ) > 0, which is the primary criterion for wormhole stability.
For instance, it is extremely useful to express m s (a) and m s (a) by the following
expressions:
m s (a) = +

m s (a) a
+
a
2

(

)
(b+ (a)/a) + 2V  (a)
(b− (a)/a) + 2V  (a)
+
,
√
√
1 − b+ (a)/a − 2V (a)
1 − b− (a)/a − 2V (a)
(2.94)

and
m s (a)

(

)
(b+ (a)/a) + 2V  (a)
(b− (a)/a) + 2V  (a)
= √
+√
1 − b+ (a)/a − 2V (a)
1 − b− (a)/a − 2V (a)
)
(
[(b+ (a)/a) + 2V  (a)]2
[(b− (a)/a) + 2V  (a)]2
a
+
+
4 [1 − b+ (a)/a − 2V (a)]3/2
[1 − b− (a)/a − 2V (a)]3/2
(
)


(b+ (a)/a) + 2V (a)
a
(b− (a)/a) + 2V  (a)
+
+√
. (2.95)
√
2
1 − b+ (a)/a − 2V (a)
1 − b− (a)/a − 2V (a)

Doing so allows us to easily study linearized stability, and to develop a simple
inequality on m s (a0 ) using the constraint V  (a0 ) > 0. Similar formulae hold for
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σ  (a), σ  (a), for P  (a), P  (a), and for Ξ  (a), Ξ  (a). In view of the redundancies
coming from the relations m s (a) = 4π σ (a)a 2 and the differential conservation law,
the only interesting quantities are Ξ  (a), Ξ  (a).
For practical calculations, it is extremely useful to consider the dimensionless
quantity m s (a)/a and then to express [m s (a)/a] and [m s (a)/a] . It is similarly
useful to consider 4π Ξ (a)a, and then evaluate [4π Ξ (a) a] and [4π Ξ (a) a]
(see Ref. [21] for more details). We shall evaluate these quantities at the assumed
stable solution a0 .

2.2.7 The Master Equations
For practical calculations it is more useful to work with m s (a)/a, so that in view of
the above, in order to have a stable static solution at a0 we must have
&*
m s (a0 )/a0 = −

b+ (a0 )
1−
+
a0

*

'
b− (a0 )
1−
,
a0

(2.96)

while

1
[m s (a)/a] a0 = +
2

(

)

(b+ (a)/a)
(b− (a)/a)
 ,
+√
√
1 − b− (a)/a a0
1 − b+ (a)/a

(2.97)

and the stability condition V  (a0 ) ≥ 0 is translated into


[m s (a)/a] a0

)

[(b+ (a)/a) ]2
[(b− (a)/a) ]2

+
[1 − b+ (a)/a]3/2
[1 − b− (a)/a]3/2 a0
(
)

(b+ (a)/a)
1
(b− (a)/a)
 .
+
+√
√
2
1 − b+ (a)/a
1 − b− (a)/a) a0

1
≥+
4

(

(2.98)

In the absence of external forces this inequality (or the equivalent one for m s (a0 )
above) is the only stability constraint one requires. However, once one has external
forces (Φ± = 0), there is additional information:
+
-
,
,

 (a) 1 − b (a)/a + Φ  (a) 1 − b (a)/a 
[4π Ξ (a) a] a = + Φ+

+
−
−
0
a0
'
&



(a)/a)
(a)/a)
1
(b
(b
+
−



−
+ Φ− (a) ,
Φ+ (a) ,

2
1 − b+ (a)/a
1 − b− (a)/a 

a0

and (provided Φ± (a0 ) ≥ 0)

, (2.99)
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+
-
,
,




[4π Ξ (a) a] a ≤ Φ+
(a) 1 − b+ (a)/a + Φ−
(a) 1 − b− (a)/a 
0
a0
&
'



(b
(b
(a)/a)
(a)/a)
+
−



+ Φ− (a) ,
− Φ+ (a) ,

1 − b+ (a)/a
1 − b− (a)/a a
0
)
(

1
[(b+ (a)/a) ]2
[(b− (a)/a) ]2



−
+
Φ
(a)
Φ+ (a)
−
4
[1 − b+ (a)/a]3/2
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'
&

1
(b+ (a)/a)
(b− (a)/a)



−
+ Φ− (a) ,
Φ+ (a) ,
 . (2.100)
2
1 − b+ (a)/a
1 − b− (a)/a a
0

If Φ± (a0 ) ≤ 0, we simply have
+
-
,
,




[4π Ξ (a) a] a ≥ Φ+
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0
a0
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&
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+ Φ−
− Φ+
(a) ,
(a) ,
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0
(
 ]2
 ]2 )
1
[(b
[(b
(a)/a)
(a)/a)
+
−



−
(a)
+ Φ−
(a)
Φ+
4
[1 − b+ (a)/a]3/2
[1 − b− (a)/a]3/2 a0
'
&

1
(b+ (a)/a)
(b− (a)/a)



Φ+ (a) ,
−
+ Φ− (a) ,
 . (2.101)
2
1 − b+ (a)/a
1 − b− (a)/a a
0

Note that these last three equations are entirely vacuous in the absence of external
forces, which is why they have not appeared in the literature until now.
In discussing specific examples one now merely needs to apply the general formalism described above. Several examples are particularly important, some to emphasize the features specific to possible asymmetry between the two universes used in
traversable wormhole construction, some to emphasize the importance of NEC nonviolation in the bulk, and some to assess the simplifications due to symmetry between
the two asymptotic regions [21, 24].

2.2.8 Discussion
These linearized stability conditions reflect an extremely general, flexible and robust
framework, which is well-adapted to general spherically symmetric thin-shell traversable wormholes and, in this context, the construction confines the exotic material
to the thin shell. The latter, while constrained by spherical symmetry, is allowed to
move freely within the four-dimensional spacetimes, which permits a fully dynamic
analysis. Note that to this effect, the presence of a flux term has been, although widely
ignored in the literature, considered in great detail. This flux term corresponds to the
net discontinuity in the conservation law of the surface stresses of the bulk momentum flux, and is physically interpreted as the work done by external forces on the
thin shell.
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Relative to the linearized stability analysis, we have reversed the logic flow typically considered in the literature, and introduced a novel approach to the analysis.
We recall that the standard procedure extensively used in the literature is to define a
parametrization of the stability of equilibrium, so as not to specify an equation of state
on the boundary surface [18–20]. More specifically, the parameter η(σ ) = dP/dσ
is usually defined, and the standard physical interpretation of η is that of the speed
of sound. In this section, rather than adopting the latter approach, we considered that
the stability of the wormhole is fundamentally linked to the behaviour of the surface
mass m s (a) of the thin shell of exotic matter, residing on the wormhole throat, via a
pair of stability inequalities.
More specifically, we have considered the surface mass as a function of the potential. This novel procedure implicitly makes demands on the equation of state of the
matter residing on the transition layer, and demonstrates in full generality that the
stability of thin-shell wormholes is equivalent to choosing suitable properties for the
material residing on the thin shell. Furthermore, specific applications were explored
and we refer the reader to Ref. [21] for more details.
Acknowledgements FSNL acknowledges financial support of the Fundação para a Ciência e Tecnologia through an Investigador FCT Research contract, with reference IF/00859/2012, funded by
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Chapter 3

Rotating Wormholes
Burkhard Kleihaus and Jutta Kunz

3.1 Introduction
As discussed in the previous section, General Relativity (GR) allows for traversable
Lorentzian wormholes, which were first obtained by Ellis [1, 2] and Bronnikov [3]
(see also [4]). These wormholes need the presence of an exotic matter field, a phantom
field, coupled to gravity. Carrying the reverse sign in front of its kinetic term, a
phantom field has an energy-momentum tensor that violates the null energy condition
[5, 6]. In recent years phantom fields have also been considered in cosmology, since
they give rise to an accelerated expansion of the Universe [7]. On the other hand, e.g.
when gravity theories with higher curvature terms are considered [8–14], wormholes
can be constructed without the need for a phantom field.
From an astrophysical point of view wormholes have been searched for observationally [15–17]. They have been considered as gravitational lenses [18, 19], including their Einstein rings [20], their shadows have been studied [21, 22] and also the
iron line profiles of thin accretion disks surrounding them [23]. So far most investigations have been performed for static wormholes. However, astrophysical objects
typically rotate. Therefore one would like to know and understand the properties of
rotating wormholes. Moreover, the static Ellis wormholes of GR are known to be
unstable [24–27], and the presence of rotation might possibly stabilize them [28, 29].
In this chapter we consider rotating wormholes in GR supported by a phantom
field. These Ellis wormholes represent solutions of the coupled Einstein-phantom
field equations, which read in D dimensions
Rμν = −2∂μ ψ∂ν ψ ,

(3.1)
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∂μ

√

−gg μν ∂ν ψ = 0 .

(3.2)

They are obtained from the D-dimensional action
S=

1
16π G D





√
d D x −g R + 2g μν ∂μ ψ∂ν ψ .

(3.3)

Our main interest concerns rotating wormholes in four dimensions. Here slowly
rotating perturbative wormhole solutions have been obtained analytically some time
ago [30, 31], while their rapidly rotating counterparts have been constructed numerically only recently [32, 33]. While many of their features have been studied already,
a central property yet to be analyzed is their stability. Clearly, their traversability
but also their viability as astrophysical objects would require a certain degree of
stability. (We remark, that the well-known rotating Teo wormhole [34] only represents a metric, which was not obtained as the solution of a given set of Einstein-matter
equations.)
As a first attempt to tackle the question whether rotation could stabilize wormholes, we here consider wormholes in five dimensions, since when both angular
momenta are equal the problem simplifies, and one only has to deal with ordinary
differential equations. Rapidly rotating wormholes in five dimensions have been constructed numerically in [29], where also many of their properties have been analyzed.
In particular, a stability analysis of the unstable radial modes has been performed.
Interestingly, this analysis has revealed the disappearance of the unstable radial modes
beyond a critical rotational velocity. Since crucial properties of rotating black holes
in four and five dimensions show qualitative agreement, this result indicates, that
rotation may also stabilize rotating wormholes in four dimensions.
In Sects. 3.2 and 3.3 we discuss the currently known properties of rotating Ellis
wormholes in four and five dimensions, respectively. We always begin with the theoretical setting, including the Ansatz, the boundary conditions, the global charges, and
mass formulae. Subsequently, we present the results of the numerical calculations,
showing a number of interesting wormhole properties such as the global charges,
and the wormhole geometry. We also demonstrate that these wormhole solutions
approach an extremal rotating black hole, as their angular momentum tends toward
its maximal value. Moreover, we address the geodesics in wormhole spacetimes, and
we discuss the properties of nonsymmetric wormholes, i.e., wormholes whose mass
differs in the two asymptotic regions. Finally, in the case of the five-dimensional
wormholes we present a stability analysis of the radial modes. We end with our
conclusions in Sect. 3.4.
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3.2 Rotating Wormholes in Four Dimensions
3.2.1 Theoretical Setting
Here our aim is to construct four-dimensional stationary rotating wormhole spacetimes and to study their properties. To take the symmetries into account, we choose an
appropriate coordinate system, where the fields do not depend on the time coordinate
and the azimuthal coordinate. We therefore consider the following line element
 


ds 2 = −e f dt 2 + p 2 e− f eν dη2 + hdθ 2 + h sin2 θ (dϕ − ωdt)2 .

(3.4)

Here the functions f , p, ν and ω depend only on the coordinates η and θ , and
h = η2 + η02 is an auxiliary function. In wormhole spacetimes, the radial coordinate
η takes positive and negative values, i.e., −∞ < η < ∞, where the limits η → ±∞
correspond to two distinct asymptotically flat regions. The phantom field is described
by the function ψ, which depends only on the coordinates η and θ , as well.
Substitution of the above line element into the equations of motion leads to a set of
nonlinear partial differential equation. The equation for the function p decouples [32]
∂η2 p +

3η
2 cos θ
1
∂η p +
∂θ p + ∂θ2 p = 0 ,
h
h sin θ
h

(3.5)

and is solved by p = 1, respecting the boundary conditions p(η → ∞) = p(η →
−∞) = 1 and ∂θ p(θ = 0) = ∂θ p(θ = π ) = 0.
On the other hand, under the assumption ∂θ ψ = 0 the phantom field equation


∂η h sin θ ∂η ψ + ∂θ (sin θ ∂θ ψ) = 0 ,

(3.6)

yields a first integral
∂η ψ =

D
,
h

(3.7)

where the phantom scalar charge is denoted by D. The phantom field can thus be
obtained in closed form
ψ = D (arctan(η/η0 ) − π/2) ,

(3.8)

where the integration constant has been chosen such that ψ(∞) = 0.
The Einstein equations Rϕϕ = 0, Rθθ = 0, Rtϕ = 0, Rtt = 0 and Rηθ = 0 are
independent of the scalar field, yielding three second order partial differential equations for the functions f , ω and ν, together with a constraint,
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0 = ∂η h sin θ ∂η f + ∂θ (sin θ ∂θ f ) − h sin3 θ e−2 f h(∂η ω)2 + (∂θ ω)2 , (3.9)




0 = ∂η h 2 sin3 θ e−2 f ∂η ω + ∂θ h sin3 θ e−2 f ∂θ ω ,
(3.10)


0 = ∂η h sin θ ∂η ν + sin θ ∂θθ ν − cos θ ∂θ ν


− h sin3 θ e−2 f h(∂η ω)2 − 2(∂θ ω)2 ,
(3.11)
0 = − h sin θ ∂η f ∂θ f + h cos θ ∂η ν + η sin θ ∂θ ν + h 2 sin3 θ e−2 f ∂η ω∂θ ω . (3.12)
They are solved numerically, subject to suitable boundary conditions. For η → +∞
the metric should approach Minkowski spacetime,
f |η→∞ = 0 ,

ω|η→∞ = 0 ,

ν|η→∞ = 0 .

(3.13)

In contrast, for η → −∞ we allow for finite values of the functions f and ω,
f |η→−∞ = γ ,

ω|η→−∞ = ω−∞ ,

ν|η→−∞ = 0 .

(3.14)

Here a suitable coordinate transformation is necessary to obtain Minkowski spacetime asymptotically. To ensure regularity on the symmetry axis we require
∂θ f |θ=0 = 0 ,

∂θ ω|θ=0 = 0 ,

ν|θ=0 = 0 ,

(3.15)

together with the analogous conditions at θ = π .
Choosing the parameter ω−∞ = 0, we obtain static wormholes, which are known
in closed form,

 
2
η
γ
,
ω=0,
ν =0.
(3.16)
1 − arctan
f =
2
π
η0
The choice of the parameter γ = 0 leads to symmetric wormholes, whereas wormholes with γ = 0 are nonsymmetric with respect to their mass in the two asymptotically flat regions.
Substituting the solutions of the metric functions f , ω and ν into the expression
for Rηη shows that
D2
Rηη = −2 2 ,
(3.17)
h
and yields for the scalar charge
D2 =



 h
h
cos θ
h(∂η f )2 − (∂θ f )2 −
η∂η ν −
∂θ ν
4
2
sin θ
2


h
sin2 θ e−2 f h(∂η ω)2 − (∂θ ω)2 + η02 .
−
4

(3.18)
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Now we can immediately demonstrate the violation of the Null Energy Condition
(NEC). For that purpose we consider the quantity
Ξ = Rμν k μ k ν ,

(3.19)



k μ = e− f /2 , e f /2−ν/2 , 0, ωe− f /2 .

(3.20)

with null vector [31]

Making use of the field equations shows that Ξ is non-positive
Ξ = −2D 2

e f −ν
,
h2

(3.21)

and the NEC is violated everywhere. To obtain a measure for the amount of the NEC
violation one can introduce a global scale invariant quantity Y by integrating over
an asymptotically flat hypersurface bounded by the throat.
Let us now consider the mass, the angular momentum, and the quadrupole moment
of the wormholes. The global charges are engraved in the asymptotic form of the
metric tensor, where


2M+
gtt −→ − 1 −
η→+∞
η


,

gtϕ −→ −
η→+∞

2J+ sin2 θ
.
η

(3.22)

Since in the limit η → +∞ the wormhole metric becomes Minkowskian, we can
read off the mass M+ and the angular momentum J+ directly from the asymptotic
behavior of the metric functions
f −→ −
η→+∞

2M+
,
η

ω −→

η→+∞

2J+
.
η3

(3.23)

Since for η → −∞ the expansions read
f −→ γ +
η→−∞

2M−
,
η

2J−
,
η3

(3.24)

ϕ̄ = ϕ − ω−∞ t ,

(3.25)

ω −→ ω−∞ +
η→−∞

a coordinate transformation
t¯ = eγ /2 t ,

η̄ = e−γ /2 η ,

is needed to obtain an asymptotically flat spacetime. The mass M̄− and the angular
J¯− then enter the asymptotic expansion of the metric in the new coordinates


2 M̄−
gt¯t¯ −→ − 1 +
η̄→−∞
η̄


,

gt¯ϕ̄ −→ −
η̄→−∞

2 J¯+ sin2 θ
,
η̄

(3.26)
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and we obtain the mass M̄− and the angular J¯− in terms of the parameters M− and
J− as follows
J¯− = J− e−2γ ,

M̄− = M− e−γ /2 .

(3.27)

To see that the angular momentum is the same in both asymptotically flat regions,
J+ = e−2γ J− = J¯− ,

(3.28)

we first note that Eq. (3.10) is in the form of a conservation law, then integrate it over
the full range of η and θ , and finally insert the asymptotic expansions for ω and f .
To obtain a mass formula for the wormholes, we multiply Eq. (3.10) by ω and
subtract it from Eq. (3.9) to obtain another equation in the form of a conservation law
∂η h sin θ ∂η f − e−2 f h sin2 θ ω∂η ω

+ ∂θ sin θ ∂θ f − e−2 f h sin2 θ ω∂θ ω

=0.

(3.29)
After integration and insertion of the asymptotic expansions of the metric functions,
we find the mass formula
M+ + M− = 2ω−∞ e−2γ J− = 2ω−∞ J+ .

(3.30)

For symmetric wormholes we find [32]
M+ = ω−∞ J+ = 2ω0 J+ ,

(3.31)

i.e., a mass formula akin to the Smarr formula [35, 36] for extremal black holes. The
Smarr formula is recovered when ω0 is identified with the horizon angular velocity.
The quadrupole moment Q of rotating wormholes can be obtained from the
asymptotic expansion by going to higher order [33].
We now turn to the geometric properties of the wormholes and, in particular, the
wormhole throat. For symmetric wormholes it is obvious, that the wormhole throat
represents an extremal surface that is located at η = 0, if it is a minimal surface. If it
were a maximal surface, it would correspond to an equator, and there would be two
throats located symmetrically with respect to the equator. However, we do not find
Ellis wormholes with multiple throats, unless further matter fields are included (see,
e.g., [37]).
For nonsymmetric wormholes it is less obvious how their throat should be defined
and where it will reside. Thus to define the wormhole throat in the general case, we
start by considering the equatorial (or circumferential) radius Re (η) as a function of
the radial coordinate


(3.32)
Re (η) = η2 + η02 e− f /2 θ=π/2 .
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Clearly, the rotation should deform the wormhole throat from spherical symmetry.
Because of the centrifugal force, its circumference should be largest in the equatorial
plane. By studying Re (η) therefore the location of the throat in the equatorial plane
should be revealed. We now define the wormhole throat as the surface of minimal
area, which intersects the equatorial plane at the circle of minimal circumferential
radius Re ,
√

(3.33)
he− f /2 |θ=π/2 .
Re = min
−∞≤η≤∞

To incorporate the above extremality condition we consider the line element of the
surface of the throat


dσ 2 = e− f +ν ηt2 + h dθ 2 + e− f h sin2 θ dϕ 2 ,

(3.34)

where ηt = ηt (θ ), ηt = dηt /dθ , and f , ν and h are regarded as functions of ηt and
θ . The area of the surface of the throat is then given by

Aσ =

L σ dθ dϕ

(3.35)

√
ηt2 + h h sin θ e− f +ν/2 .

(3.36)

with the integrand
Lσ =

Variation of the area functional leads to the Euler–Lagrange equation for the function
ηt (θ )
d ∂ Lσ
∂ Lσ
−
=0
(3.37)
dθ ∂ηt
∂ηt
or explicitly






cos θ 
3ηt
cos θ 1 3
ηt + ∂η s −
ηt2 − ∂θ s −
η =0,
ηt + h∂η s − 2ηt − ∂θ s −
sin θ
h
sin θ h t

(3.38)

where s = f − ν/2. The appropriate solution of this equation, which represents
the throat, should satisfy the following physical conditions: Regularity at the pole
requires ηt (0) = 0, and in the equatorial plane the throat should reside at ηt (π/2) =
ηe , where the coordinate value ηe is determined by the minimum condition (3.32)
for the circumferential radius.
From the above considerations it follows immediately, that in the symmetric case
the throat is indeed found at ηt = 0, since ηe = 0 and ∂η s = 0 at η = 0 for all θ . In
contrast, in the nonsymmetric case the throat could be described by a function ηt (θ ),
which is not a constant. Here the function ηt (θ ) has to be determined numerically.
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Further geometric quantities of interest are the polar radius R p


η0
Rp =
π


e(ν− f )/2 η=ηt (θ) dθ ,

(3.39)


eν/2− f η=ηt (θ) sin θ dθ .

(3.40)

π
0

and the areal radius R A
R 2A =

η02
2



π

0

We further introduce the rotational velocity ve of the throat in the equatorial plane
ve = Re ωt ,

(3.41)

where the angular velocity of the throat is denoted by ωt = ω(ηt , θ = π/2). In the
symmetric case ωt = ω0 .
To visualize the wormhole geometry we employ embedding diagrams. The first
kind of embedding diagrams is obtained by considering the wormhole metric in the
equatorial plane, θ = π/2, for a fixed time coordinate t and embedding it isometrically in the three-dimensional Euclidean space, i.e.,
ds 2 = e− f +ν dη2 + e− f hdϕ 2 = dρ 2 + ρ 2 dϕ 2 + dz 2 ,

(3.42)

with ρ = ρ(η) and z = z(η). Thus ρ 2 = e− f h, and


dρ
dη

2


+

dz
dη

2

= e− f +ν ,

(3.43)

which leads to z(η). These diagrams show the presence of the throat, connecting two
asymptotically flat regions.
The second kind of embedding diagrams visualizes the shape of the throat itself.
Restricting to symmetric wormholes, we embed the metric of the hypersurface forming the throat, η = 0, t = 0, in the (pseudo-)Euclidean space
ds 2 = e− f +ν hdθ 2 + e− f h sin2 θ dϕ 2 = dρ 2 + ρ 2 dϕ 2 ± dz 2

(3.44)

with ρ = ρ(θ ) and z = z(θ ). Thus ρ 2 = e− f h sin2 θ , and


dρ
dθ

2


±

dz
dθ

2

= e− f +ν h ,

(3.45)

which determines z(θ ). Here we have allowed for an embedding in pseudo-Euclidean
space as well, since rapidly rotating black holes are known to possess a negative
curvature of their horizon near the poles.
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Let us finally briefly address the motion of particles and light in rotating wormhole
spacetimes, which is governed by the Lagrangian L
2L = gμν ẋ μ ẋ ν = ε .

(3.46)

Here the dot denotes the derivative with respect to an affine parameter, and ε = −1
for massive particles, while ε = 0 for massless particles and light. The presence of
two cyclic coordinates, t and ϕ, implies the existence of two associated constants of
motion for the orbits, the energy E and the angular momentum L.
It is then straightforward to analyze the motion in the equatorial plane, θ = π/2,
where

2
=ε.
(3.47)
2L = −e f t˙2 + e− f eν η̇2 + h ϕ̇ − ωt˙
Making use of the conservation equations


E = t˙ e f − e− f hω2 + e− f hωϕ̇ , L = −e− f hωt˙ + e− f h ϕ̇ ,

(3.48)

the Lagrangian becomes
2L = e− f eν η̇2 − e− f



L2
(E − ωL)2 − e f
=ε.
h

(3.49)

For the analysis of the possible orbits it is instructive to solve this equation for η̇2
±
and to introduce effective potentials Veff



+
−
η̇2 = e−ν E − Veff
(L , η) E − Veff
(L , η) ,
where


±
Veff

= ωL ±

e2 f

L2
− εe f .
h

(3.50)

(3.51)

+
−
Equation (3.51) implies Veff
(L , η) ≥ Veff
(L , η), and the condition η̇2 ≥ 0 restricts
+
(L , η) or
the allowed energies and angular momenta of the orbits, i.e., E ≥ Veff
−
E ≤ Veff (L , η).

3.2.2 Symmetric Wormholes
Let us now inspect the properties of the rotating symmetric Ellis wormholes in four
dimensions. By varying the two parameters η0 and ω−∞ in principle the full set of
solutions can be obtained. In particular, by fixing η0 and increasing ω−∞ a family of
rotating wormholes emerges from the respective static symmetric Ellis wormhole.
Then the mass and the angular momentum increase monotonically from zero, which is
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Fig. 3.1 Globel properties of symmetric rotating wormholes at fixed equatorial throat radius Re :
The scaled mass M+ /Re (a) and the scaled angular momentum J+ /Re2 (b) versus the rotational
velocity ve of the throat in the equatorial plane. The respective curves for the Kerr black holes are
shown for comparison. The black dots mark the extremal Kerr values

their value in the static case. As the rotational velocity ve of the throat in the equatorial
plane tends to its limiting value of ve = 1, the mass and the angular momentum
diverge. Interestingly, at the same time the scalar charge decreases monotonically
from its maximal static value and vanishes in the limit ve = 1.
To avoid the divergence of the global charges and get a good physical picture
of what happens, as the rotational velocity ve increases, we now consider instead a
family of wormholes, where we keep the equatorial radius Re fixed. We exhibit in
Fig. 3.1 the mass M+ (a) and the angular momentum J+ (b), scaled by appropriate
powers of the equatorial radius Re , as functions of the rotational velocity ve . For
comparison we also show the mass and the angular momentum of the respective
family of Kerr black holes in the figure, where the equatorial radius of the horizon
is kept fixed. Note, that the scaled mass of the Kerr solutions takes a fixed value.
Moreover, for ve = 1 the Kerr solutions reach their extremal limit, marked by a black
dot in the figure.
Most interestingly, however, we note that for ve = 1 the wormhole solutions reach
the same limiting values as the black holes, i.e., those of the respective extremal Kerr
solution. Moreover, the mass formula (3.31) for the wormholes looks like the mass
formula for extremal black holes. In addition, the scalar charge vanishes in the limit
and so does the violation of the NEC, as seen in Fig. 3.2a. All of this indicates, that in
the limit ve → 1 the family of wormholes approaches an extremal Kerr black hole.
To check this hypothesis, the limiting behavior of the metric must be inspected.
To that end, we consider a set of solutions at fixed angular velocity ω0 = 1/2 and
increasing rotational velocity, ve → 1. A comparison of the metric functions with the
corresponding functions of the extremal Kerr solution reveals, that the wormholes
indeed tend towards an extremal Kerr black hole in the limit ve = 1. This convergence
is demonstrated for the function ν in Fig. 3.2b. Note, that the convergence of f and ω
is even faster. However, the hypersurface η = 0 forming the throat of the wormholes
must change its character in the limit, since a degenerate horizon must arise.
Kerr black holes are very simple objects, since all their properties are given in
terms of just two numbers, the mass and the angular momentum. For instance their
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Fig. 3.2 Limiting behavior of symmetric rotating wormholes: a The scaled scalar charge D/Re
and the NEC measure Y versus the rotational velocity ve of the throat in the equatorial plane at fixed
equatorial throat radius Re . b The metric function ν versus the radial coordinate z = arctan(2ω0 η)
in the equatorial plane θ = π/2 for several values of ve at fixed ω0 = 1/2. The respective function
of the extremal Kerr solution with horizon angular velocity ωH = 1/2 is also shown

(a)
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Fig. 3.3 Geometric properties of symmetric rotating wormholes with equatorial throat radius
Re = 2: Isometric embeddings of the equatorial plane for rotational velocities ve = 0.1 (a) and
0.9 (b) of the throat in the equatorial plane

quadrupole moment is given by Q = J 2 /M. The quadrupole moment of rotating
wormholes is always smaller than the corresponding Kerr value, approaching it only
in the static and in the extremal 
limit. The moment of inertia I = J/ΩH of Kerr black
holes satisfies I /M 3 = 2(1 + 1 − j 2 ) with j = J/M 2 . Also the scaled moment
of inertia I = J+ /ω0 of rotating wormholes is smaller than the corresponding value
of the Kerr black holes, except in the extremal limit.
Let us now turn to the discussion of the geometry of rotating wormholes. In
Fig. 3.3 we present a first illustration of the effect of the rotation on the wormhole
geometry by considering the embeddings of a slowly rotating wormhole (a) and a fast
rotating wormhole (b) with the same equatorial throat radius Re . The embeddings are
obtained according to Eq. (3.42), yielding the curve z(ρ), where the figures exploit
the axial symmetry.
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Fig. 3.4 Isometric embeddings of the wormhole throat (a) and the Kerr black hole horizon (b) according to Eq. (3.44) at fixed equatorial radius Re = 2 for rotational velocities ve =
0.966, 0.902, 0.702, 0.495, and 0.1. Pseudo-Euclidean embeddings are indicated by the dashed
lines

As the throat starts to rotate its geometry deforms from spherical to oblate, as
dictated by the centrifugal force. To demonstrate the geometry of the throat itself,
we employ the embedding Eq. (3.44). The deformation of the throat is exhibited in
Fig. 3.4a. As the throat velocity ve increases, the throat flattens at the poles, until a
critical velocity vecr is reached. This marks the onset of a negative Gaussian curvature
at the poles. Thus beyond vecr it is no longer possible to use a fully Euclidean embedding, but for a part of the throat surface adjacent to the poles a pseudo-Euclidean
embedding must be employed. For rotating Ellis wormholes we find a critical value
vecr = 0.9.
This finding should not surprise us, since Kerr black holes exhibit the analogous feature when their horizon is embedded. Here also a critical value vecr,H arises,
where the Gaussian curvature changes sign, and thus a pseudo-Euclidean embedding becomes necessary. The critical value for Kerr black holes is, however, much
smaller, vecr,H = 0.577. For comparison, the embedding diagrams for the same set of
rotational velocities of the horizon of Kerr black holes is exhibited in Fig. 3.4b.
To quantify how the throat deforms with increasing rotational velocity, we consider the polar throat radius R p and the areal throat radius R A at fixed equatorial
throat radius Re , and illustrate both quantities in Fig. 3.5a, b, respectively. Decreasing monotonically, both tend to the respective values of the horizon radius of the
extremal Kerr black hole in the limit ve → 1. We have indicated the critical value vecr
by a cross in the figures.
For comparison, we also exhibit in Fig. 3.5 the respective curves for the Kerr black
holes, marking the critical velocity vecr,H as well. Whereas vecr,H is much smaller than
vecr , the polar radius R p assumes the same value at the respective critical velocities
of the rotating wormhole and the Kerr black hole. The analogous finding holds true
for the areal radius R A . This remarkable fact is indicated in the figures by the thin
horizontal line.
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Fig. 3.6 Location of the ergosurface of symmetric rotating wormholes at fixed throat parameter
η0 = 1: a The function arctan(ηergo /η0 ) in the equatorial plane versus the rotational velocity ve .
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Kerr black holes are known to possess ergoregions. Let us therefore inspect,
whether rotating wormholes can also possess them. Ergoregions are defined by the
condition gtt ≥ 0 and are bounded by an ergosurface. Interestingly, we find that the
location ηergo of the ergosurface in the equatorial plane satisfies the following relation
with high accuracy: arctan(ηergo /η0 ) = arccos(2ω0 η0 ), as seen in Fig. 3.6a. Thus the
ergosurface touches the throat, ηergo = 0, in the equatorial
√ plane, when ω0 = 1/2.
This implies for the rotational velocity ve = Re ω0 = 1/ 2, when η0 = 1.
When the wormhole throat rotates faster than with ve = 1/2, there is an ergoregion
in the asymptotically flat spacetime η ≥ 0 which increases in size with increasing
rotational velocity ve . We exhibit embeddings of the ergosurface for a set of rapidly
rotating wormholes in the region η ≥ 0 in Fig. 3.6b. Starting with a ring for ve = 1/2,
the ergoregion increases in size until it reaches the ergoregion of the extremal Kerr
black hole.
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Fig. 3.7 Embedding diagrams of bound orbits for massive test particles in the equatorial plane
of a symmetric wormhole with rotational velocity ve = 0.78 and equatorial radius Re = 2 for two
values of the particle energy E and angular momentum L

Finally we address the question whether symmetric wormholes can possess stable
bound orbits of particles and light. Static Ellis wormholes are known not to possess
stable bound orbits, but the inclusion of rotation may change this. We therefore have
to analyze the motion of particles and light in these rotating wormhole spacetimes.
A full analysis of the general set of geodesic equations might prove difficult, since
it is currently unknown, whether in some coordinate system an analog of the Carter
constant can be found, necessary to achieve separability.
However, the question can be answered already by restricting the motion to the
equatorial plane, as described by Eqs. (3.47)–(3.50). Inspection of the effective potentials then reveals, that massive particles possess even three kinds of bound orbits: (i)
orbits within a single universe, (ii) orbits oscillating between the two universes, and
(iii) orbits remaining at the throat (for L = 0 only). Figure 3.7 shows examples of a
single universe bound orbit (a) and a two universe bound orbit (b).
Addressing the innermost stable circular orbits (ISCOs), we find that the ISCO of
corotating orbits resides at the throat, whereas the ISCO of the counterrotating orbits
changes with the rotation velocity of the wormhole. Moreover, we find that there are
unstable bound states for light, which indicates the presence of a photon region to
be mapped out by a full analysis.

3.2.3 Nonsymmetric Wormholes
Nonsymmetric wormholes are obtained, when the asymmetry parameter γ assumes
a finite value. Only in the static case the nonsymmetric Ellis wormholes are known in
closed form, see Eq. (3.16). While the nonsymmetric rotating wormholes have many
properties in common with their symmetric counterparts, also new features appear
in the nonsymmetric case.
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a The scaled scalar charge D/Re versus the rotational velocity ve of the throat in the equatorial
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To illustrate the effect of the asymmetry parameter γ on the wormhole properties,
we first consider families of rotating wormholes with fixed equatorial throat radius
Re , as before in the symmetric case. Figure 3.8 shows the scaled mass (a) and the
scaled angular momentum (b) versus the rotational velocity ve of the throat in the
equatorial plane. Similarly, Fig. 3.9a shows the scaled scalar charge versus ve .
As in the symmetric case, also the families of rotating nonsymmetric wormholes
with fixed equatorial throat radius tend to an extremal Kerr black hole, as the rotational
velocity ve of the throat in the equatorial plane tends to the velocity of light. However,
in the case of γ > 0, they approach this limiting value from above, i.e., from rotational
velocities greater than the speed of light as seen in the figures. While this may come
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Fig. 3.10 Geodesics in nonsymmetric rotating wormhole spacetimes: Embedding diagrams of
escape orbits of massive (a) and massless (b) particles with vanishing angular momentum for a
wormhole solution with ve = 8.24 (ω−∞ = 1000, γ = 10.008)

as a surprise, there is no objection against it, since it concerns the motion of spacetime
itself as viewed by an asymptotic observer.
To see how the asymmetry parameter γ influences the location of the throat of
the rotating wormholes, we consider the equatorial radius as a function of the radial
coordinate, Re (η). For symmetric wormholes Re (η) has its minimum at η = 0, which
we previously simply denoted by Re . The asymmetry parameter γ now shifts this
minimum. For positive γ the throat then resides at a negative value of η, whereas for
negative γ the throat shifts to a positive value of η. This shifting of the location of
the throat is demonstrated in Fig. 3.9b.
We finally inspect the geodesics in such nonsymmetric wormhole spacetimes.
We retain the three kinds of stable bound orbits of massive particles also for nonsymmetric wormholes in addition to escape orbits. Embedding diagrams of escape
orbits of massive particles, which briefly enter the second universe, are illustrated in
Fig. 3.10a. But highly rotating asymmetric spacetimes also exhibit rather curiously
looking orbits, as exhibited in Fig. 3.10b. Here we see unbound orbits of light moving with vanishing angular momentum from the negative η universe to the positive η
universe. While the orbits are strongly dragged along with the rotating spacetime in
the negative η universe the orbits continue on almost straight lines after they emerge
from the throat in the positive η universe.

3.3 Rotating Wormholes in Five Dimensions
While the study of wormholes in higher dimensions is interesting in its own right,
our motivation for their study here is the fact, that by going to higher odd dimensions
one can obtain a technically simpler setting and study questions, which would be
highly challenging in four dimensions. This concerns, in particular, the question of
the stability of rotating wormholes. Here we would like to see how the rotation affects
the notoriously unstable radial mode of the static Ellis wormholes. If rotation would
make this instability disappear in five-dimensional wormholes, while the global and
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geometric properties of rotating wormholes would be completely analogous in four
and five dimensions, one would have good reason to believe that rotation would act
in an analogously stabilizing way also in four-dimensional wormholes.

3.3.1 Theoretical Setting
In D spacetime dimensions an angular momentum can be associated with each spatial
plane, leading to (D − 1)/2 independent angular momenta, in general. Choosing
all these angular momenta to be of equal magnitude, the symmetry of odd dimensional
spacetimes is strongly enhanced, and the angular dependence factorizes. This leads
to a set of coupled ordinary differential equations to be solved for the rotating odd
dimensional spacetimes. In contrast, in even dimensions, rotation always results in
partial differential equations with dependence on at least two coordinates.
Let us now consider the simplest case, namely, wormholes in five spacetime
dimensions, rotating in both spatial planes with equal magnitude angular momenta,
J1 = J2 = J . The line element can then be written as follows [29]



ds 2 = − e2 f dt 2 + pe− f e f −q dη2 + hdθ 2


+ eq− f h sin2 θ (dϕ1 − ωdt)2 + cos2 θ (dϕ2 − ωdt)2



+ e f −q − eq− f h sin2 θ cos2 θ (dϕ2 − dϕ1 )2 .

(3.52)

where as before h = η2 + η02 , and f , p, q and ω are functions of the coordinate η,
−∞ < η < ∞. The limits η → ±∞ correspond to two disjoint asymptotically flat
regions. The scalar phantom field ψ is also a function of η only.
With this Ansatz, the equation Rθθ = 0 yields a remarkably simple ordinary differential equation for the function p,
2

5η
η0

p −2
p=0,
p + 2
η + η02
η2 + η02


(3.53)

where the prime denotes differentiation with respect to η. It has the general solution
p(η) = −c1

η
η2 + η02

+ c2

η2 + η02 /2
,
η2 + η02

(3.54)

with the constants c1 and c2 . We set c1 = 0 and c2 = 1 to obtain asymptotically flat
solutions, thus
η2 + η2 /2
p(η) = 2 0 2 .
(3.55)
η + η0
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The phantom field equation leads immediately to
D
√ ,
p h3

ψ =

(3.56)

with the scalar charge D. Employing Eq. (3.55) for p, we obtain for the scalar field
the expression
⎛
⎞
ψ(η) =

2D ⎝
η
π
arctan
− ⎠ .
2
4
η0
η2 + η02

(3.57)

Here we have chosen the integration constant such that the scalar field vanishes for
η → ∞.
√
The equation −g Rϕη1 = 0, i.e.,
√

h 5 p 2 eq−4 f ω



=0,

(3.58)

yields
ω =

cω
5
2

h p 2 eq−4 f

,

(3.59)

with integration constant cω .
The equations Rtt = 0 and Rϕϕ11 + Rϕϕ22 lead to the set of ordinary differential equations
1
p(η2 + η02 )
1
p(η2

cω2 e4 f −q
=0,
2 p 3 (η2 + η02 )4



4 e2(q− f ) − 1
2
2 23 
p(η + η0 ) q −
=0.
(η2 + η02 )
p(η2 + η02 ) 2 f 
3

3
2

3

+ η02 ) 2



−

(3.60)
(3.61)

Having not been able to find a closed form expression for f and q except in the slowly
rotating case, we solve these equations numerically. With the boundary conditions
f |η→∞ = 0 ,

ω|η→∞ = 0 ,

q|η→∞ = 0 ,

(3.62)

we ensure asymptotic flatness for η → ∞. Since we again allow for finite values of
the functions f , ω and q for η → −∞,
f |η→−∞ = γ ,

ω|η→−∞ = ω−∞ ,

q|η→−∞ = γ ,

(3.63)

a coordinate transformation is again necessary to achieve asymptotic flatness for
η → −∞. Note, that the value of ω−∞ is obtained by integrating Eq. (3.59) with a
given integration constant cω .
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As in four dimensions the constants γ and ω−∞ represent the asymmetry and
the rotation parameter of the wormhole solutions. When ω−∞ = 0, static wormhole
solutions are obtained. These can be given in closed form [27, 29]


1 − sin z
M
,
f (η) = 2 arctan
1 + sin z
η0

(3.64)

where z = arctan(η/η0 ), M is an integration constant, and q = f .
After eliminating the second derivatives in the equation
Rηη = −2

D2
,
h 3 p2

(3.65)

with the help of Eqs. (3.60) and (3.61), we employ the resulting equation

h3 
e4 f −q cw2
−
(4 f 2 − 2 f  q  + q 2 ) p 2 − 2( f  − q  ) pp  − 3 p 2
4 ph
4


2
2(q− f )
− h p (4 − e
+ (q  − f  )η) p − 3 p  η + 3hp 2 η2 ,
(3.66)

0 = D2 +

as a constraint equation to monitor the quality of the solutions.
We show the violation of the NEC analogously to the four-dimensional case.
Choosing the null vector field


eq/2
k μ = e− f , √ , 0, ωe− f , ωe− f ,
p

(3.67)

we find
Ξ = −D 2

eq
≤0.
p2 h 3

(3.68)

After obtaining the solutions, we read off the global charges from their asymptotics
analogously to Eq. (3.22) for M+ and J+


8M+
,
gtt −→ − 1 −
η→+∞
3π η2

gtϕ1 −→ −
η→+∞

4J+ sin2 θ
,
π η2

(3.69)

and to Eq. (3.26) for M̄− and J¯− . Analogously to Eq. (3.70) we find in general
2
2
M+ + M− = 2ω−∞ e−2γ J− = 2ω−∞ J+ .
3
3

(3.70)

For symmetric wormholes ω−∞ = 2ω0 . Thus, we recover the mass formula,
2
M+ = ω−∞ J+ = 2ω0 J+ ,
3

(3.71)
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i.e., a relation akin to the Smarr formula for extremal Myers–Perry black holes in five
dimensions. The latter is recovered when the throat angular velocity ω0 is replaced
by the horizon angular velocity.
Addressing briefly the geometry of these wormholes, we define the equatorial
radius Re (η) in the planes θ = 0 and θ = π/2
Re (η) =

p(η2 + η02 )eq−2 f ,

(3.72)

and the areal radius R A (η)
1

R 3A (η) = (η2 + η02 )3 p 3 e−(2 f +q) 2 .

(3.73)

To obtain a measure for the deformation of the throat we embed a plane which intersects the planes θ = 0 and θ = π/2. To this end, we fix the azimuthal coordinates,
ϕi = ϕi,0 , ϕi = ϕi,0 + π (mod 2π ) for some ϕi,0 , i = 1, 2. This yields the polar
radius R p (η). By taking the ratio R p /Re at the throat, we obtain a measure for the
deformation of the throat that is induced by the rotation.

3.3.2 Wormholes
We are now ready to investigate the global and geometric properties of these rotating wormholes in five dimensions and compare them with their four-dimensional
counterparts to see whether both possess essentially the same features. We start with
considering the mass M+ and the angular momentum J (recall J1 = J2 = J ) of three
families of wormholes with fixed equatorial radius Re of the throat. These quantities are illustrated in Fig. 3.11 for symmetric (γ = 0) and nonsymmetric (γ = ±1)
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Fig. 3.11 Properties of rotating symmetric and nonsymmetric wormholes in five dimensions at fixed
equatorial throat radius Re : The scaled mass M+ /Re (a) and the scaled angular momentum J/Re2
(b) versus the rotational velocity ve of the throat in the equatorial plane. The respective curves
for the Myers–Perry black holes are shown for comparison. The black dots mark the respective
extremal Myers–Perry values
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Fig. 3.12 Limiting behavior: a The scaled scalar charge D/Re versus the rotational velocity ve of
the throat in the equatorial plane at fixed equatorial throat radius Re for symmetric (γ = 0) and
nonsymmetric (γ = ±1) rotating wormholes. The black dot marks the extremal Myers–Perry value.
√
b The metric function e2 f versus the radial coordinate r̃ = gθ θ (where r̃0 denotes the coordinate
at the throat) in the equatorial plane θ = π/2 for several values of ve at fixed ω0 = 1/2. The
respective function of the extremal Myers–Perry solution with horizon angular velocity ωH = 1/2
is also shown

wormholes. Also shown are the respective curves for the Myers–Perry black holes
with equal angular momenta, where the black dots mark the respective extremal
Myers–Perry black hole.
Comparing Fig. 3.11 with Fig. 3.1 for the symmetric four-dimensional case and
with Fig. 3.8 for the nonsymmetric one, we indeed observe the completely analogous
features. In particular, all families of rotating wormholes end in an extremal rotating
vacuum black hole, and for values of the asymmetry parameter γ < 0 the rotational
velocity of the throat ve exceeds the velocity of light, when approaching the limiting
configuration.
As shown in Fig. 3.12a, the scalar charge D decreases from the respective static value monotonically to zero along these families of solutions, analogously to
Fig. 3.9a, and likewise the violation of the NEC decreases and disappears in the
limit, when the extremal Myers–Perry black hole is reached. Figure 3.12b illustrates
for the metric function f that the metric of the rotating wormholes itself approaches
the metric of the respective extremal Myers–Perry black hole.
The geometric properties of these five-dimensional rotating wormholes are also
very much akin to those of the four-dimensional ones. As an example, we illustrate
in Fig. 3.13a the deformation of the throat with increasing rotational velocity ve for
the same families of solutions. The location of the ergosurface is shown in Fig. 3.13b.
As in four dimensions the rotational velocity of the throat has to be sufficiently large
in order that the ergosurface extends into the asymptotically flat region with positive
radial coordinate η.
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Fig. 3.13 Geometric properties of wormholes at fixed equatorial throat radius Re : The measure of
the deformation of the throat R p /Re (a) and the location of the ergosurface ηergo /Re (b) versus ve
for symmetric (γ = 0) and nonsymmetric (γ = ±1) rotating wormholes. The black dots mark the
respective extremal Myers–Perry values

3.3.3 Stability
Having established that the global charges and geometric properties of rotating wormholes in four and five dimensions are very similar, we now turn to the interesting
question of stability. For static Ellis wormholes in four dimensions it has been shown
that they are unstable [24–26]. A linear stability analysis, in particular, has revealed
the presence of an unstable radial mode. For higher dimensional static Ellis wormholes a linear stability analysis has shown that the radial instability is retained [27].
In the following we investigate the effect of rotation on the radial instability of five
dimensional Ellis wormholes.
We introduce the metric Ansatz



ds 2 = − e2F0 dt 2 + pe−F0 e F0 −F2 e F1 dη2 + hdθ 2


+ e F3 −F0 h sin2 θ (dϕ1 − Fω dt)2 + cos2 θ (dϕ2 − Fω dt)2



+ e F0 −F2 − e F3 −F0 h sin2 θ cos2 θ (dϕ2 − dϕ1 )2 ,

(3.74)

where the functions F0 , F1 , F2 , F3 , and Fω depend on the coordinates η and t. Likewise we assume the Ansatz
Ψ = Ψ (η, t) ,
(3.75)
for the scalar field. Next, we substitute these Ansätze into the Einstein and scalar
field equations, imposing perturbations with a harmonic time dependence,
F0 = f + λH0 eiΩt ,
F3 = q + λH3 eiΩt ,

F1 = λH1 eiΩt ,

Fω = ω + λHω eiΩt ,

F2 = q + λH2 eiΩt ,
Ψ = ψ + λHψ eiΩt ,

(3.76)
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where the functions H0 , H1 , H2 , H3 , Hω , and Hψ depend on the radial coordinate η
only. Expanding the field equations in the perturbation parameter λ, we obtain the
perturbation equations by selecting the terms of first order in λ.
Analyzing the resulting system of equations, we realize that the perturbation
function Hω can be integrated, once the functions H0 − H3 are known. This follows
from the equation Rηϕ1 = 0, since
cω e4 f −q
[8H0 + H1 + H2 − 3H3 ] .
p 2 h 5/2

Hω =

(3.77)

We next consider the equation for the perturbation function Hψ of the scalar field,
and impose the gauge
(3.78)
H1 = H3 − H2 .
We multiply the ordinary differential equation for Hψ by Hψ and obtain after taking
into account the gauge choice (3.78)


Hψ p h 3/2 Hψ + Ω 2 p 2 h 3/2 e−2 f −q Hψ2 = 0 .

(3.79)

Now we integrate this equation and employ integration by parts. This yields


ph

3/2

∞
Hψ Hψ −∞


=

∞



−∞


p h 3/2 (Hψ )2 − Ω 2 p 2 h 3/2 e−2 f −q Hψ2 dη .

(3.80)

Since the expression on the left hand side vanishes, the right hand side must vanish as
well. For unstable modes the eigenvalue Ω 2 is negative. Consequently, the integrand
is nonnegative for unstable modes, and the integral vanishes only if Hψ is zero
everywhere. Thus the scalar perturbation function Hψ vanishes for unstable modes.
We now reformulate the remaining three equations for the perturbation functions
H2 , H3 , and H0 in terms of the functions G 0 , G 1 , and G 2 , where
H0 = G 2 + G 0 ,

H2 = −G 2 ,

H3 = 2G 0 + G 1 .

This results in a system of homogeneous ordinary differential equations for the
perturbation functions G i
1
(ξ G 0 ) = V00 G 0 + V01 G 1 + V02 G 2 − Ω 2 (G 0 + G 1 ) e−2 f −q p ,
ξ
1
(ξ G 1 ) = V10 G 0 + V11 G 1 + V12 G 2 − Ω 2 G 1 e−2 f −q p ,
ξ
1
(ξ G 2 ) = V20 G 0 + V21 G 1 + V22 G 2 − Ω 2 G 2 e−2 f −q p ,
ξ

(3.81)
(3.82)
(3.83)
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where we have introduced the abbreviation ξ = p h 3/2 , and the quantities Vi j are
functions of the unperturbed solutions (see [29] for the explicit expressions).
Now, we are ready to solve the set of Eqs. (3.81)–(3.83). Starting with the static
case, we note that there is a zero mode
G 0 = −2G 2 ,

G 1 = 3G 2 ,

G 2 = const. ,

(3.84)

which is clearly not normalizable. This mode is indicated in Fig. 3.14a by the straight
lines. To obtain normalizable modes we need to impose an appropriate set of boundary
conditions, which we choose to be
G 0 (−∞) = G 1 (−∞) = G 2 (−∞) = 0 , G 0 (∞) = G 1 (∞) = G 2 (∞) = 0 , G 2 (0) = 1 ,

(3.85)
where we impose the last condition to obtain nontrivial solutions. Since we now have
seven boundary conditions instead of the six needed for the system (3.81)–(3.83),

we add as an auxilliary first order equation Ω 2 = 0. The numerical procedure then
2
results in the correct eigenvalues Ω .
In the static case the equations yield the known normalizable unstable mode [27]
besides the non-normalizable zero mode (3.84). Interestingly, as rotation is turned
on, the non-normalizable static zero mode becomes a normalizable unstable mode.
Thus after the onset of rotation the wormhole carries two unstable modes. The two
modes are illustrated in Fig. 3.14a for a symmetric wormhole with rotational velocity
ve = 0.216 of the throat in the equatorial plane.
When the rotational velocity of the throat increases, the eigenvalue of the lower
unstable mode increases as well, while the eigenvalue of the higher unstable mode
decreases. This is illustrated in Fig. 3.14b, both for symmetric and nonsymmetric
wormholes. Here we observe the crucial result, that at a particular value of the
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Fig. 3.14 Unstable modes of rotating wormholes: a The perturbation functions G 0 , G 1 , and G 2 versus the compactified coordinate x = (2/π ) arctan(η/η0 ) for symmetric wormholes with throat parameter η0 = 0.5 for the two unstable modes at ve = 0.216. For comparison the non-normalizable zero
mode of the static wormhole is indicated by the straight lines. b The scaled eigenvalue Ω 2 Re2 e−γ
versus ve for symmetric (γ = 0) and nonsymmetric (γ = ±1) rotating wormholes
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rotational velocity, which depends on the asymmetry parameter γ , both unstable
modes merge and disappear. Thus beyond a certain magnitude of the rotation, the
notoriously unstable mode of the Ellis wormhole is no longer present.

3.4 Conclusions and Outlook
In this chapter we have addressed rotating wormholes in four and five dimensions
in General Relativity, where the violation of the null energy condition is provided
by a phantom field. Whereas the slowly rotating wormhole solutions are known in
closed form, in the general case of arbitrary rotation numerical integration appears
to be necessary to obtain the wormhole solutions.
In four dimensions, the inclusion of rotation leads to a set of coupled partial differential equations. In five dimensions, however, we obtain a set of coupled ordinary
differential equations, when we choose both angular momenta to be of equal magnitude. This provides a much simpler setting for the study of the wormhole features,
and allows for a first step towards determining their stability, a feat, that will be much
more difficult for wormholes in four dimensions [38].
Rotating wormholes in four and five dimensions have many important properties
in common. These include, in particular, that rotating wormholes:
• satisfy a Smarr-like mass formula akin to the Smarr formula of extremal vacuum
black holes;
• approach limiting configurations, which correspond to extremal vacuum black
holes;
• possess a rotational velocity of the throat, which tends to the speed of light when
the limiting configuration is approached;
• can possess a rotational velocity of the throat which in the nonsymmetric case
(γ > 0) seems to exceed the speed of light for asymptotic observers;
• possess ergoregions in the asymptotically flat (positive η) universe, when their
rotational velocity exceeds a certain value.
The similarity of the properties of rotating wormholes in four and five dimensions
suggests that they might also have similar properties with respect to stability. For
five-dimensional wormholes a stability analysis of the notoriously unstable radial
modes has revealed the following intriguing scenario: As rotation is turned on, the
eigenvalue of the unstable radial mode of the static black holes increases, while
the zero mode of the static black holes becomes normalizable and its eigenvalue
decreases. Both unstable eigenmodes then merge and disappear at a critical value of
the rotation.
While this analysis indicates, that rotation can stabilize the wormholes, a more
complete study will have to be done in five dimensions to investigate, whether this
conclusion really holds. Subsequently a stability analysis will also have to be done
in the four-dimensional case, since this will be the case of interest for astrophysical
applications. Alternatively, rotating wormholes in generalized models of gravity can
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be studied, where no exotic matter is necessary to achieve the nontrivial topology,
and which may already be stable in the static case.
For such stable or at least long-lived rotating wormholes a general analysis of their
geodesics should also be interesting. The restricted analysis of orbits in the equatorial
plane has already shown, that there are stable bound orbits for massive particles and
unstable bound orbits for light. A general analysis will tell us on the theoretical
side, whether the orbits in rotating wormhole spacetimes display chaos, while on the
observational side it will, in particular, let us understand how the shadows of these
rotating wormholes compare to the shadows of rotating black holes.
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Chapter 4

Astrophysical Signatures of Thin Accretion
Disks in Wormhole Spacetimes
Tiberiu Harko, Zoltán Kovács and Francisco S.N. Lobo

4.1 Introduction
One of the most important evidence for the existence of the black holes comes from
the electromagnetic radiation emitted by the gaseous matter in orbital motion around
them. The radiation is emitted mostly in the X-ray band, but other frequency ranges
can also be observed. The radiation originates due to the presence of inward-falling
matter, which forms an accretion disk around the central compact general relativistic
object. Thus, the astrophysical objects increase their mass through the mechanism
of mass accretion. In this context, a large number of astrophysical observations have
shown that gas clouds surrounding the central compact object exist around almost all
of the known active galactic nuclei (AGN’s), or black hole candidates. These clouds,
existing in either a molecular or atomic phase, form an associated accretion disk,
extending on a variety of scales ranging from a tenth of a parsec to a few hundred
parsecs [1] (for an in-depth discussion of accretion disks and their observational
properties, we refer the reader to [2–4]). In many astrophysical situations the gas
around the black hole forms a geometrically and optically thick torus (or a warped
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disk), which absorbs most of the radiation emitted in the ultraviolet and soft X-rays
bands.
From an observational point of view, the most important early evidence for the
existence of supermassive black holes outside our galaxy came from the VLBI (VeryLong-Baseline Interferometry) imaging of molecular H2 O masers, which were first
studied in the active galaxy NGC 4258 [5]. The VLBI imaging, based on the Doppler
shift measurements of the masering source, assumed to be in Keplerian motion around
the central object, led to a quite precise estimation of the mass of the black hole, which
has been found to be of the order of 3.6 × 107 M , i.e., a supermassive dark object,
located within 0.13 parsecs. Hence, the observation of the motion of gaseous flows
in the gravitational field of black holes or other compact objects can provide relevant
astrophysical information on the nature of the astrophysical source.
As seen by an observer located at infinity, the dominant features in the X-ray
spectrum of an accretion disk are the iron lines, with broad skewed proles [6]. The
energy of the Fe Kα line is of the order of 6.4 keV, with the natural bandwidth of
the order of a few eV. Relativistic effects, as well as the extremely high velocity
of the matter in the disk cause the deformation of the line [6], and determine the
typical observed bandwidth, which is of about 200 eV. On the other hand, the Fe Kα
line is not significantly affected by absorption phenomena, and hence the broad red
wing of the line can be used as an extremely powerful tool to obtain and analyze the
main astrophysical characteristics of the central massive object [7]. Theoretical and
numerical models of the relativistic Fe Kα line for a maximally rotating Kerr black
hole were developed in [8–10]. These theoretical studies opened the possibility of
obtaining some unique information on the dynamics, geometry, and structure of the
accretion flows near the central general relativistic object [6, 9].
The study of the mass accretion around rotating black holes was initiated within
the framework of a general relativistic approach in [11]. By extending the theory of
non-relativistic accretion, as developed in [12], steady-state thin disk models were
constructed [11], by using the equatorial approximation to describe the stationary
and axisymmetric spacetime of rotating black holes. In these types of models the
accreting matter has a Keplerian motion, while the hydrodynamical equilibrium is
maintained by the efficient cooling due to radiation transport. The radiation emitted
by the disk surface, assumed to be in thermodynamical equilibrium, was considered as being that of a black body. The radiation properties of thin accretion disks
were further investigated and analyzed in [13, 14], and the effects of the photon
capture by the black hole on the spin evolution were also considered. An important
physical quantity, the efficiency with which black holes convert rest mass into outgoing radiation in the accretion process was also introduced, and explicitly computed.
The emissivity properties of the accretion disks opened the possibility of providing
definite signatures that could distinguish between different classes of exotic central
objects, such as non-rotating or rotating quark, boson or fermion stars [15–18]. The
radiation power per unit area, the temperature of the disk and the spectrum of the
emitted radiation provides the possibility, once they are compared with the radiation
properties of a Schwarzschild or Kerr black hole of an equal mass, to make some
explicit predictions on the nature of the central object.
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In this context, the nature of the supermassive black hole candidates in galactic
nuclei can be tested by analyzing the profile of the Kα iron line observed in their X-ray
spectrum. The possibility that the spacetime in the immediate vicinity of compact
objects may be described by some non-vacuum exact solutions of Einstein’s equations
resulting as the end-state of gravitational collapse was investigated in [19]. The iron
line generated around this class of objects has specific features, which can be used
to distinguish such objects from Kerr black holes. One particular signature is that
their iron line cannot have the characteristic low-energy tail of the line generated
from accretion disks around fast-rotating Kerr black holes. The effect of a massive
accretion disk in the measurement of the black hole spin was estimated with a simple
analytical model in [20]. For typical accretion disks, the mass of the disk is completely
negligible, even for future more accurate measurements. However, for systems with
very massive disks the effect may not be ignored. The Polish doughnut model was
used in [21] to describe an optically thin and constant angular momentum ion torus
in hydrodynamical equilibrium and model the accretion structure around SgrA∗ .
The spectrum as seen by a distant observer in Kerr and non-Kerr spacetimes was
computed, and it was studied how an accurate measurement can constrain possible
deviations form the Kerr solution. There is a substantial degeneracy between the
determination of the spin and of the possible deviations from the Kerr geometry,
even when the parameters of the ion torus are fixed.
Hypothetical astrophysical objects with naked singularities, which are characterized by a gravitational singularity without an event horizon, were also analyzed.
Note, however, that Penrose has proposed a conjecture according to which there exists
a cosmic censor who forbids the occurrence of naked singularities. Distinguishing
between astrophysical black holes and naked singularities is a major challenge for
present day observational astronomy. A possibility of differentiating naked singularities from black holes is through the comparative study of thin accretion disks
properties around rotating naked singularities and Kerr-type black holes, respectively [22]. A first major difference between rotating naked singularities and Kerr
black holes is in the frame dragging effect, the angular velocity of a rotating naked
singularity being inversely proportional to its spin parameter. Due to the differences
in the exterior geometry, the thermodynamic and electromagnetic properties of the
disks are different for these two classes of compact objects, consequently giving clear
observational signatures that could discriminate between black holes and naked singularities [22]. For specific values of the spin parameter and of the scalar charge, the
energy flux from the disk around a rotating naked singularity can exceed by several
orders of magnitude the flux from the disk of a Kerr black hole. The conversion efficiency of the accreting mass into radiation by rotating naked singularities is always
higher than the conversion efficiency for black holes.
Due to their superfluid properties some compact astrophysical objects, like neutron or quark stars, may contain a significant part of their matter in the form of a
Bose–Einstein Condensate. Observationally distinguishing between neutron/quark
stars and Bose–Einstein Condensate stars is a major challenge for this latter theoretical model. An observational possibility of indirectly distinguishing Bose–Einstein
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Condensate stars from neutron/quark stars is through the study of the thin accretion
disks around compact general relativistic objects [23]. A detailed comparative study
of the electromagnetic and thermodynamic properties of the thin accretion disks
around rapidly rotating Bose–Einstein Condensate stars, neutron stars and quark
stars, respectively, was performed in [23]. Due to the differences in the exterior geometry, the thermodynamic and electromagnetic properties of the disks (energy flux,
temperature distribution, equilibrium radiation spectrum and efficiency of energy
conversion) are different for these classes of compact objects.
The possibility of observationally discriminating between various types of neutron
stars, described by different equations of state of the nuclear matter, as well as
differentiating neutron stars from other types of exotic objects, like, for example,
quark stars, from the study of the emission properties of the accretion disks around
them, was investigated in [24]. The energy flux, the temperature distribution and
the emission spectrum from the accretion disks around several classes of rapidly
rotating neutron stars, described by different equations of state of the neutron matter,
and for quark stars, described by the MIT bag model equation of state and in the
CFL (Color-Flavor-Locked) phase, respectively, was obtained. Particular signatures
appear in the electromagnetic spectrum, thus leading to the possibility of directly
testing the equation of state of the dense matter by using astrophysical observations of
the emission spectra from accretion disks. The accretion process in an arbitrary static,
spherically symmetric spacetime was considered in [25], where a general formalism
for the study of accretion was developed, and the temperature, and density profiles
were obtained for the case of the polytropic equation of state.
Several astrophysical compact objects have been proposed, in the literature, as
alternatives to the standard black hole picture of general relativity, such as gravastars
[26]. These consist of a dark energy condensate surrounded by a strongly correlated
thin shell of anisotropic matter. In the context of stationary and axially symmetrical
geometries, a possibility of distinguishing gravastars from black holes is through the
comparative study of thin accretion disks around rotating gravastars and Kerr-type
black holes, respectively [27]. Due to the differences in the exterior geometry, the
thermodynamic and electromagnetic properties of the disks (energy flux, temperature
distribution, and equilibrium radiation spectrum) are different for these two classes
of compact objects, consequently giving clear observational signatures that may
distinguish them observationally. In fact, it was shown that gravastars provide a less
efficient mechanism for converting mass to radiation than black holes [27].
In modified theories of gravity, the physical properties of matter forming a thin
accretion disk in the static and spherically symmetric spacetime metric of vacuum
f (R) gravity were also analyzed [28], and it was shown that particular signatures can
appear in the electromagnetic spectrum, thus leading to the possibility of directly
testing modified gravity models by using astrophysical observations of the emission
spectra from accretion disks. The energy flux, the emission spectrum and accretion
efficiency from the accretion disks around several classes of static and rotating brane
world black holes were obtained in [29], and they were compared with the general
relativistic case. The general formalism was applied to the study of the accretion
properties of several classes of brane-world black holes, and the distribution of the
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main physical parameters of the gas was obtained. The astrophysical determination
of these physical quantities could discriminate, at least in principle, between the
different brane-world models, and place some constraints on the existence of the extra
dimensions. The thin accretion disk signatures in dynamical Chern–Simons modified
gravity and in Horãva-Lifshitz gravity were obtained in [30, 31], respectively.
In this chapter, we will apply the analysis of the thin accretion disk models in
wormholes geometries. This study was initiated in [32, 33], respectively, where the
analysis of the properties of the radiation emerging from the surface of the disk
around static and rotating axially symmetric wormhole geometries was performed.
As a result of these investigations it was shown that specific signatures appear in
the electromagnetic spectrum of accretion disks around wormholes made of exotic
matter. Hence the observational study of the radiation emitted by accretion disks
could lead to the possibility of clearly distinguishing wormhole geometries from
the static Schwarzschild or rotating Kerr spacetimes. The expected Kα iron line in
some wormhole spacetimes was studied in [34], and it was compared with the line
produced around Kerr black holes. The line generated by non-rotating or very slowrotating wormholes is relatively similar to the one expected around Kerr black holes
with mild or high values of the spin parameter. On the other hand for wormholes
with spin parameter a∗ ≥ 0.02, the associated Kα iron line is quite different from
the one produced around Kerr black holes.
In [35], it was suggested that the nature of supermassive objects at the centers of
galaxies—traversable wormholes or black holes—could be tested by using mm/submm VLBI facilities. As shown in [36], in a few years, the VLTI instrument GRAVITY
will have the capability to image blobs of plasma orbiting near the innermost stable
circular orbit of SgrA∗ , the supermassive black hole candidate in the Milky Way.
Since the secondary image of a hot spot orbiting around a wormhole is substantially
different from that of a hot spot around a black hole, astrophysical observations may
allow to test if at the center of our Galaxy a black hole or a wormhole is located.
High energy collision of two particles in wormhole spacetimes [37] or the study of
collisional Penrose process in rotating wormhole spacetimes [38] could also provide
important information on the nature of compact astrophysical objects. The iron line
profile in the X-ray reflection spectrum of a thin accretion disk around rotating Ellis
wormholes also have some specific observational signatures that can be used to
distinguish these objects from Kerr black holes [39].
The present chapter is organized as follows. In Sect. 4.2, we review the formalism
of the thin disk accretion onto compact objects for static and spherically symmetric
spacetimes. In Sect. 4.3, we analyze the basic properties of matter forming a thin
accretion disk in static and spherically symmetric wormhole spacetimes, and for
rotating wormhole geometries in Sect. 4.4. We discuss and conclude our results in
Sect. 4.5. Throughout this work, we use a system of units so that c = G =  =
kB = 1, where kB is Boltzmann’s constant.
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4.2 Electromagnetic Radiation Properties of Thin
Accretion Disks in General Relativistic Spacetimes
Accretion disks are flattened astronomical structures made of rapidly rotating particles (gas) in orbital motion around a massive central gravitating body. The gas slowly
spirals inwards towards the central body, while its gravitational energy is transformed
into heat. The gravitational and the frictional forces raise the temperature of the disk,
such that radiation emission occurs, leading to the eventual cooling down of the disk.
The radiation emitted by the disk provides invaluable information on the physics of
the accretion disks. The emission of the disk is in the radio, optical, and X-ray energy
bands, and from the analysis of the observed electromagnetic spectrum, and of its time
variability, important information on the disk and its environment can be obtained.
In the following we will restrict our analysis to thin accretion disks, in which most
of the matter is located close to the radial plane.

4.2.1 Marginally Stable Orbits
The physical properties of the disk, as well as the characteristics of the electromagnetic radiation emitted by particles moving in circular orbits around general
relativistic compact objects are fully determined by the geometry of the spacetime
in which the disk is embedded. For a stationary and axially symmetric geometry we
adopt for the metric the general form given by
ds2 = gtt dt 2 + 2gtφ dtdφ + grr dr 2 + gθθ dθ 2 + gφφ dφ 2 .

(4.1)

Moreover, we also adopt the equatorial approximation, in which the metric functions
gtt , gtφ , grr , gθθ and gφφ only depend on the radial coordinate r, that is, we assume
that the condition |θ − π/2|  1 is satisfied for all particles in the disk.
From a physical point of view the physical quantities characterizing the particles
in the disk moving in circular orbits in a stationary and axially symmetric geometry
are the angular velocity Ω, the specific energy 
E, and the specific angular momentum

L, respectively. These quantities can be obtained from the geodesic equations, which
take the following form


Egφφ + 
Egtφ + 
Lgtφ
Lgtt
dφ
dt
= 2
=− 2
,
,
dτ
dτ
gtφ − gtt gφφ
gtφ − gtt gφφ
 2

dr
E
Lgtφ + 
L 2 gtt
E 2 gφφ + 2
grr
= −1 +
.
2
dτ
gtφ
− gtt gφφ

(4.2)
(4.3)

With the use of Eq. (4.3) we can introduce an effective potential term Veff (r) defined
as
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Veff (r) = −1 +


E
Lgtφ + 
L 2 gtt
E 2 gφφ + 2
.
2
gtφ
− gtt gφφ
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(4.4)

The conditions for the existence of stable circular orbits in the equatorial plane
are given by Veff (r) = 0 and Veff , r (r) = 0, respectively, where the comma in the
subscript denotes the ordinary derivative with respect to the radial coordinate r.
These conditions imposed on the effective potential allow us to obtain Ω, 
E, and 
L
for the particles moving in circular orbits around general relativistic compact spheres
as

E = −

gtt + gtφ Ω
Ω2

,


L=

gtφ + gφφ Ω

−gtt − 2gtφ Ω − gφφ
−gtt − 2gtφ Ω − gφφ Ω 2

−gtφ,r + (gtφ,r )2 − gtt,r gφφ,r
dφ
=
Ω=
.
dt
gφφ,r

, (4.5)
(4.6)

The radii of the marginally stable orbits around the central compact object are determined by the condition Veff , rr (r) = 0. By formally representing the effective potential as Veff (r) ≡ −1 + f /g, where
E
Lgtφ + 
L 2 gφφ ,
f ≡
E 2 gφφ + 2

2
g ≡ gtφ
− gtt gφφ ,

g = 0,

from Veff (r) = 0 it follows first that f = g. Then from the condition Veff , r (r) = 0
we find f,r g − f g,r = 0. Thus, with the use of these conditions we can write down
explicitly the condition Veff , rr (r) = 0, which reduces to
2
2
− gtt gφφ )Veff ,rr = 
E 2 gφφ,rr + 2
E
Lgtφ,rr + 
L 2 gtt,rr − (gtφ
− gtt gφφ ),rr .
0 = (gtφ
(4.7)

By substituting Eqs. (4.5) and (4.6) into Eq. (4.7) we obtain an equation that can be
solved for r. Thus the radii of the marginally stable orbits can be easily obtained,
once the metric coefficients gtt , gtφ and gφφ are given explicitly.

4.2.2 Physical Properties of Thin Accretion Disks
In the following we will restrict our analysis to thin accretion disks, for which the
vertical size (defined along the z-axis), given by the disk height H, is always much
smaller than the characteristic radius R of the disk, H  R. R characterizes the
horizontal extension of the disk, (defined along the radial direction r), while H can
be taken as equal to the maximum half thickness of the disk.
From a physical point of view we assume that the thin disk is in hydrodynamical
equilibrium. Moreover, the pressure gradient, as well as the vertical entropy gradient,
are both negligibly small in the disk. On the other hand, due to the efficient cooling
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mechanisms via the radiation over the entire disk surface, the heat generated by local
stresses and dynamical friction cannot be deposited in the disk. Consequently, the
hydrodynamic equilibrium forces the disk to mechanically stabilize its thin vertical
size. At the marginally stable orbit of the central compact object potential the thin
disk has an inner edge, while the accreting matter in higher orbits has a Keplerian
motion.
In the most common steady-state accretion disk models, it is assumed that the mass
accretion rate Ṁ0 is a time-independent constant. Hence all the quantities describing
the physical properties of the orbiting matter particles are averaged over a characteristic time scale Δt, over the azimuthal angle Δφ = 2π , and over the height H,
respectively [11–13].
As we have already seen in the previous Section, the particles moving in Keplerian
orbits around general relativistic compact objects with an angular velocity Ω =
dφ/dt have a specific energy 
E, and a specific angular momentum L̃, respectively.
In the steady-state thin disk model these quantities depend only on the radii r of
their orbits. The disk particles, rotating with the four-velocity uμ , form a matter disk
having a surface density Σ, representing the average of the rest mass density ρ0 of the
disk matter, vertically integrated. We model the matter in the disk by an anisotropic
fluid source, characterized from the thermodynamic point of view by the density ρ0 ,
the energy flow vector qμ and the stress tensor t μν (we neglect the specific heat of
the disk fluid). All these quantities are measured in the averaged rest-frame. Then,
the first quantity describing the disk structure is the surface density Σ(r), defined as
[11, 13]

H

Σ(r) =

−H

ρ0 dz,

(4.8)

where ρ0 is the averaged rest mass density ρ0 over a time Δt and the angle 2π .
Second, we can introduce the torque

Wφ r =

H

−H

tφ r dz,

(4.9)

where tφr is the average of the component tφr of the stress tensor over Δt and 2π . The
radiation flux F (r), an important physical quantity describing the disk, is obtained
as the time and orbital average of the energy flux vector qz over the disk surface, so
that
(4.10)
F (r) = qz .
For the stress–energy tensor of the matter in the disk we adopt the form
T μν = ρ0 uμ uν + 2u(μ qν) + t μν ,

(4.11)

where uμ qμ = 0, and uμ t μν = 0, respectively. In a local basis the four-vectors of
the energy flux and angular momentum flux are defined as −E μ ≡ Tνμ (∂/∂t)ν and
J μ ≡ Tνμ (∂/∂φ)ν , respectively.
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In order to derive the structure equations of the thin disk we integrate the conservation laws of the rest mass, of the energy, and of the angular momentum of the disk
matter, respectively [11, 13]. First, from the equation of the rest mass conservation,
∇μ (ρ0 uμ ) = 0, we obtain the important result that the time averaged rate of the rest
mass accretion is independent of the disk radius,
Ṁ0 ≡ −2π rΣur = constant,

(4.12)

where a dot represents the derivative with respect to the coordinate time t. The law
of energy conservation ∇μ E μ = 0 can be reformulated in an integral form as the
integral form
E.
[Ṁ0
E − 2π rΩ Wφ r ],r = 4π rF 

(4.13)

From a physical point of view Eq. (4.13) states that the sum of the energies transported
E, and by the dynamical stresses in the disk, 2π rΩ Wφ r ,
by the rest mass flow, Ṁ0
respectively, equal the energy emitted in the form of electromagnetic radiation from
the surface of the disk, 4π rF 
E. Similarly, from the law of the angular momentum
conservation, ∇μ J μ = 0, we obtain the balance equation of the angular momentum
transport,
L.
[Ṁ0
L − 2π rWφ r ],r = 4π rF 

(4.14)

To obtain an expression for the energy flux F we eliminate first Wφ r from
Eqs. (4.13) and (4.14), respectively. Then, we use the universal energy-angular
momentum relation dE = ΩdJ, which for circular geodesic orbits takes the form

L,r . Therefore it follows that the flux F of the radiant energy over the
E,r = Ω
entire surface of the disk can be expressed as a function of the specific energy,
angular momentum and of the angular velocity of the disk matter in the form
[11, 13],
 r
Ω,r
Ṁ0
F (r) = − √
(
E − Ω
L)
L,r dr.
(4.15)
4π −g (
E − Ω
L)2 rms
The efficiency ε with which the central compact general relativistic object converts
the rest mass energy into outgoing electromagnetic radiation is another important
characteristic of the mass accretion process in thin accretion disks. The efficiency ε
of the disk is defined as the ratio of the rate of the energy of the photons traveling
from the disk surface to infinity, and the rate at which mass energy is accreted by the
central massive general relativistic object [11, 13]. Both energy rates are measured
at infinity If all the photons emitted from the disk surface can escape to infinity, the
efficiency of the disk is given as a function of the specific energy measured at the
marginally stable orbit rms ,
ε = 1−
Ems .

(4.16)
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The efficiency ε for Schwarzschild black holes is of the order of 6%, no matter if
the photon capture by the black hole is considered, or not. For rapidly rotating black
holes, by ignoring the capture of radiation by the hole, ε has a value of around 42%,
whereas by assuming photon capture in the Kerr potential the efficiency is about
40% [14].
A fundamental assumption on the accreting matter in the steady-state thin disk
model is that it is in thermodynamical equilibrium. Therefore, in this approximation,
the radiation emitted by the entire disk surface can be described as a perfect black
body radiation, with the energy flux given by F (r) = σ T 4 (r), where T is the disk
temperature, and σ is the Stefan–Boltzmann constant. Then the observed luminosity
L (ν) of the disk can be represented by a redshifted black body spectrum, which in
natural units  = c = 1 is given by [16],

L (ν) = 4π d I(ν) = 16π cos γ
2

2

rf

rin


0

2π

νe3 rdφdr
.
exp (2π νe /T ) − 1

(4.17)

In Eq. (4.17) d is the distance to the radiation source (the disk), I(ν) is the Planck
distribution function, γ is the disk inclination angle, and ri and rf give the positions
of the inner and outer edges of the disk, respectively. In the integral over the radial
coordinate we assume ri = rms and rf → ∞, respectively, since we expect that for
any kind of general relativistic compact object geometry the electromagnetic flux
from the disk surface vanishes at infinity, r → ∞. The electromagnetic radiation
frequency emitted from the disk is given by νe = ν(1 + z), with the redshift factor z
given by [40, 41] as
1 + Ωr sin φ sin γ
.
1+z = 
−gtt − 2Ωgtφ − Ω 2 gφφ

(4.18)

In Eq. (4.18) we have neglected the bending of light.
With respect to the simple scaling transformation of the radial coordinate, given
by r → 
r = r/M, where M is the mass of the central compact general relativistic
object, the electromagnetic flux and the emission spectrum of the accretion disks
satisfy some simple, but important and very useful scaling relations. Generally, the
components of the metric tensor gμν are invariant with respect of this scaling transformation. On the other hand the specific energy, the angular momentum and the

angular velocity transform as 
E →
E, 
L → M
L and Ω → Ω/M,
respectively. The
4
electromagnetic flux scales as F(r) → F(
r)/M , which gives the transformation law
of the temperature as T (r) → T (
r) /M. A rescaling of the frequency of the radiation
emitted by the disk of the form ν → 
ν = ν/M, rescales the luminosity of the disk
as L (ν) → L (
ν) /M. On the other hand, since the energy flux of the disk is proportional to the accretion rate Ṁ0 , an increase in the accretion rate Ṁ0 results in a linear
increase of the radiation flux from the disk.
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4.3 Electromagnetic Signatures of Accretion Disks
in Static Wormhole Geometries
In the present Section, we will review the thin disk accretion properties in static
and spherically symmetric wormhole geometries [32]. After introducing the wormhole geometry, and discuss some of their general properties, we will compare in
detail the dynamic and electromagnetic properties of particle forming a thin disk in
Schwarzschild and wormhole geometries, respectively.

4.3.1 Static Spherically Symmetric Wormhole Geometries
As a first example of a wormhole geometry that can be tested by using the emission
properties of thin accretion disks we consider the Morris–Thorne wormhole [42],
which is described by the static and spherically symmetric metric and is given by
ds2 = −e2Φ(r) dt 2 +

dr 2
+ r 2 (dθ 2 + sin2 θ dφ 2 ) .
1 − b(r)/r

(4.19)

This metric describes a wormhole geometry consisting of two identical, asymptotically flat regions, which are joined together at the throat located at r0 > 0. As for
the radial coordinate r, it has a range that increases from a minimum value at r0 ,
representing the wormhole throat, and extends to ∞ (we refer the reader to Chap. 2
for more details).
An important requirement for a wormhole geometry is the avoidance of event
horizons, which requires that the redshift function Φ(r) be finite for the adopted
radial coordinate range. On the other hand at the throat r0 , the shape function is
property of the wormhole geometries is the
given by b(r0 ) = r0 . A fundamental

flaring-out condition, given by b (r)r − b(r) /b2 (r) < 0, which follows from the
mathematical properties of the embedding [42].
An interesting possibility that follows from wormhole geometries is that they
have a repulsive/attractive character [43]. In order to show this property, consider a
static observer, located at constant r, θ, φ, whose four-acceleration of the observer
is given at = 0, and ar = Φ,r (1 − b/r) respectively (we refer the reader to Chap. 2
and [43] for more details). Note that ar represents the radial component of the proper
acceleration required for an observer to remain at rest at a constant location r, θ, φ.
If ar > 0, the geometry is attractive, that is, the observers must permanently have an
outward-directed radial acceleration, in order to keep them from being pulled into
the wormhole. On the other hand, if ar < 0, the gravitational field (and the geometry)
is repulsive, so that the observers must have an inward-directed radial acceleration
in order to avoid being pushed away from the wormhole. Obviously this difference
is dictated by the sign of Φ,r . Thus, the convention we will use is that Φ,r (r) is
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positive for an inwardly oriented (attractive) gravitational force, and negative for an
outwardly oriented gravitational force (repulsion).
The above results are of particular interest for the observationally important case
of particles moving in circular orbits around wormholes. For the specific case of
Φ,r (r) < 0, due to the outward gravitational repulsion, the particles in the disk are
unstable. Therefore, in the following, we restrict our analysis to the case Φ,r (r) > 0.
In particular, as a specific example, we will adopt for Φ(r) the functional form
Φ(r) = −

r0
,
r

(4.20)

which we will consider in detail in the following analysis.

4.3.2 Electromagnetic Signatures of Static Spherically
Symmetric Wormhole Geometries
In a static spherically symmetric geometry with metric represented by Eq. (4.19),
the effective potential that determines the geodesic motion of the test particles in the
equatorial plane, given in its general form by Eq. (4.4), reduces to
Veff (r) ≡ e2Φ 1 +

2

L
r2

.

(4.21)

The physical parameters of the particle motion in the disk (effective potential Veff ,
the angular velocity Ω, the specific energy 
E and the specific angular momentum

L, respectively) are presented, for the specific case of Φ(r) = −r0 /r, in Fig. 4.1, for a
wormhole with a total mass of the order of M = 0.06776M , with the throat located
at r0 = GM/c2 = 104 cm. The orbiting particles have a specific angular momentum
of 
L = 4M. The corresponding physical parameters in the Schwarzschild geometry,
plotted as solid lines, are also presented for comparison.
Since the angular velocity Ω, the specific energy 
E and the specific angular
momentum 
L, given generally by Eqs. (4.5) and (4.6), depend only on the metric
function Φ(r), they are identical for all wormhole geometries, and are independent of
the choice of the shape function b(r). It is interesting to note here that the only quantity
in the flux integral (4.15) that has a dependence on the metric tensor coefficient b(r)
is the determinant of the metric tensor −g. The invariant volume element of the
different types of static wormholes can be obtained as
√
r 2 eΦ
−g = √
.
1 − b(r)/r

(4.22)

4 Astrophysical Signatures of Thin Accretion Disks in Wormhole Spacetimes
1.01

7

Schwarzschild
Φ=-r0 /r

1

75

Schwarzschild
Φ=-r0 /r

6
-1

5
Ω(r) [10 rad s ]

0.99

Veff

0.98
0.97
0.96
0.95
0.94

4
3
2
1

0.93
0.92

5

0

2

10

100

1000

1

10

100

r/M

r/M
1

1⋅10

5

0.96

~
-1
L (r) [cm2 s ]

~
-2
E (r) [cm2 s ]

0.98

0.94
0.92

8⋅104

6⋅10

4

4⋅104
Schwarzschild
Φ=-r0/r
1

10

2⋅104

100

Schwarzschild
Φ=-r0/r
1

10

r/M

100

r/M

Fig. 4.1 The effective potential Veff (r) (top left hand), the angular velocity Ω (top right hand), the
specific energy 
E (bottom left hand) and the specific angular momentum 
L (bottom right hand) of the
orbiting particles in a thin accretion disk around a wormhole of a total mass M = 0.06776M and
for the specific angular momentum 
L = 4M. We have considered the specific case of Φ = −r0 /r,
and we have compared it with the Schwarzschild solution, which is depicted as the solid line

Therefore different flux values can be obtained when computing Eq. (4.15) for different choices of b(r). As one can see from Fig. 4.1, for the wormhole geometry
under study the orbiting particles in the thin accretion disk have a somewhat smaller
angular velocity, specific energy, and specific angular momentum, respectively, as
compared to the case of the Schwarzschild geometry.
The energy flux, the disk temperature and the emission spectra ωL(ω) of the
electromagnetic radiation emitted by a thin accretion disk are plotted in Figs. 4.2, 4.3
and 4.4, for a mass accretion rate of Ṁ0 = 10−12 M /yr, and for various wormhole
geometries.
In order to investigate the effects of the geometry on the accretion disk properties,
in the left plots of all Figs. 4.2, 4.3 and 4.4 we have chosen the following shape
functions,
b(r) = r0 ,

b(r) =

r02
,
r

b(r) =

√

rr0 .

(4.23)
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Fig. 4.2 The time averaged flux F (r) radiated by a thin accretion disk around a wormhole with
effective mass M = 0.06776M and for a mass accretion rate Ṁ0 = 10−12 M /yr. Different shape
functions were used to obtain the fluxes. Thus, in the left plot the following cases were considered:
b(r) = r0 (the long dashed line), b(r) = r02 /r (the short dashed line) and b(r) = (r0 r)1/2 (the dotted
line), respectively. The flux emitted by a thin accretion disk around a Schwarzschild black hole is
presented as a solid curve. The right plot shows the case of b(r) = r0 + γ r0 (1 − r0 /r), for different
values of γ
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Fig. 4.3 Temperature distribution of the accretion disk around a wormhole with effective mass
M = 0.06776M and for a mass accretion rate Ṁ0 = 10−12 M /yr. Different shape functions were
used to obtain the fluxes. Thus, in the left plot the following cases were considered: b(r) = r0
(the long dashed line), b(r) = r02 /r (the short dashed line) and b(r) = (r0 r)1/2 (the dotted line),
respectively. The flux emitted by a thin accretion disk around a Schwarzschild black hole is presented
as a solid curve. The right plot shows the case of b(r) = r0 + γ r0 (1 − r0 /r), for different values
of γ

In the right plots of Figs. 4.2, 4.3 and 4.4 we consider the shape function
b(r) = r0 + γ r0 1 −

r0
r

,

(4.24)

where 0 < γ < 1.
Note that not only Ω, 
E and 
L have smaller values for the wormhole geometries
under consideration, as compared to the case of the static Schwarzschild black holes,
but the invariant volume element (4.22) also has relatively small values for any choice
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Fig. 4.4 The emission spectra ωL(ω) of the accretion disks around a wormhole with effective
mass M = 0.06776M and for a mass accretion rate Ṁ0 = 10−12 M /yr. Different shape functions
were used to obtain the fluxes. Thus, in the left plot the following cases were considered: b(r) = r0
(the long dashed line), b(r) = r02 /r (the short dashed line) and b(r) = (r0 r)1/2 (the dotted line),
respectively. The flux emitted by a thin accretion disk around a Schwarzschild black hole is presented
as a solid curve. The right plot shows the case of b(r) = r0 + γ r0 (1 − r0 /r), for different values
of γ

of the function b(r). Consequently, it turns out that more energy is radiated away by
the wormhole disk than in the case of the Schwarzschild potential, a result which is
clearly shown in Fig. 4.2.
Important observational information can be extracted from the position of the
marginally stable orbits, which are located at the radius 2r0 for wormholes, while for
the Schwarzschild black hole we have rms = 6r0 . Consequently, the inner edge of the
accretion disk is closer to the throat of the wormhole than to the event horizon of the
black hole, a result valid for any wormhole and black hole with the same geometrical
mass r0 . Therefore it follows that the wormhole efficiency ε of the conversion of the
accreted mass into radiation is of the order of 0.1422, a value which is much higher
than the corresponding value for black holes, ε = 0.0572. Even though an efficiency
of 14% is still much lower than the 40% efficiency obtained for Kerr black holes,
it still shows that static wormholes may provide a much more efficient accretion
mechanism for the conversion of the gravitational energy of the compact object into
electromagnetic luminosity, as compared with the mass accretion taking place in a
static black hole geometry.
These qualitative features of the disk energy radiation can also be found in the
radial profiles of the temperature on the disk surface, which closely follow the flux
distributions, and which are shown in Fig. 4.3. The emission spectra ωL(ω) of the
accretion disks in both static wormhole and Schwarzschild geometry are depicted in
Fig. 4.4.
Thus, as a general conclusion of this Section, for the static and spherically symmetric wormhole solutions of general relativity it follows that specific signatures
appear in the electromagnetic spectrum of the accretion disks. These particular signatures may lead to the possibility of distinguishing wormhole geometries from the
Schwarzschild geometry by using astrophysical observations of the electromagnetic
radiation coming from accretion disks built around compact objects.
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4.4 Accretion Disk Properties in Rotating Wormhole
Geometries
In the present Section, we study the physical properties and the equilibrium thermal
radiation emission characteristics of matter forming thin accretion disks in stationary
axially symmetric wormhole spacetimes. Several thin disk models are constructed
by adopting different numerical values of the wormhole’s angular velocity. In each
case we obtain the time averaged energy flux, the disk temperature and the emission
spectra of the accretion disks. We also compare the mass accretion properties in a
rotating wormhole geometry with the same properties of a rotating Kerr black hole.

4.4.1 Stationary Axially Symmetric Wormhole Spacetimes
The standard metric for a stationary, axisymmetric traversable wormhole can be
represented as [44]
ds2 = −N 2 dt 2 + eμ dr 2 + r 2 K 2 [dθ 2 + sin2 θ (dφ − ω dt)2 ] ,

(4.25)

where N, μ, K and ω are functions of r and θ only. To ensure that the metric
is nonsingular on the rotation axis (θ = 0, π ), we need to impose the regularity
conditions on N, μ and K [44], which require that the θ derivatives of the metric
tensor coefficients must vanish on the rotation axis.
In the following, for simplicity, we will adopt the following representations for
the functions N and eμ [44],
N(r, θ ) = eΦ(r,θ) ,

e−μ(r,θ) = 1 −

b(r, θ )
,
r

(4.26)

which are very useful in describing a traversable wormhole. As usual, Φ(r, θ ) is the
redshift function, satisfying the important requirement of finiteness, which ensures
that there are no event horizons or curvature singularities in the wormhole geometry.
The shape function b(r, θ ) satisfies the condition b ≤ r, as well as the flaring-out condition. From a geometric point of view K(r, θ ) determines the proper radial distance,
while the function ω determines the angular velocity of the rotating wormhole.
In order to avoid curvature singularities one needs to further impose the conditions
bθ = 0 and bθθ = 0 at the throat. These two conditions show that the location of the
throat is at a constant value of r. (We refer the reader to [44] for more details).
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4.4.2 Effective Potential for Rotating Wormhole Geometries
The radial geodesic equation (4.3) for the metric (4.25) follows immediately from
Eq. (4.4), and is given by

  
b −1 dr 2
1−
= Veff .
r
dτ

(4.27)

2
By using the important relationship gtφ
− gtt gφφ = r 2 K 2 e2Φ , the effective potential
can be represented as



L 2 e2Φ − r 2 K 2 ω2


E
Lr 2 K 2 ω −
Veff (r) = −1 + 
.
(4.28)
E 2 r 2 K 2 − 2
r 2 K 2 e2Φ

Using this relationship, Eq. (4.27) can be reformulated in an alternative form as

r

4

dr
dτ

where V (r) given by

2


V (r) = r

4

= V (r),


b
1−
Veff (r) .
r

(4.29)

(4.30)

In the following for the function ω we consider the specific case in which ω is
given by
2J
(4.31)
ω= 3 ,
r
with J = M 2 a∗ representing the total angular momentum of the wormhole. Since in
the present investigation we are only interested in the equatorial approximation, with
|θ − π/2|  1, we also fix K as K = 1 throughout our computations.
Moreover, in this section of the disk properties, we consider the case of the redshift
function given by Eq. (4.20), while for the shape functions we adopt the choices given
by Eqs. (4.23) and (4.24), provided in the previous section.

4.4.3 Electromagnetic Signatures of Thin Accretion Disks
in Rotating Wormhole Geometries
In the following, for simplicity, we will adopt the following values for the mass M
and the spin parameter a∗ of the rotating wormhole,
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M = 0.06776 M (= 1000 cm),

(4.32)

a∗ = 0.2, 0.4, 0.6, 0.8, 1.0 ,

(4.33)

and

respectively. Moreover, we fix the mass accretion rate as Ṁ0 = 10−12 M /yr.
In Figs. 4.5, 4.6, 4.7, 4.8, 4.9 and 4.10 we present the energy flux F(r), the disk
temperature T (r) and the electromagnetic emission spectra νL(ν) from an accretion
disk for different wormhole geometries. For the shape functions we have adopted the
expressions given by Eqs. (4.23) and (4.24), respectively. For the sake of comparison
we also present, for each case, the electromagnetic emission properties of the thin
disks in the Kerr black hole geometry.
A comparison of the energy fluxes emitted from the thin disk in a stationary
rotating wormhole geometry, as shown in Figs. 4.5 and 4.6, with the energy flux
emitted by a Kerr black hole for a∗ < 0.8, immediately leads to the conclusion that
the intensity of the energy flux emitted from the disk surface is at least two orders of
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magnitude greater for rotating wormholes than for the rotating Kerr black hole, with
both compact objects having the same geometrical mass r0 and accretion rate Ṁ0 .
However, the flux amplitudes indicate a similar dependence on the spin parameter a∗
for both types of the rotating central compact objects. As we can see from the plots,
with the increase in the values of a∗ , the maximal admissible values of F (r) are also
increasing. Once the angular velocity of the central object increases, the maximal flux
values are located closer to the black hole. On the other hand, in wormhole spacetimes
they are located at somewhat lower disk radii. In the case of wormhole geometries,
the left edge of the electromagnetic energy flux profile is always located at r0 , the
throat of the wormhole. On the other hand, the inner edge of the electromagnetic
energy flux profile is located at different positions of the disk around the rotating
Kerr black hole. These results follow from the fact that each value of a∗ in the plots
is greater than the critical spin parameter.
On the other hand the different shape functions (4.23) and (4.24) adopted to
describe the wormhole metric affect only the amplitudes of the flux profiles. It turns
out that the wormhole accretion disk with the shape function b = r02 /r produces the
electromagnetic radiation flux with the highest intensity, while the lowest values
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are obtained for the case F (r) for b(r) = (r0 r)1/2 . Interestingly, by increasing the
numerical value of the parameter γ in the shape function b(r) = r0 + γ r0 (1 − r0 /r),
it turns out that the intensity of the electromagnetic flux is decreasing, since the 1/r
term in b(r) is becoming more and more dominant.
All these physical characteristics also appear in the disk temperature profiles,
which are presented in Figs. 4.7 and 4.8, respectively. Note that the temperature
distribution of the wormhole disks and Kerr black hole disks have the same orders
of magnitude only for a∗ ≈ 1. For lower values of the spin parameter a∗ the disks in
rotating wormhole geometries are much hotter than those located in the geometric
frame of the Kerr black holes.
The disk spectra for the rotating wormholes and black holes are displayed in
Figs. 4.9 and 4.10, respectively. It turns out that even that there are no significant
differences between the spectral amplitudes of the electromagnetic radiation from the
disk for the different types of rotating central compact objects, the cut-off frequencies
of the spectra significantly depend on the nature and geometry of the central objects,
as well as on their rotational velocities. The cut-off frequencies for the radiation from
rotating Kerr black holes are lower than those for the radiation coming from disks in
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wormhole geometries. On the other hand, for the wormhole spacetimes, the spectral
profiles of the radiation emitted by the accretion disks are relatively similar, no matter
which of the shape functions b(r) we use in our analysis. The cut-off frequencies
of the spectra have the lowest values for b(r) = (r0 r)1/2 , while the highest values
are obtained for the case b(r) = r0 + γ r0 (1 − r0 /r). However, these differences are
negligible.
On the other hand, the plots in Fig. 4.10 indicate that the spectral features of the
disk radiation are also largely insensitive to the changes in the numerical values of
the parameter γ in the shape function b(r) = r0 + γ r0 (1 − r0 /r).
In Table 4.1 we present the conversion efficiency ε of the accreting mass into
radiation. These values are obtained by ignoring the photon capture by the massive
central object. From a physical point of view the numerical value of ε indicates the
efficiency of energy conversion and generation mechanism by mass accretion in the
corresponding spacetime geometry. The amount of energy emitted by the matter
departing from the accretion disk, and falling down into the black hole through its
event horizon, or through the throat of the wormhole, is nothing but the binding
energy 
E(r)|r=rin of the compact object effective potential.
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An important result that can be read from Table 4.1 is that ε is always higher for
axially symmetric rotating wormholes as compared to the case of Kerr black holes.
Even for a relatively small value of the spin parameter of a∗ = 0.2, the efficiency
of the energy conversion process of the matter in the wormhole geometry is greater
than ε obtained for the extreme Kerr black hole geometry with a∗ = 1. In the case
of rapidly rotating wormholes, the efficiency ε is even higher. However, in this case
there is an upper limit of ε for high values of the spin parameter: for a∗ ∼ 0.6 we
obtain ε = 0.508. For this value of a∗ the accretion process is reaching its saturation
point, and higher efficiencies cannot be obtained, even if we further increase the spin
parameter a∗ . However, it is important to note this high efficiency indicate that the
rotating wormholes geometries represent a much more efficient astrophysical system
for the transformation of the energy of the accreting matter into electromagnetic
radiation, as compared to the case of the Kerr black holes.

4 Astrophysical Signatures of Thin Accretion Disks in Wormhole Spacetimes
5

10

ω L(ω) [ 1030 erg s-1]

ω L(ω) [ 10

30

-1

erg s ]

10

104
3

10

102
1

10

0

10

a*=0.4
a*=0.6
a*=0.8
a*=1.0

0.01

0.1

5

104
10

3

102
10

1

10

0

1

a*=0.2
a*=0.4
a*=0.6
a*=0.8
a*=1.0

0.01

0.1

ω [1019 Hz]
5

ω L(ω) [ 1030 erg s-1]

-1

erg s ]

30

ω L(ω) [ 10

4

10

3

10

102

0

10

a*=0.2
a*=0.4
a*=0.6
a*=0.8
a*=1.0

0.01

10

5

10

4

10

3

102
101
10

0.1

1

ω [1019 Hz]

10

101

85

1

0

a*=0.2
a*=0.4
a*=0.6
a*=0.8
a*=1.0

0.01

0.1

ω [1019 Hz]

1

ω [1019 Hz]

Fig. 4.10 The emission spectra of the accretion disk in the stationary axially symmetric wormhole
spacetime for Φ = −r0 /r, and b = r0 + γ r0 (1 − r0 /r), where γ = 0.2 (upper left-hand plot), 0.4
(upper right-hand plot), 0.6 (lower left hand plot) and 0.8 (lower right-hand plot), respectively.
In all plots r0 = 1000 cm, and the values of the spin parameter are a∗ = 0.2, 0.4, 0.6, 0.8 and 1,
respectively
Table 4.1 The position of
the inner edge of the accretion
disk, and the efficiency ε for
rotating black hole and
wormhole geometries

a∗
0.2
0.4
0.6
0.8
1.0

Kerr black hole

Wormhole

rin /r0
5.33
4.62
3.83
2.91
1.00

rin /r0
1.00
1.00
1.00
1.00
1.00

ε
0.065
0.075
0.091
0.122
0.421

ε
0.498
0.506
0.507
0.508
0.508

4.5 Discussions and Final Remarks
In the present paper, we have studied thin accretion disk models applied to the
study of static and spherically symmetric wormhole geometries, and have carried
out an analysis of the properties of the radiation emerging from the surface of the
disk. In classical general relativity, wormholes are supported by exotic matter, which
involves a stress–energy tensor that violates the null energy condition. Thus, it has
proved interesting to analyze the properties, namely, the time averaged energy flux,
the disk temperature, and the emission spectra of the accretion disks around these
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wormholes comprising of exotic matter. For the static and spherically symmetric
wormhole geometries under study, we have verified that the potential well is higher
than the Schwarzschild potential, and consequently more energy is radiated away.
These effects in the disk radiation were also observed in the radial profiles of temperature corresponding to the flux distributions, and in the emission spectrum ωL(ω) of
the accretion disks. Thus, for these solutions, we conclude that the specific signatures,
that appear in the electromagnetic spectrum, lead to the possibility of distinguishing wormhole geometries from the Schwarzschild solution by using astrophysical
observations of the emission spectra from accretion disks.
In this context, observations in the near-infrared (NIR) or X-ray bands have provided important information about the spin of the black holes, or the absence of
a surface in stellar type black hole candidates. In the case of the source Sgr A∗ ,
where the putative thermal emission due to the small accretion rate peaks in the near
infrared, the results are particularly robust. However, up to now, these results have
confirmed the predictions of general relativity mainly in a qualitative way, and the
observational precision achieved cannot distinguish between the different classes of
compact/exotic objects that appear in the theoretical framework of general relativity [17]. However, important technological developments may allow to image black
holes and other compact objects directly.
A background illuminated black hole will
√
appear in a silhouette with radius 27GM/c2 , with an angular size of roughly twice
that of the horizon, and may be directly observed. With an expected resolution of
20 µ as, submillimeter very-long baseline interferometry (VLBI) would be able to
image the silhouette cast upon the accretion flow of Sgr A∗ , with an angular size
of ∼50 µas, or M87, with an angular size of ∼25 µas. For a black hole embedded
in an accretion flow, the silhouette will generally be asymmetric regardless of the
spin of the black hole. Even in an optically thin accretion flow an asymmetry will
result from special relativistic effects (aberration and Doppler shifting). In principle,
detailed measurements of the size and shape of the silhouette could yield information
about the mass and spin of the central black hole, and provide invaluable information
on the nature of the accretion flows in low luminosity galactic nuclei.
We suggest that by using the same imaging technique, which gives the physical/geometrical properties of the silhouette of the compact object cast upon the
accretion flows on the compact objects, would be able to provide clear observational
evidence for the existence of wormholes, and differentiate them from other types
of compact general relativistic objects. We conclude by pointing out that specific
signatures appear in the electromagnetic spectrum of the thin accretion disks around
wormholes, thus leading to the possibility of detecting and distinguishing wormhole geometries by using astrophysical observations of the emission spectra from
accretion disks.
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Chapter 5

Horndeski Wormholes
Sergey V. Sushkov

5.1 Introduction
The discovery of the current Universe acceleration [29, 30] requires a theoretical
explanation. From the phenomenological viewpoint, a small cosmological term is
a very good explanation [33], but it is problematic from the quantum field theory
viewpoint, since it is difficult to explain the origin and value of this term [43]. Therefore, alternative dark energy models have been proposed, most of which introduce a
scalar field, as in the Brans–Dicke theory, quintessense, k-essence, etc. (see [8, 25]
for reviews), while the others, as for example the F(R) gravity [9, 37], although
apparently different, are equivalent to a specific scalar–tensor theory.
In view of this interest towards theories with a gravitating scalar field one may
ask, what is the most general theory of this type? The answer was obtained already in
1974 by Horndeski [24]—this theory should have at most second order field equations
to avoid the Ostrogradsky ghost [44], and it is determined by the following action
density (in the parameterization of Ref. [9])
LH =

√

−g (L2 + L3 + L4 + L5 ) ,

(5.1)

where, with X ≡ − 21 ∇μ Φ∇ μ Φ, one has
L2 = G 2 (X, Φ) ,
L3 = G 3 (X, Φ) Φ ,
μν
L4 = G 4 (X, Φ) R + ∂ X G 4 (X, Φ) δαβ ∇μα Φ∇νβ Φ ,
1
μνρ
L5 = G 5 (X, Φ) G μν ∇ μν Φ − ∂ X G 5 (X, Φ) δαβγ
∇μα Φ∇νβ Φ∇ργ Φ ,
6

(5.2)
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ρ

λρσ

λ
λ ρ σ
λρ
and G k (X, Φ) are arbitrary functions, while δνα
= 2! δ[ν
δα] and δναβ = 3! δ[ν
δα δβ] .
This theory contains all previously studied models with a gravity-coupled scalar
field. Note also that Horndeski developed his theory on the base of mathematical
facts but later the same results were obtained on the basis of more intuitive approach
from research in Galileons [10, 11, 28].
The simplest Lagrangian in the Horndeski theory contains a term G μν φ,μ φ,ν providing a nonminimal kinetic coupling of a scalar field to the curvature. Cosmological
applications of such this have been intensively investigated in [3, 14, 17–23, 32, 34,
36, 38–40]. In particular, as was shown in our works [34, 36, 39], nonminimal
kinetic coupling provides essentially a new inflationary mechanism. Less studied is
a problem of the black hole and wormhole existence in the theory of gravity with a
nonminimal kinetic coupling. Recently, Rinaldi [31] found a class of exact solutions
with characteristic features of black holes, particularly, with an event horizon. Soon
afterwards, the Rinaldi method was applied in [1, 2, 7, 27] to find new particular
solutions with event horizons.
Wormhole solutions in the theory of gravity with nonminimal kinetic coupling
was studied in [26, 41]. General solutions describing asymptotically flat traversable
wormholes have been obtained by means of numerical methods [26]. Particular exact
wormhole solutions in an analytical form have been found by using the Rinaldi
method [41]. The throat of such wormholes connects two anti-de Sitter spacetimes.

5.2 Action and Field Equations
Let us consider a gravitational theory with a nonminimal derivative coupling given
by the action
S=

1
2



 2



√
R − εgμν + ηG μν ∇ μ φ∇ ν φ − 2V (φ) ,
d x 4 −g MPl

(5.3)

√
where MPl = 1/8π G is the reduced Planck mass, gμν is a metric, g = det(gμν ), R
is the scalar curvature, G μν is the Einstein tensor, φ is a real massless scalar field, η
is a parameter of nonminimal kinetic coupling with the dimension of length-squared.
The ε parameter equals ±1. In the case ε = 1 we have a canonical scalar field with
a positive kinetic term; and the case ε = −1 describes a phantom scalar field with
negative kinetic term.
Variation of the action (5.3) with respect to the metric gμν and scalar field φ
provides the following field equations:
2
G μν = εTμν + ηΘμν ,
MPl
∇μ J μ = −Vφ ,

(5.4)
(5.5)
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respectively, where
J μ = (εg μν + ηG μν )∇ν φ,
Tμν = ∇μ φ∇ν φ − 21 gμν (∇φ)2 ,

(5.6)
(5.7)

α
Θμν = − 21 ∇μ φ ∇ν φ R + 2∇α φ ∇(μ φ Rν)
+ ∇ α φ ∇ β φ Rμανβ

+ ∇μ ∇ α φ ∇ν ∇α φ − ∇μ ∇ν φ φ − 21 (∇φ)2 G μν


+ gμν − 21 ∇ α ∇ β φ ∇α ∇β φ + 21 (φ)2 − ∇α φ ∇β φ R αβ .

(5.8)

Due to the Bianchi identity ∇ μ G μν = 0, Eq. (5.4) leads to a differential consequence
given by


(5.9)
∇ μ εTμν + ηΘμν = 0.
One can check straightforwardly that the substitution of expressions (5.7) and (5.8)
into (5.9) yields Eq. (5.5). In other words, the equation of motion of the scalar field
(5.5) is the differential consequence of the system (5.4).

5.3 Static Spherically Symmetric Asymptotically
Flat Wormholes
Consider a static spherically symmetric configuration in the theory (5.3). In this case
the spacetime metric can be taken as follows:
ds 2 = −A(r )dt 2 + A−1 (r )du 2 + ρ 2 (r )dΩ 2 ,

(5.10)

where dΩ 2 = dθ 2 + sin2 θ dϕ 2 is the linear element of the unit sphere, and A(r ) and
ρ(r ) are functions of the radial coordinate r . Consider also that the scalar field φ
depends only on r , so that φ = φ(r ).
Now the field equations (5.4) and (5.5) yield

2 2
MPl

A ρ 
ρ 2
1
ρ 
+
+ 2 −
ρ
Aρ
ρ
Aρ 2



Aρ 
1
= − εφ 2 − A−1 V (φ) + 2ηφ  φ 
2
ρ
+ ηφ 2


2
MPl

A ρ 
ρ 2
1
+ 2 −
Aρ
ρ
Aρ 2


=

3A ρ 
1
Aρ 
Aρ 2
+ 2 +
+
2
2ρ
ρ
2ρ
2ρ

,

(5.11)

1 2
εφ − A−1 V (φ)
2
+ ηφ 2

3Aρ 2
1
3A ρ 
− 2
+
2
2ρ
2ρ
2ρ

,

(5.12)
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2
MPl

ρ 
A ρ 
1 A
+
+
2 A
ρ
Aρ

1
= − εφ 2 − A−1 V (φ) + ηφ  φ 
2
+ ηφ 2

εφ  + εφ 

ρ
A
+2
A
ρ





A ρ 
1 Aρ 
1 A2
1
+
+
+ A ,
ρ
2 ρ
4 A
4

(5.13)

A ρ 
Aρ 2
1
+ 2 − 2
ρ
ρ
ρ

+ ηφ 

A ρ 2
A2 ρ 
A ρ 
A ρ 
A
Aρ  ρ 
+
3
+
+
−
+
2
ρ
Aρ
ρ
Aρ 2
ρ2
ρ2

+ ηφ 

1
Aρ 
+ A
ρ
2

= A−1 Vφ ,

(5.14)

  
respectively, where the prime denotes d/dr , and Eqs. (5.11)–(5.13) are the 00 , 11 , 22
components of Eq. (5.4), respectively. Equations (5.11)–(5.14) represent a system
of four ordinary differential equations of second order for three functions ρ(r ),
A(r ), φ(r ). As was mentioned above, Eq. (5.14) is a differential consequence of
Eqs. (5.11)–(5.13). It is also worth noticing that Eqs. (5.11), (5.13) and (5.14) are of
second order, while Eq. (5.12) is a first-order differential constraint for ρ(r ), A(r ),
and φ(r ).
Combining the above equations one can easily rewrite them into the more
compact form
2 ρ
2MPl



ρ

2

= −εφ + η A φ

2 ρ

 

ρ

+ ηφ 2

1
,
ρ2

1
2
MPl
(A ρ 2 ) = −2ρ 2 V + η(A A ρ 2 φ 2 ) + ηφ 2 (A A ρρ  + A2 ρ 2 − A),
2

 1
2
MPl
A(ρ 2 ) − A ρ 2 − 2 = η[φ 2 (2 A2 ρρ  − A A ρ 2 )] + η Aφ 2 ,
2
ε(Aρ 2 φ  ) + η[φ  (A A ρρ  + A2 ρ 2 − A)] = ρ 2 Vφ .

(5.15)
(5.16)
(5.17)
(5.18)

5.3.1 Wormhole Configuration
In this section, we will focus our attention on wormhole solutions of the field
equations (5.11)–(5.14), or equivalently (5.15)–(5.18), obtained in the previous
section. Note that Eqs. (5.11)–(5.14) are a rather complicated system of nonlinear ordinary differential equations, and we do not know if it is possible to find any
exact analytical solutions to this system. Instead, we will construct wormhole solutions numerically studying previously their asymptotic properties near and far from
the wormhole throat.
To describe a traversable wormhole the metric (5.10) should possess a number of
specific properties. In particular, (i) the radial coordinate r runs through the domain
(−∞, +∞); (ii) there exist two asymptotically flat regions R± : r → ±∞ connected by the throat; (iii) ρ(r ) has a global positive minimum at the wormhole throat
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r = rth ; without a loss of generality one can set rth = 0, so that ρ0 = min{ρ(r )} =
ρ(0) is the throat radius; (iv) A(r ) is everywhere positive and regular, i.e., there are no
event horizons and singularities in the spacetime. Taking into account the necessary
conditions for the minimum of function, we obtain also
ρ0 = 0, ρ0 > 0,

(5.19)

where the subscript ‘0’ means that values are calculated at the throat r = 0.
Concerning wormholes, the above relations are known as the flare-out conditions.

5.3.2 Initial Condition Analysis
Let us consider the field equations at the throat r = 0. By assuming ρ0 = 0,
Eqs. (5.11) and (5.12) after a little algebra yield
ε A0 φ02 − 2V0
1
=
−
,
2
ρ02
2MPl
− η A0 φ02

(5.20)

ρ0
φ 2 (εM 2 − ηV0 )
= − 2 0 2 Pl
.
ρ0
MPl (2MPl − η A0 φ02 )2

(5.21)

To provide the flare-out conditions (5.19) the right-hand sides of Eq. (5.20), then
Eq. (5.21) should be positive. This is possible if φ02 = 0 and the following inequalities
take place:
ε A0 φ02 − 2V0
< 0,
(5.22)
2
2MPl
− η A0 φ02
2
− ηV0 < 0.
εMPl

(5.23)

For given ε and η these inequalities provide restrictions for the initial values of A0 φ02
and V0 = V (φ0 ) at the throat. Let us consider separately various cases.
1. η = 0. This is the case of a minimally coupled scalar field. Now (5.23) yields
ε < 0, i.e. ε = −1, for any V0 . In turn, if ε = −1 Eq. (5.22) is fulfilled provided
V0 > − 21 A0 φ02 . Thus, we have obtained a well-known result that a solution with the
throat in general relativity with a minimally coupled scalar field is permitted only
for phantom fields with negative kinetic energy (see, for example, [5]).
Further we will consider cases with nonminimal derivative coupling.
2. ε = 1, η > 0. The constraints (5.22) and (5.23) give
2
MPl
M2
, V0 > Pl ,
2η
η
2
2
M
1
MPl
(B) A0 φ02 > Pl ,
< V0 < A0 φ02 .
2η
η
2

(A) A0 φ02 <
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Thus, in the case η > 0, ε = 1 there are domains of initial values A0 φ02 and V0 which
provide the flare-out conditions (5.19). We also stress that the initial value V0 should
be necessarily positive at the throat.
3. ε = 1, η < 0. It is easy to check that Eqs. (5.22) and (5.23) are inconsistent in
this case, and hence the flare-out conditions (5.19) are not fulfilled.
4. ε = −1, η > 0. Eqs. (5.22) and (5.23) give
A0 φ02 <

2
MPl
1
, V0 > − A0 φ02 .
2η
2

(5.24)

5. ε = −1, η < 0. Eqs. (5.22) and (5.23) give
1
M2
A0 φ02 > 0, − A0 φ02 < V0 < Pl .
2
|η|

(5.25)

Thus, in case ε = −1 there are domains of initial values A0 φ02 and V0 which provide
the flare-out conditions (5.19). It is worth noticing that the value V0 = 0 is admissible,
and so one may expect to get a wormhole solution without a potential.
In the model with nonminimal derivative coupling there is a nontrivial case ε = 0,
when the free kinetic term is absent. Let us consider also this case.
6. ε = 0, η > 0. Eqs. (5.22) and (5.23) give
A0 φ02 <

2
MPl
, V0 > 0.
2η

Thus, in this case there are domains of initial values A0 φ02 and V0 which provide the
flare-out conditions. As well as for ε = 1 and η > 0, the initial value V0 should be
necessarily positive at the throat.
7. ε = 0, η < 0. Eqs. (5.22) and (5.23) are inconsistent.
Summarizing, we can conclude that the flare-out conditions (5.19) in the model
with nonminimal derivative coupling can be fulfilled for various values of ε and
η. Respectively, the flare-out conditions provide an existence of solutions with the
throat. It is worth a special notice that the throat in the model with nonminimal
derivative coupling can exist not only if ε = −1 (phantom case), but also if ε = 1
(normal case) and ε = 0 (no free kinetic term).
To finish the analysis of the field equations (5.15)–(5.18) at the throat, let us
consider the metric function A(r ) and its first and second derivatives at r = 0. The
value A0 is a free parameter. Though A0 is also free, we assume, just for simplicity,
A0 = 0. Note that in this case A(r ) has an extremum at the throat r = 0. Using
Eq. (5.17), we can find
2 η A0 φ02 + 2ρ02 V0
A0 = −
.
(5.26)
2
ρ0 2MPl
− η A0 φ02
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The sign of A0 determines a kind of the extremum of A(r ); it is a maximum if
A0 < 0, and a minimum if A0 > 0. It is worth noticing that, with the physical point
of view, the maximum (minimum) of A(r ) corresponds to maximum (minimum) of
gravitational potential. In turn, the gravitational force equals to zero at extrema of
the gravitational potential; moreover, in the vicinity of a maximum (minimum) the
gravitational force is repulsive (attractive). As a consequence, the throat is repulsive
or attractive depending on the sign of A0 .
As an example, let us consider the model with ε = −1. By using the relations
(5.24) and (5.25), we can see that A0 < 0 if η > 0, and A0 > 0 if η < 0. Hence, the
throat is repulsive in the first case, and attractive in the second one.

5.3.3 Asymptotic Analysis
While the throat is an essential feature of the wormhole geometry, its asymptotic
properties could be varied for different models. Traversable wormholes are usually
assumed possessing two asymptotically flat regions connected by the throat, and
in this paper we will look for wormhole solutions with an appropriate asymptotic
behavior.
The spacetime with the metric (5.10) has two asymptotically flat regions
R± : r → ±∞ provided limr →±∞ {ρ(r )/|r |} = δ± and limr →±∞ A(r ) = A± . Since
a flat spacetime is necessarily empty, we have also to suppose that limr →±∞ φ(r ) =
φ± and limr →±∞ V (φ(r )) = V (φ± ) = 0. Assume the following asymptotics at
|r | → ∞:
ρ(r ) = δ± |r | 1 +

α±
+ O(r −2 ) ,
|r |

(5.27)

β±
+ O(r −2 ) ,
|r |
γ±
1−
+ O(r −2 ) ,
|r |

A(r ) = A± 1 −

(5.28)

φ(r ) = φ±

(5.29)

V (φ(r )) = O(r −5 ).

(5.30)

Substituting the above expressions into Eq. (5.12) and collecting leading terms gives
−2
.
A± = δ±

(5.31)

Thus, the asymptotic form of the metric (5.10) is
ds =
2

−2
−δ±

β±
1−
|r |


dt +
2

2
δ±

β±
1−
|r |

−1

dr +
2

2 2
δ±
r

α±
1+
|r |

2
dΩ 2 .
(5.32)
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Introducing in the asymptotically flat regions R± new radial coordinates
α±
r± = δ± |r | 1 +
|r |



and neglecting terms O(r±−2 ), we obtain
ds 2 = − 1 −

2m ±
r±


dt±2 + 1 −

2m ±
r±

−1

dr±2 + r±2 dΩ 2 ,

(5.33)

−1
where 2m ± = δ± β± and t± = δ±
t. This is nothing but two Schwarzschild asymptotics at r → ±∞ with masses m ± . Taking into account that δ± |r | = limr →±∞ ρ(r )
and δ± = ± limr →±∞ ρ  (r ) we can find the following asymptotic formula

m ± = lim [ρ(r )(1 − ρ 2 (r )A(r ))].
r →±∞

(5.34)

5.3.4 Exact Wormhole Solution with η = 0
Let us discuss the particular case η = 0 (no nonminimal derivative coupling). In this
case, the system of field equations (5.15)–(5.18) reduces to the well-known equations
for a minimally coupled scalar field
ρ 
= −εφ 2 ,
ρ
2
MPl
(A ρ 2 ) = −2ρ 2 V,
A(ρ 2 ) − A ρ 2 = 2,

2
2MPl

(5.35)
(5.36)
(5.37)

ε(Aρ 2 φ  ) = ρ 2 Vφ .

(5.38)

Supposing additionally ε = −1 (phantom scalar) and V = 0 (no potential term),
one can find an exact wormhole solution to the system (5.35)–(5.38) (see [4, 13]).
Adopting the result of [42] we can write down the solution as follows


ds 2 = −e2λ(r ) dt 2 + e−2λ(r ) dr 2 + (r 2 + r02 )dΩ 2 ,
φ(r ) =

2
2MPl
(m 2 + r02 )
m2

(5.39)

1/2
λ(r ),

(5.40)

where λ(r ) = (m/r0 ) arctan(r/r0 ), and m, r0 are two free parameters. Taking into
account the following asymptotic behavior:
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e2λ(r ) = exp ±

πm
r0


1−

2m
+ O(r −2 ),
r

in the limit r → ±∞, we may see that the spacetime with the metric (5.39) possesses
by two asymptotically flat regions. These regions are connected by the throat whose
radius corresponds to the minimum of the radius of the two-dimensional sphere,
ρ 2 (r ) = e−2λ(r ) (r 2 + r02 ). The minimum of ρ(r ) is achieved at r = m and equal to
ρ0 = exp −

m
m
arctan
r0
r0


(r 2 + r02 )1/2 .

The asymptotic masses, corresponding to r → ±∞, are given by
m ± = ±m exp(±π m/2r0 ).
It is worth noticing that the masses m ± have both different values and different signs,
and so wormholes supported by the minimally coupled scalar field inevitably have a
negative mass in one of the asymptotic regions.
Note also that there is a particularly simple case m = 0 when the static solution
(5.39) and (5.40) reduces to
ds 2 = −dt 2 + dr 2 + (r 2 + r02 )dΩ 2 ,
φ(r ) =

√

2MPl arctan(r/r0 ).

(5.41)
(5.42)

In this case both asymptotic masses are equal to zero, m ± = 0, and thus the wormhole
is massless.

5.3.5 Numerical Analysis
In this section, we present the results of a numerical analysis of the field equations
(5.11)–(5.14). Note that in order to realize a numerical analysis in practice one
needs first to specify a form of the potential V (φ). The requirement of asymptotic
flatness dictates limr →±∞ V (φ(r )) = V (φ± ) = 0. The simplest choice obeying this
asymptotic behavior corresponds to zero potential, and hereafter we will assume
V (φ) ≡ 0. As the initial condition analysis has shown, the flare-out conditions with
V0 = 0 are only fulfilled in case ε = −1.
An initial conditions for the system of second-order ordinary differential equations
(5.11)–(5.14) read r = 0, ρ(0) = ρ0 , ρ  (0) = ρ0 , A(0) = A0 , A (0) = A0 , φ(0) =
φ0 , φ  (0) = φ0 . Without loss of generality one can set A0 = 1 and φ0 = 0. Since
r = 0 is assumed to be a wormhole throat, one gets ρ0 = 0. Now the throat’s radius
ρ0 given by Eq. (5.20) can be found as
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Fig. 5.1 Graphs for δ −1 ρ(r ), δ 2 A(r ), and φ(r ) are constructed for the initial values A0 = 0,
φ0 = 0.1 and η = −40, −20, −10, −5, −1, 0, 1, 2, 3 (up-bottom for ρ(r ), bottom-up for A(r ),
bottom-up for the right branch of φ(r )); δ = δ+ = limr →∞ ρ(r )/r (δ+ = δ− ). The bold lines
correspond to η = 0 (no nonminimal derivative coupling)


ρ0 =

2
2MPl
− ηφ02
.
φ02

(5.43)

Then the only two free parameters determining the initial conditions remain:
A0 and φ0 .
First let us consider the case A0 = 0. In Fig. 5.1 we represent numerical solutions
for ρ(r ), A(r ), and φ(r ) for various values of η. Note that both ρ(r ) and A(r ) are
even functions possessing an extremum at the throat r = 0; ρ(r ) has a minimum due
to the flare-out conditions, and, as was mentioned above, A(r ) has a maximum if
η > 0, and a minimum if η < 0. In case η = 0 one get A(r ) = 1; this coincides with
the analytical result (5.41). The function φ(r ) is odd; it smoothly varies between two
asymptotic values −φ+ and φ+ , where φ+ = limr →∞ φ(r ). The functions ρ(r ) and
A(r ) given in Fig. 5.1 also possess a proper asymptotic behavior: limr →±∞ ρ(r ) =
−2
. In case A0 = 0 we have δ− = δ+ = δ and the value
δ± |r | and limr →±∞ A(r ) = δ±
of δ depends generally on η, i.e., δ = δ(η). The asymptotic Schwarzschild masses
m ± corresponding to the numerical solutions ρ(r ) and A(r ) are shown in Fig. 5.3.
Because of the symmetry r ↔ −r we have m − = m + = m. Moreover, m is positive
if η < 0, negative if η > 0, and m = 0 for η = 0. Note also that wormhole solutions
exist only for η < ηmax , and m → −∞ if η → ηmax .
The numerical solutions for ρ(r ) and A(r ) in the case A0 = 0 are shown in Fig. 5.2.
It is worth noticing that in this case both ρ(r ) and A(r ) have different asymptotics at
−2
, where δ− = δ+ . As a
r → ±∞: limr →±∞ ρ(r ) = δ± |r | and limr →±∞ A(r ) = δ±
consequence, we get a wormhole configuration with two different asymptotic masses
m ± . The value of m ± depends on η; this dependence is shown in Fig. 5.3. Note that for
η < η1 both m + and m − are positive, for η > η2 both m + and m − are negative, and
for η1 < η < η2 (in particular, for η = 0) the asymptotic masses m ± have opposite
signs. Note also that η < ηmax , and m ± → −∞ if η → ηmax .
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Fig. 5.2 Graphs for δ −1 ρ(r ), δ 2 A(r ), and φ(r ) are constructed for the initial values A0 = 0.05,
φ0 = 0.1 and η = −40, −20, −10, −5, −1, 0, 1, 2, 3 (up-bottom for ρ(r ), bottom-up for A(r ),
bottom-up for the right branch of φ(r )); δ = δ+ = limr →∞ ρ(r )/r (δ+ = δ− ). The bold lines
correspond to η = 0 (no nonminimal derivative coupling)

Fig. 5.3 Asymptotic masses m ± vs η for A0 = 0 and A0 = 0, 05. Note that m − = m + if A0 = 0.
In case A0 = 0.05 the masses m + and m − are represented by upper and lower graphs, respectively;
m − (k1 ) = m + (k2 ) = 0

Note that a qualitative behavior of numerical solutions for ρ(r ), A(r ), and φ(r )
does not depend on the initial value φ0 , and above results were obtained for the
specific choice φ0 = 0.1.

5.4 Exact Black Hole and Wormhole Solutions
in Horndeski Theory
Generally, a static spherically symmetric spacetime metric can be taken as follows
ds 2 = − f (r )dt 2 + g(r )dr 2 + ρ 2 (r )dΩ 2 ,

(5.44)
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where f (r ), g(r ), ρ(r ) are three arbitrary metric functions of the radial coordinate
r . Note that a freedom in choosing the radial coordinate allows us to fix the form of
one of the metric functions f (r ), g(r ) or ρ(r ), but at this stage we will not do it for
the sake of generality. Now, using the above-mentioned metric and assuming that
φ = φ(r ), we can represent the field equations (5.4) and (5.5) in the following form:
√


fg
ρρ  f 
ρ 2
2
(5.45)
ψ ερ + η
+
− 1 = C0 ,
g
fg
g
2
2MPl
f
g(g − ρ 2 ) − ηψ 2 (g − 3ρ 2 ) + ερ 2 ψ 2 g
=
,
(5.46)
ρρ 
2
f
2MPl
g − 3ηψ 2

2
ρρ  f 
g
2MPl
g(g − ρ 2 − ρρ  ) + ηψ 2 (2ρ 2 + ρρ  ) + ηρρ  (ψ 2 )
−
=
,
2
2
f
g
2MPl
g − 3ηψ 2
(5.47)
where C0 is an integration constant, and ψ ≡ ϕ  . It is worth noting that the Eq. (5.45)
is a first integral of the equation of motion (5.5).
Then, following Rinaldi [31], we will search for analytical solutions of the system
(5.45)–(5.47) in the particular case supposing that
C0 = 0.

(5.48)

In this case the Eq. (5.45) yields
ρρ 

f
ερ 2 g
= g − ρ 2 −
,
f
η

(5.49)

This gives the following expression for the function f (r ):
C1
f (r ) =
exp −
ρ




(ερ 2 − η)g
dr ,
ηρρ 

(5.50)

where C1 is an integration constant. From Eq. (5.46), using the relation (5.49), one
can derive ψ 2 :
ερ 2 g
.
(5.51)
ψ 2 (r ) =
8π η(ερ 2 − η)
The scalar curvature for the metric (5.44) takes the following form:
R=

2ρ  g 
4ρ 
f 2
g f 
2
2ρ  f 
2ρ 2
f 
+
+
+ 2 .
−
− 2 −
−
2
2
2
ρ
ρg f
ρg
ρ g
ρg
2g f
gf
2g f

(5.52)

By using the relation (5.49), one can eliminate the function f (r ) from the expression
for R. As a result we find
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g
3ρ 
g
2(ερ 2 + η)
3ρ  ρ 
−
−
− 2 2
R=
−
ηρ 2
2ρg ρ
g
ρg
2ρ ρ
εg(ερ 2 − 2η) g  (ερ 2 − η) ρ  (ερ 2 − η)
−
+
.
−
2η2 ρ 2
2ηρρ  g
ηρρ 2

(5.53)

Formulas (5.50), (5.51) and (5.53) states the functions f (r ), ψ(r ) and R(r ) in
terms of g(r ). The equation for g(r ) can be obtained by eliminating f (r ) and ψ(r )
from Eq. (5.47) by using the relations (5.49) and (5.51)

g  1 4
− η ρ − 3ερ 2 + 2η g
g


4ρ 4 ρ 2
= 0.
+ ρ 2 3ερ 2 + 2η − 2ρρ  (ερ 2 − 2η) − 2
ερ − η

ρρ  (ερ 2 − 2η)

(5.54)

It is worth noting that a general solution of Eq. (5.54) could be obtained analytically
for an arbitrary function ρ(r ). Depending on the sign of εη the solution takes the
following forms:
A. εη > 0.
g(r ) =

ρ 2 (ρ 2 − 2lη2 )2
(ρ 2 − lη2 )2 F(r )

F(r ) = 3 −

,

ρ2
ρ
8m
lη
− 2 + arctanh ,
ρ
3lη
ρ
lη

(5.55)
(5.56)

B. εη < 0.
g(r ) =

ρ 2 (ρ 2 + 2lη2 )2
(ρ 2 + lη2 )2 F(r )

F(r ) = 3 −

,

ρ2
ρ
8m
lη
+ 2 + arctan ,
ρ
3lη
ρ
lη

(5.57)
(5.58)

Here m is an integration constant and lη = |εη|1/2 is a characteristic scale of nonminimal kinetic coupling.
For the specified function ρ(r ) formulas (5.55)–(5.58) together with (5.50) and
(5.51) give a solution to the problem of g(r ), f (r ), and ψ(r ) construction. Below
we consider two special examples of the function ρ(r ).

5.4.1 Schwarzschild Coordinates: ρ(r) = r
As was mentioned above, a freedom in choosing the radial coordinate r allows to
specify additionally the form of one of the metric functions. Let us make a choice:

102

S.V. Sushkov

ρ(r ) = r.

(5.59)

This case corresponds to Schwarzschild coordinates, so that r is the curvature radius
of coordinate sphere r = const > 0.
Substituting ρ(r ) = r into the formulas (5.50), (5.51), (5.55)–(5.58) and calculating the integral in (5.50), we derive the solutions for g(r ), f (r ) ψ(r ). For the first
time the solutions in the case ρ(r ) = r were obtained by Rinaldi [31]. Below we
briefly discuss these solutions separately depending on a sign of the product εη.
A. εη > 0. In this case the solution reads
f (r ) = C1 F(r ),
(r 2 − 2lη2 )2
,
g(r ) = 2
(r − lη2 )2 F(r )
ψ 2 (r ) =

(5.60)
(5.61)

2 r 2 (r 2 − 2l 2 )2
εMPl
η
,
lη2 (r 2 − lη2 )3 F(r )

(5.62)

where C1 is an integration constant and
F(r ) = 3 −

lη
r
8m
r2
+ arctanh .
−
2
3lη
r
r
lη

(5.63)

In the limit r → 0 the solution (5.60) for the function f (r ) takes the asymptotic form
f (r ) ≈ 4C1

2m
1−
r


.

To compare the derived asymptotic with the Schwarzschild solution it is convenient
to set C1 = 1/4.
Note that the expressions (5.60)–(5.62) contain the function (lη /r )arctanhr/lη ,
which is defined in the domain r ∈ (0, lη ). To continue the solution into the interval
r ∈ (lη , ∞), one should make use of the identity
lη
r
lη + r
lη
arctanh =
ln
,
r
lη
2r lη − r


 l +r 
l
and then turn to the function 2rη ln  lηη −r . At r → ∞ the asymptotic of the function
f (r ) with the domain extended to the interval (lη , ∞) has a form of the de Sitter
solution:
r2
3
.
f (r ) ≈ −
4 12lη2
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 l +r 
l
Also note that at r = lη the function 2rη ln  lηη −r  has a logarithmic singularity and
that is why its domain consists of two disconnected parts R1 : 0 < r < lη and
R2 : lη < r < ∞. This implies that we have two different classes of solutions of
the form (5.60)–(5.62) which are defined independently within separate domains R1
and R2 .
Further let us take into account the fact that we consider the real scalar field, so
the value ψ 2 should be nonnegative, i.e., ψ 2 ≥ 0. In view of this requirement the
formula (5.62) imposes additional restrictions on the domain of r . In particular, it
should be noted that in each of the intervals R1 and R2 at fixed ε a sign of the function
ψ 2 (r ) is defined by a sign of F(r ) and reverses where the function F(r ) reverses
its sign. Hence we can resume that the solution (5.60)–(5.62) cannot be considered
as a solution which describes a black hole in the theory of gravity with nonminimal
kinetic coupling.
B. εη < 0. In this case the solution reads as follows:
f (x) =
g(x) =

1
F(r ),
4
(r 2 + 2lη2 )2
(r 2 + lη2 )2 F(r )

ψ 2 (r ) = −
where
F(r ) = 3 +

(5.64)
,

2 r 2 (r 2 + 2l 2 )2
εMPl
η
,
lη2 (r 2 + lη2 )3 F(r )

r2
lη
r
8m
+ arctan .
−
3lη2
r
r
lη

Now the solution contains a function

lη
r

(5.65)
(5.66)

(5.67)

arctan lrη and has a domain r ∈ (0, ∞). In the

limit r → 0 the function f (r ) yields the Schwarzschild asymptotics: f (r ) ≈ 1 − 2m
,
r
r2
and in the limit r → ∞ – the anti-de Sitter one: f (r ) ≈ 43 + 12l
.
However,
the
2
η
obtained solution cannot be considered as an analogue of the Schwarzschild-anti-de
Sitter solution, as in the case of m > 0 the function F(r ) reverses sign at a point rh
inside the interval r ∈ (0, ∞) and hence the value of ψ 2 becomes negative in one of
the intervals (0, rh ) or (rh , ∞) according to the sign of ε.
From a physical point of view a case m = 0 may be of some interest. In this case
the function F(r ) is everywhere positive and regular. About a zero point the metric
functions have asymptotics f (r ) = 1 + O(r 2 ) and g(r ) = 1 + O(r 2 ), as well as
εM 2 2
ψ 2 (r ) = l 2 Pl rl 2 (1 + O(r 2 )). Thus, at ε = +1 we obtain static spherically symmetric
η
η
configuration with regular center and the anti-de Sitter structure at infinity.

104

S.V. Sushkov

5.4.2 Wormhole Configuration: ρ(r) =



r 2 + a2

In this section we consider static spherically symmetric configurations with the metric
function ρ(r ) of the following form:
ρ(r ) =


r 2 + a2,

(5.68)

where a > 0 is a parameter. Then the metric (5.44) reads
ds 2 = − f (r )dt 2 + g(r )dr 2 + (r 2 + a 2 )dΩ 2 .

(5.69)

If f (r ) and g(r ) are everywhere positive and regular functions with a domain
r ∈ (−∞, ∞), then the metric (5.69) describes a wormhole configuration with a
throat at r = 0; the parameter
a is a throat radius.
√
Substituting ρ(r ) = r 2 + a 2 into the formulas (5.51), (5.55)–(5.58), we derive
the solutions for g(r ), f (r ) and ψ 2 (r ) in an explicit form. Below we consider these
solutions for each sign of the product εη.
A. εη > 0. In this case the solution for√
g(r ) is given by the formulas
(5.55)–(5.56).
√
The solution contains the function (lη / r 2√+ a 2 ) arctanh ( r 2 + a 2 /lη ) with the
domain that could be found from condition r 2 + a 2 /lη < 1, i.e., |r | < r1 ≡ (lη2 −
√
√
a 2 )1/2 . At the points |r | = r1 the function (lη / r 2 + a 2 ) arctanh ( r 2 + a 2 /lη ) logarithmically diverges. Consequently, the metric function g(r ) guides the singular
behavior near |r | = r1 , that makes this solution unphysical.
√
B. εη < 0. In this case, by substituting ρ(r ) = r 2 + a 2 into the formulas (5.57),
(5.58) and (5.50), we obtain the following solutions for the metric functions g(r )
and f (r ) and the function ψ 2 (r ):
f (r ) = C1 F(r ),
r 2 (r 2 + a 2 + 2lη2 )2
,
g(r ) = 2
(r + a 2 )(r 2 + a 2 + lη2 )2 F(r )
ψ 2 (r ) = −

(5.70)
(5.71)

2
r 2 (r 2 + a 2 + 2lη2 )2
εMPl
,
lη2 (r 2 + a 2 )(r 2 + a 2 + lη2 )3 F(r )

(5.72)

where
r 2 + a2
lη
F(r ) = 3 − √
+
+√
arctan
2
2
2
2
3l
r +a
r + a2
η
8m

√
r 2 + a2
lη

,

(5.73)
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and the integration constant C1 = 1/F(0) in the expression for f (r ) is chosen so that
f (0) = 1. The function F(r ) has a minimum at r = 0, thus to make it everywhere
positive one should demand F(0) > 0. Hence one can derive the limitation on the
upper value of the parameter m
2m < a


3 α2
1
+
+
arctan α ,
4 12 4α

(5.74)

where α ≡ a/lη is the dimensionless parameter which defines the ratio of two characteristic sizes: the wormhole throat radius a and the scale of the nonminimal kinetic
lη we get 2m < a. Further, we assume that the
coupling lη . In the particular case a
value of m satisfies the condition (5.74), and therefore the function F(r ) is positively
definite, i.e. F(r ) > 0.
Let us consider the asymptotic properties of the obtained solution. Far from the
throat in the limit |r | → ∞ the metric functions g(r ) and f (r ) have the following
asymptotics:

lη2
r2
1
,
f
(r
)
=
A
+ O(r 0 ),
(5.75)
g(r ) = 3 2 + O
r
r4
lη2
where the constant A depends on the parameters a, lη and m and can be calculated
only numerically. Let us note that the derived asymptotics correspond to the geometry
of anti-de Sitter space with a constant negative curvature.
In the neighborhood of the throat r = 0 we obtain
g(r ) = B
where
B=

r2
+ O(r 4 ),
lη2

f (r ) = 1 + O(r 2 ),

(α 2 + 2)2

α 2 (α 2 + 1)2 3 + 13 α 2 − 8m
+
a

1
α

arctan α

(5.76)

.

It is worth noticing that at the throat r = 0 the metric function g(r ) vanishes, i.e.,
g(0) = 0. This implies that there is a coordinate singularity at r = 0. To answer the
question whether there is a geometric singularity at this point, one should compute the
curvature invariants for the metric (5.44). In this paper we confine ourselves to discussion of the scalar curvature (5.53). By substituting the solution (5.71) into (5.53) one
can check that the curvature near the throat is regular: R(r ) = R0 + O(r 2 ), where
the value R0 = R(0) is cumbersomely expressed in terms of the parameters a, lη m.
Far from the throat in the limit |r | → ∞ the scalar curvature tends asymptotically
to a constant negative value, i.e. R → R∞ , where
R∞ = −

5 + 3lη2
2lη2

.

(5.77)
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Fig. 5.4 Graphs for the metric functions g(r ), f (r ) and the scalar curvature R(r ) with lη = 1,
m = 0.1. Curves, from thin to thick, are given for a = 0.3; 0.5; 1.5

It is worthwhile to note that the asymptotic value R∞ is determined only by the
characteristic scale of nonminimal kinetic coupling lη and does not depend on a and
m. We also note that R∞ → −∞ in the limit lη → 0.
Finally, we discuss briefly the solution (5.72) for ψ 2 (r ). Since F(r ) > 0, hence
the condition ψ 2 (r ) ≥ 0 holds only for ε = −1. Now taking into account that the
solutions (5.71), (5.70), and (5.72) was obtained in the case εη < 0, we can conclude
that η > 0.
To illustrate the performed analysis, we show the numerical solutions for g(r ),
f (r ) and the scalar curvature R(r ) in Fig. 5.4.

5.5 Summary and Discussion
We have explored static spherically symmetric wormhole solutions in the Horndeski theory of gravity with the simplest lagrangian containing the terms (εg μν +
ηG μν )φ,μ φ,ν and V (φ) and representing a particular case of the general Horndeski
lagrangian [24], which leads to second-order equations of motion.
Carrying out a local analysis of the flare-out conditions, we have shown that
solutions with a throat in the theory (5.3) with a nonzero kinetic coupling parameter
η = 0 could exist for all possible values of ε = −1, 0, +1; in the case ε = −1 the
value V0 = 0 is admissible, while in the case ε = +1 and ε = 0 the initial value V0
should be necessarily positive at the throat. For comparison, it is worth noticing that
solutions with a throat in the minimally coupling model with η = 0 are forbidden
for an ordinary scalar field with ε = +1 [5].
Note that the flare-out condition does not guaranty by itself the existence of
asymptotic regions and so it is a necessary but not sufficient condition for a wormhole solution to exist. Assuming additionally an asymptotic flatness, we have found
numerical solutions describing traversable (Lorentzian) wormholes in the particular
case V (φ) ≡ 0 (no potential) and ε = −1.
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The wormhole solutions constructed numerically could be classified by their
asymptotic behavior which, in turn, is determined by asymptotics of the metric functions ρ(r ) and A(r ) at r → ±∞. If A0 = 0, then both ρ(r ) and A(r ) are even,
and so a wormhole configuration is symmetrical relative to the throat r = 0. In this
case both asymptotic masses m ± are equal, i.e., m − = m + = m, and one has the
following cases: (i) m > 0 if κ < 0; (ii) m = 0 if κ = 0; (iii) m < 0 if κ > 0. In
case A0 = 0 a wormhole configuration has no symmetry relative to the throat, hence
the asymptotic masses m ± are different, i.e., m − = m + , and one gets (i) m − > 0,
m + > 0 if η < η1 < 0; (ii) m − ≤ 0, m + > 0 if η1 < η < η2 ; (iii) m − < 0, m + ≤ 0
if η > η2 > 0. Thus, depending on η, a wormhole could possess positive and/or negative asymptotic Schwarzschild masses. It is worth emphasizing that both masses
are positive only provided η < η1 (for a symmetrical wormhole configuration one
has η1 = η2 = 0), otherwise one or both wormhole masses are negative. For example, let us consider the case η = 0, when the scalar field is minimally coupled to
the curvature. In this case well-known wormhole solutions have been analytically
obtained by Ellis [13] and Bronnikov [4]. Such wormholes inevitably possess a
negative Schwarzschild mass in one of the asymptotic regions, or, in the particular
case of a symmetric wormhole configuration, both asymptotic masses are equal to
zero. (Note that our numerical calculations given in Figs. 5.1, 5.2 and 5.3 completely
reproduce this particular analytical result.)
The stability of wormhole configurations is an important test of their possible
viability. The stability of wormholes supported by phantom scalar fields was intensively investigated in the literature [6, 16, 35, 42], and the final resolution states
that both static and non-static (see Ref. [42]) scalar wormholes are unstable. Though
this result is technically complicated, there is a simple qualitative explanation of
this instability. Actually, as was mentioned above, a scalar wormhole inevitably possesses a negative Schwarzschild mass in one of the asymptotic regions; for example,
let it be R− : r → −∞. This means that the gravitational potential is decreasing and
the gravitational force is repulsive far from the throat. Consider now a small scalar
perturbation of the wormhole geometry localized near the throat. Such a perturbation
shall play a role of a small bunch of energy density and, because of the repulsive
character of the gravitational field, it shall be pushed to the infinity R− . Similarly,
any scalar perturbations will propagate from the throat vicinity to infinity, and this
indicates an instability of the throat.
In comparison with wormholes supported by a phantom scalar field minimally
coupled to the curvature, the scalar wormholes with nonminimal derivative coupling described in this chapter have a more general asymptotic behavior. Namely,
depending on a value of the nonminimal derivative coupling parameter η one of the
following qualitatively different cases is realized: (i) one of the asymptotic wormhole
masses or both of them are negative; (ii) both asymptotic masses are positive. Taking
into account the previous qualitative consideration, one can expect that a wormhole
configuration will be unstable in the first case and stable in the second one. Actually,
if both asymptotic masses are positive, then the gravitational potential is increasing
and the gravitational field is attractive on both sides of the wormhole throat. In this
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case all scalar perturbations should be localized in the vicinity of the throat, and this
would provide a stability.1
Previously, Rinaldi [31] found a class of exact solutions with nonminimal kinetic
coupling with characteristic features of black holes, particularly, with event horizon.
In this work, using the Rinaldi approach, we have found and examined analytical
solutions describing wormholes. A detailed analysis revealed a number of characteristic features of the obtained solutions. In particular, it turned out that the wormhole
solution exists only if ε = −1 (phantom case) and η > 0. The wormhole metric has
a specific coordinate singularity at the wormhole throat, namely, the metric component grr is vanished at r = 0. However, there is no curvature singularity at the throat,
since all the curvature invariants stay regular. Also it was shown that the wormhole
throat connects two asymptotic regions with anti-de Sitter geometry of spacetime.
Acknowledgements The work was supported by the Russian Government Program of Competitive
Growth of Kazan Federal University.
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Chapter 6

Self-Sustained Traversable Wormholes
Remo Garattini and Francisco S.N. Lobo

6.1 Introduction
A wormhole can be represented by two asymptotically flat regions joined by a bridge,
and are solutions to the Einstein field equations, and is given by the following line
element [1–3]
ds 2 = − exp (−2Φ (r )) dt 2 +



dr 2
+ r 2 dθ 2 + sin2 θ dϕ 2 ,
1 − b(r )/r

(6.1)

where Φ (r ) is called the redshift function, while b (r ) is called the shape function.
radial distance can be related to the shape function by l (r ) =
 r A proper
√
± r0 d r̄ / 1 − b± (r̄ )/r̄ , where the plus (minus) sign is related to the upper (lower)
part of the wormhole or universe. Two coordinate patches are required, each one
covering the range [r0 , +∞). Each patch covers one universe, and the two patches
join at r0 , the throat of the wormhole defined by r0 = min {r (l)}. One of the prerogatives of a wormhole is its ability to connect two distant points in space–time.
In this amazing perspective, it is immediate to recognize the possibility of traveling
crossing wormholes as a shortcut in space and time.
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The Einstein field equation provides the following relationships
2
( pt − pr ) − (ρ + pr ) Φ  ,
r
b = 8π Gρ (r ) r 2 ,
b + 8π Gpr r 3
,
Φ = 2
2r (1 − b (r ) /r )
pr =

(6.2)
(6.3)
(6.4)

where the prime denotes a derivative with respective to the radial coordinate. The
quantity ρ (r ) is the energy density, pr (r ) is the radial pressure, and pt (r ) is the
lateral pressure. However, these solutions are accompanied by unavoidable violations
of null energy conditions, namely, the matter threading the wormhole’s throat has to
be exotic. Classical matter satisfies the usual energy conditions, therefore, it is likely
that wormholes must belong to the realm of semiclassical or perhaps a possible
quantum theory of the gravitational field.
Since a complete theory of quantum gravity has yet to be devised, it is important
to approach this problem with another strategy. On this ground, in a series of papers
[4, 5], the idea of self-sustained traversable wormhole was introduced. A traversable
wormhole is said to be self-sustained if it is totally supported by its own quantum fluctuations. This is quite similar to compute the Casimir energy on a fixed background,
where it is known that for different physical systems, the Casimir energy is negative.
This is exactly the feature that exotic matter should possess. Usually, the Casimir
energy is related to the Zero Point Energy (ZPE) and usually is Ultraviolet (UV)
divergent.1 To this purpose, in this contribution, two methods to keep under control
the UV divergences will be discussed: (1) a standard regularization/renormalization
process; (2) the distortion of gravity at the Planck scale.
We will discuss specific wormhole models such as: (i) the Ellis wormhole [8, 9];
(ii) a wormhole geometry supported by an equation of state (EoS)2 givenby pr = ωρ;
(iii) and a geometry supported by an EoS given by pr = ω(r )ρ, where the parameter
is now dependent on the radial coordinate; (iv) and finally, a traversable wormhole
induced by a noncommutative geometry. Of course, this selection does not exhaust
the list of interesting profiles, but it is large enough to show the whole procedure
of a self-sustained traversable wormhole. Although the semiclassical approach can
be judged suspicious because of the suspected validity of semiclassical methods3
at the Planck scale [16], one can consider that the whole calculational approach is
sufficiently robust to be adopted.
The rest of the paper is structured as follows: In Sect. 6.2 we define the effective
Einstein equations, and we provide some of the basic rules to perform the functional
1 See for example Refs. [6,

7] to see how the Casimir procedure comes into play for ZPE calculations.

2 See also Refs. [10–13], where the authors search for classical traversable wormholes supported by

phantom energy.
this purpose, see also paper of Hochberg, Popov, and Sushkov [14], and the paper of Khusnutdinov and Sushkov [15].
3 To
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integration. In Sect. 6.3, we define the Hamiltonian approximated up to second order,
while in Sect. 6.4, we study the spectrum of the spin-two operator acting on transverse
traceless tensors. In Sect. 6.5, we regularize and renormalize the one loop energy
contribution and we speculate about the self-consistency of the result. In Sect. 6.6,
we distort gravity to regularize and renormalize the one loop energy contribution.
We summarize and conclude in Sect. 6.7.

6.2 Effective Einstein Equations and the Hamiltonian
6.2.1 Einstein Equations and the Hamiltonian
Let us consider the Einstein equations
1
G μν = Rμν − gμν R = κ Tμν .
2

(6.5)

where G μν is the Einstein tensor, Rμν is the Ricci tensor and R is the scalar curvature,
Tμν is the stress–energy tensor and κ = 8π G. If u μ is a time-like unit vector such
that gμν u μ u ν = −1, then the contraction G μν u μ u ν yields
1
1
G μν u μ u ν = Rμν u μ u ν − gμν u μ u ν R = Rμν u μ u ν + R.
2
2

(6.6)

By means of the Gauss–Codazzi equations [17],
R = R (3) ± 2Rμν u μ u ν ∓ K 2 ± K μν K μν ,

(6.7)

where K μν is the extrinsic curvature and R (3) is the three-dimensional scalar curvature. For a time-like vector, we take the lower sign and Eq. (6.6) becomes
G μν u μ u ν =


1  (3)
R + K 2 − K μν K μν .
2

(6.8)

If the conjugate momentum is defined by

π

μν

=

(3) g

2κ

(K g μν − K μν ) ,

(6.9)

then

K − K μν K
2

μν

=

2κ


(3) g

2 

π2
− π μν πμν
2

(6.10)
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and finally


(3) g

2κ


μ ν

G μν u u =

(3) g

2κ

2κ
R (3) + 

(3) g



π2
− π μν πμν
2

= −H (0) .

(6.11)

6.2.2 The Effective Einstein Equations
Consider, a separation of the metric into a background part, ḡμν , and a perturbation,
h μν ,
(6.12)
gμν = ḡμν + h μν .
The Einstein tensor G μν can also be divided into a part describing the curvature due
to the background geometry and that due to the perturbation,
 
 


G μν gαβ = G μν ḡαβ + ΔG μν ḡαβ , h αβ ,

(6.13)



where, in principle ΔG μν ḡαβ , h αβ is a perturbation series in terms of h μν .
In the context of semiclassical gravity, Eq. (6.5) becomes
G μν = κ Tμν

ren

,

(6.14)

ren

where Tμν
is the renormalized expectation value of the stress–energy tensor
operator of the quantized field. If the matter field source is absent, nothing prevents
us from defining an effective stress–energy tensor for the fluctuations as4
Tμν

ren

=−


 ren
1
ΔG μν ḡαβ , h αβ
.
κ

(6.15)

From this point of view, the equation governing quantum fluctuations behaves as
a backreaction equation. If we fix our attention to the energy component of the
Einstein field equations, we need to introduce a time-like unit vector u μ such that
gμν u μ u ν = −1. Then the semiclassical Einstein’s equations (6.14) projected on the
constant time hypersurface Σ become
 
G μν ḡαβ u μ u ν = κ Tμν u μ u ν

4 Note

ren



= − ΔG μν ḡαβ , h αβ u μ u ν

ren

.

(6.16)

that our approach is very close to the gravitational geon considered by Anderson and Brill
[18]. The relevant difference is in the averaging procedure.
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To proceed further, it is convenient to consider the associated tensor density and
integrate over Σ. This leads to5
1
2κ

Σ

 
√
d 3 x gG μν ḡαβ u μ u ν = −

1
=−
2κ
where

√

Σ

Σ


d x g ΔG μν ḡαβ , h αβ u μ u ν
3

√



d 3 xH (0)
ren

,

(6.17)

g is the spatial part of the determinant of the metric tensor on the traversable

wormhole fixed background and
H (0) = (2κ) G i jkl π i j π kl −

1 3
ḡ R,
2κ

(6.18)

is the background field super-hamiltonian. R is the three-dimensional scalar curvature and G i jkl is the DeWitt super metric defined as

1 
G i jkl = √ gik g jl + gil g jk − gi j gkl .
2 g

(6.19)

Thus, the fluctuations in the Einstein tensor are, in this context, the fluctuations of
the hamiltonian. To compute the expectation value of the perturbed Einstein tensor,
we will use a variational procedure. In practice, the right-hand side of Eq. (6.17) will
be obtained by expanding

E wormhole =

Ψ |HΣ | Ψ 
=
Ψ |Ψ 


 


Ψ  HΣ(0) + HΣ(1) + HΣ(2) + . . . Ψ
Ψ |Ψ 

,

(6.20)

and retaining only quantum fluctuations contributing to the effective stress energy
tensor. HΣ(i) represents the hamiltonian approximated to the i th order in h i j and Ψ is
a trial wave functional of the gaussian form. Then Eq. (6.17) becomes

HΣ(0) =

5 Details

Σ

d 3 xH (0) = −


 


Ψ  HΣ(1) + HΣ(2) + . . . Ψ
Ψ |Ψ 

.

(6.21)

on sign conventions and decomposition of the Einstein tensor can be found in Sect. 6.2.1.

116

R. Garattini and F.S.N. Lobo

6.3 Energy Density Calculation in Schrödinger
Representation
In order to compute the quantity
−

Σ



√
d 3 x g ΔG μν ḡαβ , h αβ u μ u ν

ren

,

(6.22)

we consider the right hand side of Eq. (6.21). Since HΣ(1) is linear in h i j and h, the
corresponding gaussian integral disappears and since
√

 
g
G μν gαβ u μ u ν = −H ,
κ

(6.23)

it is clear that the hamiltonian expansion in Eq. (6.21) does not coincide with the
averaged expanded Einstein tensor of Eq. (6.22) because Eq. (6.23) involves a tensor
density. Therefore, the correct setting is
√

Σ





d 3 x g ΔG μν ḡαβ , h αβ u μ u ν

ren

=

√

d3x g


 



Ψ H (2) − g (2) H (0)  Ψ

Σ

Ψ |Ψ 

,

(6.24)

where g (2) is the second-order expanded tensor density weight. Following the
same procedure of Refs. [4, 5], the potential part of the right-hand side of Eq. (6.24)
becomes


1
1
1
1
d 3 x ḡ − hh + h li h li − h i j ∇l ∇i h lj + h∇l ∇i h li
4
4
2
2
Σ

1
1
1
1
ij
ij
ij
a
(6.25)
+ h Ri j h + Rh h i j − h Rh − h Ria h j .
2
4
4
2
The term



 1 ij
1
Rh h i j − h Rh ,
d 3 x ḡ
4
4
Σ

(6.26)

makes the difference between the hamiltonian expansion and the Einstein tensor
expansion. To explicitly make calculations, we need an orthogonal decomposition
for both πi j and h i j to disentangle gauge modes from physical deformations. We
define the inner product
h, k :=

√
Σ

gG i jkl h i j (x) kkl (x) d 3 x,

(6.27)
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by means of the inverse WDW metric G i jkl , to have a metric on the space of deformations, i.e., a quadratic form on the tangent space at h, with
G i jkl = g ik g jl + g il g jk − 2g i j g kl .

(6.28)

The inverse metric is defined on co-tangent space and it assumes the form
 p, q :=

√
Σ

gG i jkl pi j (x) q kl (x) d 3 x,

(6.29)


1 i j
j
δk δl + δli δk .
2

(6.30)

so that
G i jnm G nmkl =

Note that in this scheme the “inverse metric” is actually the WDW metric defined
on phase space. The desired decomposition on the tangent space of 3-metric deformations [19–21] is:
hi j =

1
(σ + 2∇ · ξ ) gi j + (Lξ )i j + h i⊥j ,
3

(6.31)

where the operator L maps ξi into symmetric tracefree tensors
2
(Lξ )i j = ∇i ξ j + ∇ j ξi − gi j (∇ · ξ ) ,
3

(6.32)

h i⊥j is the traceless-transverse component of the perturbation (TT), namely
g i j h i⊥j = 0,

∇ i h i⊥j = 0 ,

(6.33)

and h is the trace of h i j .
It is immediate to recognize that the trace element σ = h − 2 (∇ · ξ ) is gauge
invariant. Thus the inner product between three-geometries becomes
h, h : =

√

gG i jkl h i j (x) h kl (x) d 3 x
Σ


2
√
g − h 2 + (Lξ )i j (Lξ )i j + h i j⊥ h i⊥j .
=
3
Σ

(6.34)

With the orthogonal decomposition in hand we can define the trial wave
functional6

6 See also Refs. [22,

level.

23] for further details on the decomposition of the perturbation at the quantum
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⊥
T race 
 →
1
h K −1 h
,
x
= N exp −
Ψ hi j −
+ (Lξ ) K −1 (Lξ )
+ h K −1 h
x,y
x,y
x,y
4

(6.35)
where N is a normalization factor. We are interested in perturbations of the physical
degrees of freedom. Thus we fix our attention only to the TT tensor sector reducing
therefore the previous form into

 →
1
x
= N exp − h K −1 h
Ψ hi j −
4

⊥
x,y


.

(6.36)

Therefore to calculate
  the energy density, we need to know the action
 of some
basic operators on Ψ h i j . The action of the operator h i j on |Ψ  = Ψ h i j is realized
by
 →  
x Ψ hi j ,
(6.37)
h i j (x) |Ψ  = h i j −
and the action of the operator πi j on |Ψ , in general, is
πi j (x) |Ψ  = −i

 
δ
−
 Ψ hi j .
→
δh i j x

(6.38)

The inner product is defined by the functional integration:
Ψ1 | Ψ2  =



 
Dh i j Ψ1∗ h i j Ψ2 {h kl } ,

(6.39)

and by applying previous functional integration rules, we obtain the expression of
the one loop-like Hamiltonian form for TT (traceless and transverse) deformations
⊥=
HΣ



 a
1
1
√
ˆ L K ⊥ (x, x)iakl .
d 3 x gG i jkl (16π G) K −1⊥ (x, x)i jkl +

j
4 Σ
(16π G)

(6.40)

The propagator K ⊥ (x, x)iakl comes from a functional integration and it can be
represented as
 )⊥ −

(τ )⊥ −
→
→
 h ia
→ −

x h (τ
y
kl
→
⊥ −
,
(6.41)
x , y iakl :=
K
2λ (τ )
τ

(τ )⊥ −
→
ˆ L, whose eigenvalues will be denoted
where h ia
x are the eigenfunctions of 
2
with ω (τ ). τ denotes a complete set of indices and λ (τ ) are a set of variational
parameters to be determined by the minimization of Eq. (6.40). The expectation value
of H ⊥ is easily obtained by inserting the form of the propagator into Eq. (6.40)
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2 
ωi2 (τ )
1 
.
(16π G) λi (τ ) +
4 τ i=1
(16π G) λi (τ )

(6.42)

By minimizing with respect to the variational function λi (τ ), we obtain the total
one loop energy for TT tensors
E

TT

1
=
4 τ




2
2
ω1 (τ ) + ω2 (τ ) .

(6.43)

The above expression makes sense only for ωi2 (τ ) > 0, i = 1, 2 (The meaning of
ωi2 will be clarified in the next section) and
E (0) = −E T T ,

(6.44)

where E (0) is the classical energy and E T T is the total regularized graviton one loop
energy.

6.4 The Transverse Traceless (TT) Spin 2 Operator
for the Traversable Wormhole and the W.K.B.
Approximation
In this section, we evaluate the one loop energy expressed by Eq. (6.43). To this purpose, we begin with the operator describing gravitons propagating on the background
(6.1). The Lichnerowicz operator in this particular metric is defined by




ˆ Lh ⊥ =  Lh ⊥ − 4R ikh ⊥

kj ,
ij

(6.45)

ij

acting on traceless-transverse tensors of the perturbation and where  L is the standard
Lichnerowicz operator defined by
( L h)i j = h i j − 2Rik jl h kl + Rik h kj + R jk h ik ,

(6.46)

where  = −∇ a ∇a is the scalar curved Laplacian, whose form is

b (r )
S = 1 −
r

d2
+
dr 2



4r − b (r ) r − 3b (r )
2r 2

d
L2
− 2 ,
dr
r

(6.47)

and R aj is the mixed Ricci tensor whose components are (we have considered that
the redshift function is zero, Φ(r ) = 0, for simplicity):
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Ria =


b (r ) b (r ) b (r ) b (r ) b (r ) b (r )
.
−
,
+
,
+
r2
r3
2r 2
2r 3 2r 2
2r 3

(6.48)

The scalar curvature is
j

R = Ri δ ij = 2

b (r )
.
r2

(6.49)

We are therefore led to study the following eigenvalue equation

j
j
2 h T T i = E 2 h i ,

(6.50)

where E is the eigenvalue of the corresponding equation. In order to use the WKB
approximation, one can define two r -dependent radial wave numbers
2
ki2 (r, l, E nl ) = E nl
−

where7

⎧
2
⎪
⎪
⎨ m 1 (r ) =

6
r2

⎪
⎪
⎩ m 2 (r ) =

6
r2

2




l (l + 1)
− m i2 (r ) ,
r2

1−

b(r )
r

1−

b(r )
r




(i = 1, 2),

−

1 
b
2r 2

(r ) −

3
b
2r 3 (r )

−

3 
b
2r 2

(r ) +

3
b
2r 3 (r )

(6.51)

(6.53)

are two r -dependent effective masses m 21 (r ) and m 22 (r ). The number of modes with
frequency less than E, is given approximately by
gi (E) =

νi (l, E) (2l + 1) dl,

i = 1, 2

(6.54)

where νi (l, E) (i = 1, 2) is the number of nodes in the mode with (l, E i ), such that
νi (l, E) =

1
π

+∞
−∞


d x ki2 (x, l, E).

(6.55)

Here, it is understood that the integration with respect to x and l is taken over
those values which satisfy ki2 (x, l, E i ) ≥ 0, i = 1, 2. Thus, the total one loop energy
for TT tensors is given by
7 Note

that sometimes the effective masses are related to the three-dimensional Lichnerowicz operator defined in [24], whose form is
⎧


b(r )
6
3 
3
2
⎪
⎪
⎨ m 1 (r ) = r 2 1 − r + 2r 2 b (r ) − 2r 3 b (r )
(6.52)


⎪
⎪
⎩ m 2 (r ) = 62 1 − b(r ) + 12 b (r ) + 33 b (r ) .
2
r
r
2r
2r
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1
4 i=1

+∞

2

ETT =

Edgi (E) .

(6.56)

0

The related energy density is composed by the following integrals
⎧

 +∞
1
2
⎪
⎨ ρ1 = 4π 2 √U1 (x) E E 2 − U1 (x)d E
.

⎪
⎩ ρ = 1 √+∞ E 2 E 2 − U (x)d E
2
2
2
U2 (x)
4π

(6.57)

Usually ρ1 and ρ2 are ultraviolet divergent, so that it is therefore necessary to introduce some regularization procedure.
In this contribution, as mentioned in the Introduction, we will discuss two different
methods to keep under control the UV divergence: (i) a standard regularization and
renormalization procedure; (ii) the distortion of the gravitational field at Planckian
scale. We begin to consider a standard regularization and renormalization procedure
to evaluate Eq. (6.56).

6.5 One Loop Energy Regularization and Renormalization
In this section, we proceed to evaluate the one loop energy described by (6.56). The
method is equivalent to the scattering phase shift method and to the same method
used to compute the entropy in the brick wall model. We use the zeta function regularization method to compute the energy densities ρ1 and ρ2 . Note that this procedure
is also equivalent to the subtraction procedure of the Casimir energy computation,
where ZPE in different backgrounds with the same asymptotic properties is involved.
To this purpose, we introduce the additional mass parameter μ in order to restore
the correct dimension for the regularized quantities. Such an arbitrary mass scale
emerges unavoidably in any regularization scheme. Then, we have
ρi (ε) =

1 2ε
μ
4π 2

+∞
√
Ui (x)



E 2d E
E 2 − Ui (x)

ε− 21 .

(6.58)

If one of the functions Ui (x) is negative, then the integration has to be meant in
the range where E 2 + Ui (x) ≥ 0. In both cases the result of the integration is



Ui2 (x) 1
4μ2
+ ln √
.
ρi (ε) = −
64π 2 ε
eUi (x)

(6.59)

Therefore the self-sustained Eq. (6.44) becomes
b (r )
= −2 [ρ1 (ε, μ) + ρ2 (ε, μ)] ,
2Gr 2

(6.60)
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where we have considered the energy density instead of the energy. Separating the
divergent contribution from the finite one, we can write

b (r )
1  2
U1 (r ) + U22 (r )
=
2Gr 2
32π 2 ε

 



2
 4μ2 


1
2

 + U 2 (r ) ln  4μ √  . (6.61)
U
+
(r
)
ln
√
1
2



2
32π
U1 (r ) e
U2 (r ) e 
It is essential to renormalize the divergent energy by absorbing the singularity in
the classical quantity. For example, by redefining the bare classical constant G as
 2

U1 (r ) + U22 (r ) 2
1
1
→
r ,
+
G
G0
16π 2 b (r )ε

(6.62)

the UV divergence is removed. Using this, Eq. (6.61) takes the form

 



 4μ2 
 4μ2 
b (r )
1
2
2



+ U2 ln 
U1 (r ) ln 
=
√
√  .
2G 0 r 2
32π 2
U1 (r ) e 
U2 (r ) e 

(6.63)

Note that this quantity depends on an arbitrary mass scale. Thus, using the renormalization group equation to eliminate this dependence, we impose that

 





 4μ2 
 4μ2 
d b (r )
μ d
2
2



+ U2 ln 
,
μ
=
U1 (r ) ln 
√
√ 
dμ G 0 r 2
16π 2 dμ
U1 (r ) e 
U2 (r ) e 
(6.64)
which reduces to

b (r ) ∂G −1
1  2
0 (μ)
=
U1 (r ) + U22 (r ) .
μ
r2
∂μ
8π 2

(6.65)

The renormalized constant G 0 is treated as a running constant, in the sense that it
varies provided that the scale μ is varying, so that one may consider the following
definition

 2

1
1
r2
μ
2
.
(6.66)
=
+
U1 (r ) + U2 (r ) ln
2

G 0 (μ)
G 0 (μ0 ) 8π b (r )
μ0
Thus, Eq. (6.61) finally provides us with
b (r )
1
=
G 0 (μ0 )r 2
16π 2




2
U1 (r ) ln 


 

 4μ20 
4μ20 
2

+ U2 (r ) ln 
√
√  . (6.67)
U1 (r ) e 
U2 (r ) e 

Note that this result is independent on the choice of the shape function b (r ). One
possibility is to integrate over the whole space, namely in the range [r0 , +∞).
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6.5.1 Specific Case: Ellis Wormhole
The final result has been shown in Ref. [5], for the special case in which
b (r ) =

r02
,
r

(6.68)

representing the Ellis wormhole. For this special case, the line element (6.1) simply
becomes


dr 2
(6.69)
+ r 2 dθ 2 + sin2 θ dϕ 2 ,
ds 2 = −dt 2 +
2 2
1 − r0 /r
while the proper radial distance simplifies into
l (r ) = ±

r
r0

d r̄


1

− r02 /r̄ 2


= ± r 2 − r02

=⇒

r 2 = l 2 + r02 .

(6.70)

To obtain a wormhole radius, a further minimization procedure has been used. One
obtains:
=⇒
μ0 = 0.39m p , where we have identified G 0 (μ0 ) with
(a) r̄0 = 1.16l p
the squared Planck length;
√
=⇒
G 0 (μ0 ) = 0.39l p , where we have identified μ0 with
(b) r̄0 = .45l p
the Planck scale.

6.5.2 Specific Case: pr = ωρ
On this ground one can also impose an equation of state (EoS) of the form pr = ωρ,
and with the help of Eqs. (6.3) and (6.4), we obtain
b (r ) = r0

 r  ω1
0

r

.

(6.71)

In this case, the line element (6.1) becomes
ds 2 = −Adt 2 +

dr 2
1 − (r0 /r )

1+ ω1



+ r 2 dθ 2 + sin2 θ dϕ 2 ,

(6.72)

where A is a constant which can be absorbed in a redefinition of the time coordinate.
The constant result is obtained by imposing Φ  = 0, so that Eq. (6.4) implies
b (r ) + ωb (r ) r = 0.

(6.73)
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The parameter ω is restricted by the following conditions b (r0 ) < 1, which follows
from the flaring-out condition at the throat; b (r ) /r → 0 as r → +∞, which is
necessary to have asymptotic flatness, and ω > 0 or ω < −1.
The proper radial distance is related to the shape function by

r0 2ω
1
ρ (1+ ω ) − 1
l (r ) = ±
ω+1


2 F1

1 1−ω 3
1
,
; ; 1 − ρ (1+ ω ) ,
2 2ω + 2 2

(6.74)

where the plus (minus) sign is related to the upper (lower) part of the wormhole or
universe and where 2 F1 (a, b; c; x) is a hypergeometric function. When ω = 1, we
recover the shape function (6.68). We refer to Ref. [4] for the details.
Here, we report only the case in which G 0 (μ0 ) is identified with the squared
Planck length. Then, the wormhole radius can be approximated by

r̄0 

⎧
⎪
⎪
⎨
⎪
⎪
⎩

√
105
√
5 π


1+

1
ω

 449
420

!


− 2 ln (2) + O ω−2 l p

√
√ 30√
12 π ω

!

+ O ω1/2 l p

ω → +∞
.

(6.75)

ω→0

As we can see, from the expression (6.75), the radius is divergent when ω → 0. At
this stage, we cannot establish if this is a physical result or a failure of the scheme.
When ω → ±∞, r̄t approaches the value 1.16l p , while for ω = 1, we obtained r̄t =
1.16l p . It is interesting to note that when ω → +∞, the shape function b (r ) in Eq.
(6.71) approaches the Schwarzschild value, when we identify r̄0 with 2M G. It is
interesting to note that outside the phantom range we have wormhole solutions. This
is not unexpected since the graviton quantum fluctuations play the role of the exotic
matter. The positive ω sector seems to corroborate the Casimir process of the quantum
fluctuations supporting the opening of the wormhole. Even in this region, we do not
know what happens approaching directly the point ω = 0, because it seems that this
approach is ill defined.

6.5.3 Specific Case: pr = ω(r)ρ
If we generalize the EoS pr = ωρ to include a dependence on the radius r , namely
pr = ω (r ) ρ, the shape function becomes

b(r ) = r0 exp −

r
r0

d r̄
ω(r̄ )r̄


,

(6.76)

and solutions for the self-sustained wormhole can be found as shown in Ref. [25],
without fixing a specific form for ω (r ). The analysis around the wormhole throat
shows in a rather speculative scenario, that the accretion of phantom energy by the
wormhole gradually increases the wormhole throat to macroscopic size, much in the
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spirit of Refs. [26–30]. It is of course immediate to generalize the inhomogeneous
EoS to a polytropic EoS of the form pr = ωρ γ .
One gets from Eq. (6.4) that it is always possible to impose that Φ (r ) = C. This
means that
# γ γ−1
"
γ −1
γ −1

(8π G) γ  3
γ
r − r03
,
(6.77)
b (r ) = r0 + γ
1
ωγ
where the throat condition b (r0 ) = r0 has been imposed. However, it is straightforward to see that the solution is not asymptotically flat. Indeed b (r )  r 3 , for r → ∞,
∀γ , and therefore this case will be discarded.8

6.5.4 Specific Case: Wormhole Geometry Induced
by Noncommutative Geometry
Finally, to conclude the application of the regularization/renormalization procedure
to determine the existence of self-sustained traversable wormholes, one can note that
this method has been applied also to wormhole geometries induced by noncommutative geometry. With noncommutative wormholes we mean that
√ the energy density
is represented by a Gaussian distribution of minimal length α. In particular, in
Ref. [32], the energy density of a static and spherically symmetric, smeared, and
particle-like gravitational source has been considered in the following form
 2
M
r
exp −
ρα (r ) =
(4π α)3/2
4α

,

(6.78)

√
where the mass M is diffused throughout a region of linear dimension α. Thus,
Eq. (6.3) can be immediately integrated, and provides the following solution
8π G M
b(r ) = C +
(4π α)3/2

r

 2
r̄
r̄ exp −
4α
2

r0

d r̄ ,

(6.79)

where C is a constant of integration. To be a wormhole solution we need b(r0 ) = r0
at the throat which imposes the condition C = r0 .
However, in the context of noncommutative geometry, without a significant loss
of generality, the above solution may be expressed mathematically in terms of the
incomplete lower gamma functions in the following form
2r S
b(r ) = C − √ γ
π



3 r02
,
2 4α

2r S
+√ γ
π

8 It is interesting to note that the inhomogeneous case, namely

results [31].



3 r2
,
2 4α

.

(6.80)

pr = ω (r ) ρ γ potentially can produce
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In order to create a correspondence between the spacetime metric (6.1) and the
spacetime metric of Ref. [32], we impose that
2r S
b(r ) = √ γ
π
where
2r S
C=√ γ
π





3 r2
,
2 4α

,

3 r02
,
2 4α

(6.81)

.

(6.82)

The shape function expressed in this form is particularly simplified, as one may
now use the properties of the lower incomplete gamma function, and compare the
results directly with the solution in Ref. [32]. However, in this form we have to see
if a solution of the condition b(r0 ) = r0 exists. If we define
r0
x0 = √
2 α

and

√
απ
,
a=
rS

(6.83)

then the throat condition becomes
1
γ
a



3 2
,x
2 0

= x0 .

(6.84)

In order to have one and only one solution we search for extrema of
1
γ
x0



3 2
,x
2 0

=a,

(6.85)

which provides
r̄0
1
x̄0 = 1.5112 = √ , and
γ
x̄0
2 α



3 2
, x̄
2 0

= 0.4654 .

(6.86)

From these relationships we deduce that
√

απ
= 0.4654 = a ,
rS

or

√
3.81 α = rα = r S ,

(6.87)

(6.88)

which finally provides a relationship between r0 and r S given by
√

r S = r̄0

π
= 1.2599r̄0 .
2 x̄0 a

(6.89)
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Only the case in which rα < r S produces solutions: we have two roots denoting an
inner throat r√− and an outer throat r+ with r+ > r− . Note that we necessarily have
depends on the value of a, we can set
r+ > r̄0  3 α. Since the throat location
√
without a loss of generality r+ = k α with k > 3. Therefore
√

2r S
b (r+ ) = r+ = k α = √ γ
π



3 k2
,
2 4

.

(6.90)

To avoid the region r− ≤ r ≤ r+ in which (1 − b(r )/r ) < 0, we define the range of
r to be r+ ≤ r < ∞.
In the analysis below, we require the form of b (r+ ) and b (r+ ). Thus, we define
r+
x= √ .
2 α

(6.91)

The application of the regularization/renormalization procedure, reduces Eq. (6.67)
to

 √
8α
3e
3 e
=
,
(6.92)
ln
ln
2 2
2
8μ0 r+
r+
8μ20 r+2
which in turn may be reorganized to yield the following useful relationship

8
1− 2
k


ln

3e
8μ20 αk 2

=

1
,
2

(6.93)

√
where we have set, as defined in Eq. (6.90), r+ = k α, with k > 4. Isolating the
k-dependent term provides the expression

4
8μ20 α
√ = k −2 exp − 2
k −8
3 e

.

(6.94)

It is interesting to note that the right-hand side has two extrema for positive√k: k1 = 2
and k2 = 4. In terms of the wormhole throat the first value becomes r1 = 2 α, which
will be discarded because its location is below the extreme radius, as√emphasized in
Sect. 3 of Ref. [33]. Relative to the second extrema k2 , i.e., r2 = 4 α, despite the
fact that k2 is larger than the extreme value (k = 3), it does not fall into the range of
the approximation of b (r+ )  1. Thus, it may also be discarded.
Following Ref. [33], we fix k ≥ 6. To this purpose, we build the following table
Values of k
6
7
8

√
μ0 α
0.12202
0.10698
0.09484

.

(6.95)
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√
Plugging the expression of μ0 α, i.e., Eq. (6.94), into Eq. (6.67), we get
9

γ
2
5
2π k k 2 − 8



3 k2
,
2 4


exp

k2
4

=

α
.
G 0 (μ0 )

(6.96)

√
The√following table illustrates the behavior of G 0 (μ0 )/α, and therefore of
r+ / G 0 (μ0 )
√
√
Values of k
α/G 0 (μ0 ) r+ / G 0 (μ0 )
6
0.12260
0.74
7
0.35006
2. 5
1
7.77770
k̄ = 7.77770
.
(6.97)
8
1.39883
11
9
7.64175
69.
10

56.23620

5. 6 × 102

√
Note that in table (6.95), as k increases then μ0 α decreases. This means that we
are approaching the classical value where the noncommutative parameter α → 0. It
appears also that there exists a critical value of k where α = G 0 (μ0 ). To fix ideas,
suppose we fix G 0 (μ0 ) at the Planck scale, then below k̄, the noncommutative parameter becomes more fundamental than G 0 (μ0 ). This could be a signal of another
scale appearing, maybe connected with string theory. On the other hand above k̄, we
have the reverse. However, the increasing values in the table is far to be encouraging
because the non-commutative approach breaks down when k is very large. Nevertheless, note the existence of interesting solutions in the neighborhood of the value
k̄ = 7.7. In this section, we have considered a self-sustained wormhole and we have
evaluated the one loop contribution with the help of a regularization/renormalization
procedure.
In the next section, we will consider the same traversable wormholes solutions,
but the UV divergences will be kept under control distorting the gravitational field.

6.6 Distorting Gravity
Distorting gravity means that one adopts a procedure to modify the gravitational field
at very high energies, actually at the Planckian scale, in such a way to keep under
control the UV divergences. This method is completely different to the one discussed
in Sect. 6.5. To this purpose, we have considered two possibilities: (a) Gravity’s
Rainbow, and (b) Noncommutative geometries.
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6.6.1 Gravity’s Rainbow
Gravity’s Rainbow is a distortion of the spacetime metric at energies comparable to
the Planck scale. A general formalism for a curved spacetime was introduced in [34],
where two unknown functions g1 (E/E P ) and g2 (E/E P ), denoted as the Rainbow’s
functions modify the basic line element (6.1). They have the following property
lim

E/E P →0

g1 (E/E P ) = 1

and

lim

E/E P →0

g2 (E/E P ) = 1 ,

(6.98)

and the line element (6.1) becomes9


r2
N 2 (r )
dr 2
2 + sin2 θdφ 2 .
dt 2 +
+
dθ
ds 2 = − 2
g1 (E/E P )
g22 (E/E P )
(1 − b (r ) /r ) g22 (E/E P )

(6.100)

(Note that here N 2 (r ) = exp[2Φ(r )]). The distorted wormhole background (6.100)
comes into play at the classical level and for the graviton one loop. For the classical
energy of the wormhole, one gets [35]
HΣ(0) =

Σ

1
√
d3x g R
16π G Σ
∞
1
dr r 2
b (r )
=−
, (6.101)
√
2
2G r0
1 − b(r )/r r g2 (E/E P )

d 3 x H (0) = −

while the one loop energy is given by
ETT = −

2
1
π i=1

+∞

E
0

g1 (E/E P ) d g̃i (E)
dE ,
g22 (E/E P ) d E

(6.102)

9 Of

course, one could also consider a generalized uncertainty principle (GUP) to obtain finite
results. However, it is easy to see that if one postulates the validity of Gravity’s Rainbow, to obtain
modified dispersion relations one necessarily has to impose
d x μ pμ = d x 0 p0 + d x i pi
= g 00 d x0 p0 + g i j d xi p j ,

(6.99)

namely plane wave solutions which remain plane, even if the metric is described by Eq. (6.100);
only in this way can one argue that the modified dispersion relations are a consequence of gravity’s
rainbow. However, if we relax the condition of imposing plane wave solutions even at the Planck
scale, the distorted metric, Eq. (6.100), leads to a GUP which differs from the Heisenberg uncertainty
principle, by terms linear and quadratic in particle momenta. The GUP-induced terms become
relevant near the Planck scale and lead to the existence of a minimum measurable length. This
could be interpreted as the breakdown of the validity of continuum space–time at very small scales.
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where
lmax

g̃i (E) =

νi (l, E) (2l + 1) dl ,

(6.103)

0

is the number of modes with frequency less than E and
νi (l, E) =

+∞

1
π

−∞


d x ki2 (r, l, E) ,

(6.104)

is the number of nodes with (l, E i ), such that (r ≡ r (x)) ki2 (r, l, E) ≥ 0. ki2 (r, l, E)
are the distorted version of the two r -dependent radial wave numbers defined in
Eq. (6.51). They are obtained by the distorted Lichnerowicz eigenvalue equation


ˆ mL h ⊥



ij

=

g22

E2
h⊥ ,
(E/E P ) i j

(6.105)

and assume the following expression
ki2 (r, l, E nl ) =

g22

2
E nl
l (l + 1)
− m i2 (r ) ,
−
r2
(E/E P )

(i = 1, 2) .

(6.106)

Finally, the self-sustained equation, in terms of energy density becomes
1
b (r )
2
=
(I1 + I2 ) .
2
2G r g2 (E/E P )
3π 2

(6.107)

The integrals I1 and I2 are defined as
I1 =

∞
E∗

g1 (E/E P ) d
E 2
g2 (E/E P ) d E



E2
− m 21 (r )
g22 (E/E P )

3
2

dE ,

(6.108)

dE ,

(6.109)

and
I2 =

∞
E∗

g1 (E/E P ) d
E 2
g2 (E/E P ) d E



E2
− m 22 (r )
g22 (E/E P )

3
2

respectively. E ∗ is the value which annihilates the argument of the root. In I1 and
I2 we have included an additional 4π factor coming from the angular integration
and we have assumed that the effective mass does not depend on the energy E. It
is important to observe that I1 and I2 are finite only for some appropriate choices
of g1 (E/E P ) and g2 (E/E P ). Indeed, a pure polynomial cannot be used without
the reintroduction of a regularization and a renormalization process. It is immediate
to see that integrals I1 and I2 can be easily solved when g2 (E/E P ) = g1 (E/E P ).
However, the classical term keeps a dependence on the function g2 (E/E P ) that
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cannot be eliminated except for the simple case of g2 (E/E P ) = 1. For instance, if
we assume that the shape function is represented by Eq. (6.68) and


g1 (E/E P ) = exp −α E 2 /E 2P ,

g2 (E/E P ) = 1 ,

(6.110)

with α ∈ R, the classical term is not distorted. Then Eq. (6.107) has the following
solution at
√
(6.111)
r0 E P = 2.97 α ,
with α  0.242. This means that r0 E P = 1. 46, to be compared with the roots given in
Sect. 6.5.1. One can also adopt a relaxed form for the Rainbow’s functions described
by
⎧
when
E < EP
⎨ 1
,
(6.112)
g2 (E/E P ) =
g1 (E/E P ) = 1 ,
⎩
E/E P
when
E > EP
to obtain the following result r0 E P = 4.12. On the other hand, if we take into account
an EoS, the shape function (6.71) can give interesting results only in the range
−1 ≥ ω ≥ −4.5,

2.038 ≥ r0 E P ≥ 1.083.

(6.113)

It is interesting to note that Eq. (6.73) works also for an inhomogeneous EoS. Indeed,
the presence of the rainbow’s function does not affect the form of (6.73) except for
an explicit dependence on r of the ω parameter, so that b(r ) + ω(r )b (r )r = 0 leads
to the following general form of the shape function

b(r ) = r0 exp −

r
r0


d r̄
.
ω(r̄ )r̄

(6.114)

The situation appears completely different when a polytropic with an inhomogeneous parameter ω is considered. Indeed, when the polytropic EoS, i.e.,
pr = ω (r ) ρ γ , is plugged into Eq. (6.4), one arrives
b + 8π G (ω (r ) ρ γ ) r 3 /g22 (E/E P )
b + 8π Gpr r 3 /g22 (E/E P )
=
2r 2 (1 − b (r ) /r )
2r 2 (1 − b (r ) /r )


1−γ
 γ 3−2γ 2(γ −1)
ω (r ) b (r ) r
g2
b + (8π G)
(E/E P )
.
(6.115)
=
2
2r (1 − b (r ) /r )

Φ =

We can always impose that Φ (r ) = C, but this means that

γ
2(γ −1)
b + (8π G)1−γ ω (r ) b (r ) r 3−2γ g2
(E/E P ) = 0

(6.116)

and a dependence on g2 (E/E P ) appears. For this reason this case will be discarded.
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6.6.2 Noncommutative Geometries
In Sect. 6.5, we have introduced an example of a noncommutative spacetime. Actually, we have considered a smeared energy density of a static and spherically symmetric particle-like gravitational source described by (6.78) acting on the configuration
space. However, if we adopt a noncommutative scheme acting in phase space, the
distorted Liouville measure [36]
dn i =

!
d 3 xd 3 k
α 2
exp − ωi,nl
− m i2 (r ) ,
3
4
(2π )

i = 1, 2,

(6.117)

allows the computation of the graviton to one loop. This is possible because the
distortion induced by the noncommutative space–time allows the counting of states
to be finite. This deformation corresponds to an effective cutoff on the background
√
geometry (6.1). The UV cutoff is triggered only by higher momenta modes  1/ θ
which propagate over the background geometry. In this framework, the wormhole
radius can be found to be
(6.118)
r0 = 0.28l P ,
with θ fixed at the value
θ=

2.20l 2P
= 7. 43 × 10−2 l 2P .
3π 2

(6.119)

It is immediate to recognize that this procedure seems to produce results close to the
results obtained in Sect. 6.5.

6.7 Summary and Conclusions
In this contribution, we have presented the possible existence of a self-consistent
solution of the semiclassical Einstein’s equations in a traversable wormhole background. In particular, we have fixed our attention to the graviton quantum fluctuations
around such a background. The fluctuations, contained in the perturbed Einstein tensor, play the role of the exotic matter considered in Ref. [15]. A variational approach
with the help of gaussian trial wave functionals has been used to compute the one
loop term. To handle the divergences appearing in such a calculation we have used
two different procedures: (a) a standard regularization/renormalization process, and
(b) the distortion of gravity at the Planck scale.
For the standard regularization/renormalization process, a zeta function calculation has been used. This procedure is formally equivalent to a Casimir energy subtraction procedure. The renormalization is performed promoting Newton’s constant G as
a bare coupling constant to absorb the UV divergences. To avoid dependences on the
renormalization scale a renormalization group equation has been introduced. While
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the renormalization process is not new in the context of the semiclassical Einstein
field equations, to our knowledge it is the use of the renormalization group equation
that seems to be unknown, especially concerning self-consistent solutions. The procedure has been tested on the prototype of traversable wormholes, namely, the Ellis
wormhole with b (r ) = r02 /r . The result shows that the obtained “traversability” has
to be regarded as in “principle” rather than in “practice” because the size of the
wormhole radius is of the Planckian order.
On the other hand if we adopt to distort gravity, the result is slightly improved. The
introduction of an EoS with ω ∈ R shows that the phantom energy range is forbidden.
Indeed phantom energy works in the range ω < −1. However, the classical term is
well defined in the range −1 < ω < +∞ and the interval −1 < ω < 0 is connected
to a “dark” energy sector. Nevertheless, the “dark” energy domain lies outside the
asymptotically flatness property. So, unless one is interested in wormholes that are
not asymptotically flat, i.e., asymptotically de Sitter or asymptotically anti-de Sitter,
we also have to reject this possibility. Therefore, the final stage of computation has
been restricted only to positive values of the parameter ω. On the other hand, the positive ω sector seems to corroborate the Casimir process of the quantum fluctuations
supporting the opening of the wormhole. Even in this region, we do not know what
happens approaching directly the point ω = 0, because it seems that this approach
is ill defined, even if the wormhole radius becomes much larger than the Planckian
size. Note that the situation is always slightly better when we use Distorted Gravity
as a regulator procedure.
Regarding Gravity’s Rainbow the good news is that every shape function analyzed
is traversable. The bad news is that the traversability is always in principle but not
in practice as the wormhole radius in of the Planckian size, even if the radii are
greater that the radius discovered in Ref. [5]. One way to obtain a larger radius is to
reinterpret the self-sustained equation as an ignition equation. Indeed, one possibility
is to use the self-sustained equation in the following manner

(n)


2   (n−1) 
1 b (r )
I1 b
=
(r ) + I2 b(n−1) (r ) ,
2
2
2G
r
3π

(6.120)

where n is the order of the approximation. In this way, if we discover that fixing the
radius to some value of a fixed background of the right-hand side, and we discover on
the left-hand side a different radius, we could conclude that if the radius is larger that
the original, the wormhole is growing, otherwise it is collapsing. Note that in Ref.
[37], Eq. (6.120) has been used to show that a traversable wormhole can be generated
with a topology change starting from a Minkowski spacetime. This is because we
are probing a region, where the gravitational field develops quantum fluctuations so
violent to be able to suggest a topology change [37].
To conclude, in this contribution we have shown that a self-sustained wormhole
exists in principle. The next step will be about the possibility to have a traversable
wormhole also in practice. A serious analysis of Eq. (6.120) could be a beginning,
but also the addition of rotations could be an interesting improvement.
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Chapter 7

Trapped Ghosts as Sources for Wormholes
and Regular Black Holes. The Stability
Problem
Kirill A. Bronnikov

7.1 Introduction
Very soon after Einstein presented his general relativity (GR) theory that identified
gravity with spacetime curvature, researchers realized that if spacetime is curved, it
can be very strongly curved. The best-known examples of strong distinctions from flat
Minkowskian geometry are what we now call black holes and wormholes. However,
as early as in 1916, Schwarzschild found his famous solution [1] describing, in
modern terms, the simplest black hole. Somewhat less well known is the paper by
Ludwig Flamm [2], also dated 1916, where he noticed that the spatial part of the
Schwarzschild metric describes something like a bridge or shortcut between two
worlds or two parts of the same world, i.e., in modern terminology, a wormhole.
It is now clear that the Schwarzschild spacetime as a whole, though it really
has spatial sections with a wormhole geometry, represents a black hole while its
wormhole sections are not traversable since their different static regions are connected
only by spacelike paths.
The Schwarzschild spacetime is vacuum, whereas it has been shown that the
existence of traversable Lorentzian wormholes as solutions to the Einstein equations
requires some kind of so-called “exotic matter”, i.e., matter that violates the null
energy condition (NEC) [3, 4], which is in turn a part of the weak energy condition
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(WEC) whose physical meaning is that the energy density is nonnegative in any
reference frame.
In particular, for static, spherically symmetric configurations in which the source
of gravity is a minimally coupled scalar field, wormhole solutions are only possible,
and are really obtained, if the scalar field is phantom (or ghost), i.e., has a wrong sign
of the kinetic energy [5–8]. It is also known that in alternative theories of gravity,
such as scalar-tensor, multidimensional and curvature-nonlinear theories, wormhole
solutions can also be obtained only if some of the degrees of freedom are of phantom
nature [5, 9–11] (see also the reviews [12, 13] and references therein). This concerns
both continuous sources of gravity and thin shells [9]. In some cases, it is 4D gravity
itself that becomes phantom in a certain region of space [5, 9, 14], in others this
role is played by different geometric quantities such as torsion [15, 16] or higher
dimensional or higher derivative metric variables [17–19] or unusual matter field
couplings [20].
There is nevertheless a good reason to adhere to GR and macroscopic matter and
fields if our interest is in obtaining (potentially) realistic and manageable wormholes
since it is this theory that is quite well verified by experiment at the macroscopic
level and even serves as a tool in a number of engineering applications such as, for
instance, GPS navigation.
Meanwhile, macroscopic phantom matter has never been observed, and this casts
doubt on whether it can exist in principle and whether it is possible to obtain realistic
wormholes, suitable, for example, for interstellar travel, even in a remote future and
even by a highly advanced civilization.
An interesting opportunity to circumvent these problems and to obtain wormhole
configurations in GR is to find such a kind of matter that possesses phantom properties
only in a restricted region of space, somewhere close to the throat, whereas far away
from it all standard energy conditions are observed [21]. As an example of such
matter, we can consider a minimally coupled scalar field with the Lagrangian
L s = h(φ)g μν ∂μ φ∂ν φ − V (φ),

(7.1)

as a source of gravity in static, spherically symmetric configurations, with arbitrary
functions h(φ) and V (φ). If h(φ) has a variable sign, it cannot be absorbed by a
redefinition of φ in its whole range. A case of interest is that h > 0 (that is, the scalar
field is canonical, with positive kinetic energy) in a weak field region and h < 0
(the scalar field is of phantom, or ghost nature) in some restricted region where a
wormhole throat can be expected. In this sense it can be said that the ghost is trapped.
A possible transition between h > 0 and h < 0 in cosmology was considered in [22].
Phantom fields are known to produce not only wormhole configurations but also
different kinds of regular black holes, see, e.g., [23–25]. Of particular interest among
such models are those which combine black hole physics with nonsingular cosmology, they have been termed black universes [23, 24]. These objects look like
“conventional” black holes (spherically symmetric ones in the known examples) on
one side, where they can be asymptotically flat, but a possible explorer, after crossing
the event horizon, gets, instead of a singularity, to an expanding universe. Thus, such
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hypothetic configurations combine the properties of a wormhole (absence of a center, a regular minimum of the area function r 2 (x)), a black hole (a Killing horizon
separating static (R-) and nonstatic (T-) regions), and a nonsingular cosmological
model. Moreover, the Kantowski-Sachs cosmology that emerges in the T-region, is
asymptotically isotropic and approaches a de Sitter mode of expansion, which makes
such models potentially viable as a description of a pre-inflationary epoch.
The trapped ghost concept can certainly be applied to such models as well [26, 27]:
in such cases, as in wormhole models, the scalar field is phantom in a neighborhood
of the minimum of r 2 (x) (which in general does not coincide with the horizon) and
is canonical in the weak field region, both on the static and cosmological sides.
In this paper, we will briefly review both wormhole and black-universe solutions
with a trapped-ghost scalar field and discuss the stability problem. The stability
properties are of importance for any static model since unstable configurations cannot survive in the real Universe (at least for a long time). It has been shown that
many of wormhole and black-universe models are unstable under radial perturbations
[28–35]. It will be shown here that the same problem for trapped-ghost configuration has its distinctive features leading to a somewhat unexpected conclusion that
transition surfaces between phantom and canonical scalar fields play a stabilizing
role.
The paper is organized as follows. Section 7.2 presents the basic equations and
shows why the “trapped-ghost” strategy cannot be realized for a massless scalar field
(V (φ) ≡ 0). Section 7.3 describes some general properties of the system and presents
some explicit examples of “trapped-ghost” wormhole and black-universe solutions
obtained using the inverse-problem method. Section 7.4 discusses the stability problem for spherically symmetric scalar field configurations in GR and its particular
features which emerge when we consider “trapped-ghost” scalars. Section 7.5 is a
conclusion.

7.2 Basic Equations. NEC Violation and the Necessity
of a Nonzero Potential
7.2.1 General Relations
Let us begin with the general static, spherically symmetric metric which can be
written in the form1
ds 2 = e2γ (u) dt 2 − e2α(u) du 2 − e2β(u) dΩ 2 ,

(7.2)

σ −
conventions are: the metric signature (+ − − −), the curvature tensor R σ μρν = ∂ν Γμρ
σ
. . . , Rμν = R μσ ν , so that the Ricci scalar R > 0 for de Sitter spacetime and the matter-dominated
cosmological epoch; the sign of Tμν such that T00 is the energy density, and the system of units
8π G = c = 1.

1 Our
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where u is an arbitrary radial coordinate and dΩ 2 = dθ 2 + sin2 θ dϕ 2 is the linear
element on a unit sphere.2
Then the Ricci tensor has the following nonzero components:
Rtt = − e−2α [γ  + γ  (γ  − α  + 2β  )],
Ruu
Rθθ

= −e
= e

−2α

−2β





[γ + 2β + γ

−e

−2α





2

2

(7.3)






+ 2β − α (γ + 2β )],






[β + β (γ − α + 2β )] =

Rϕϕ ,

(7.4)
(7.5)

where the prime stands for d/du. The Einstein equations can be written in two
equivalent forms
G νμ ≡ Rμν − 21 δμν R = −Tμν ,

or

Rμν = −(Tμν − 21 δμν Tαα ),

(7.6)

where Tμν is the stress-energy tensor (SET) of matter. The most general SET compatible with the geometry (7.2) has the form
Tμν = diag(ρ, − pr , − p⊥ , − p⊥ ),

(7.7)

where ρ is the energy density, pr is the radial pressure, and p⊥ is the tangential
pressure.
Let us illustrate the necessity of exotic matter for wormhole existence using
static, spherically symmetric spacetimes as an example [3, 13]. Choosing the socalled quasiglobal coordinate u = x under the condition α + γ = 0 and denoting
e2γ = e−2α = A, eβ = r , we rewrite the metric as
ds 2 = A(x)dt 2 −

dx2
− r 2 (x)dΩ 2 .
A(x)

(7.8)

A (traversable) wormhole geometry implies, by definition, that the function r (x)
has a regular minimum (say, at x = x0 ), called a throat, and reaches values much
larger than r (x0 ) on both sides of the throat, while A(x) > 0 in the whole range of
x. The latter requirement excludes horizons, which characterize black holes rather
than wormhole geometries.  

Then the difference of the tt and xx components of the Einstein equations reads
2 A r  /r = −(Ttt − Txx ) ≡ −(ρ + pr ).

2 In

what follows we will use different radial coordinates, to be denoted by different letters:
u — a general notation,
x — quasiglobal, such that α = −γ ,
y — harmonic, such that α = 2β + γ ,
z — “tortoise,” such that α = γ .

(7.9)
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On the other hand, at a throat as a minimum of r (x) one should have
r = r0 > 0,

r  = 0,

r  > 0.

(7.10)

(In special cases where r  = 0 at the minimum, it inevitably happens that r  > 0
in its neighborhood.) Then from (7.9) it immediately follows ρ + pr < 0. This
inequality really looks exotic, but to see an exact result, let us recall that the
NEC requires Tμν k μ kν ≥ 0, where k μ is any null vector, k μ kμ = 0. Choosing k μ =
√ √
(1/ A, A, 0, 0), we see that Tμν k μ kν = ρ + pr . Thus the inequality ρ + pr < 0
does indeed violate the NEC.
Considering a black-universe spacetime, this also means that r (x) reaches large
values at the ends of the x range, hence it again has a minimum at some x = x0 , but
now A(x) changes its sign at some (in general) other x = x h (a horizon), say, A > 0
at larger x and A < 0 at smaller x. It can happen that the minimum of r occurs in a
T-region (A < 0), where x is a temporal coordinate, and it is appropriate to rewrite
the metric (7.8) as
ds 2 =

dx2
− |A(x)|dt 2 − r 2 (x)dΩ 2 .
|A(x)|

(7.11)

A minimum of r (x) is then not a throat but a bounce in the time evolution of one
of the scale factors in a Kantowski–Sachs homogeneous anisotropic cosmology (the
other scale factor is |A(x)|1/2 , and the proper time element is dτ = |A(x)|−1/2 d x).
The coordinate t is spatial in (7.11), the quantity −Ttt = pt is the pressure along the
t direction, while the density is ρ = Txx ; however, the condition r  > 0 in Eq. (7.9)
(which is the same for any sign of A) leads to ρ + pt < 0, again violating the NEC.
In the intermediate case of A = 0 (a horizon) at a minimum of r (x), the condition
r  > 0 should hold in its vicinity, with all its consequences. Thus a minimum of r
always implies a NEC (and hence WEC) violation.

7.2.2 Solutions with a Massless Scalar
Consider now a scalar field φ(u) with the Lagrangian (7.1) in a spacetime with the
metric (7.2). Its SET has the form
Tμν = h(φ) e−2α φ  (u)2 diag(1, −1, 1, 1) + δμν V (u).

(7.12)

The kinetic energy density is positive if h(φ) > 0 and negative if h(φ) < 0, and we
also have ρ + pr = 2h(φ) e−2α φ  (u)2 . Thus wormhole or black-universe solutions
require h < 0 close to the minimum of r (u) = eβ , but we can have h > 0 at larger
values of r (u). One can show, however, that this goal cannot be achieved with a
massless field (V (φ) ≡ 0).
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Indeed, in the massless case, the SET (7.12) has the same structure as for a usual
massless scalar field with h = ±1. Therefore, the metric has the same form as in
this simple case and should reduce to the Fisher metric [36] if h > 0 and to the
corresponding solution for a phantom scalar, first found by Bergmann and Leipnik
[37] (and sometimes called “anti-Fisher”) if h(φ) < 0. Let us reproduce this solution
for our scalar (7.1) in the simplest joint form, following [5].
Two combinations of the Einstein equations for the metric (7.2) and the SET (7.12)
with V ≡ 0 read Rtt = 0 and Rtt + Rθθ = 0. We can easily solve these equations,
choosing the harmonic radial coordinate u = y, such that α(y) = 2β(y) + γ (y).
Indeed, the first of them reads simply γ  = 0, while the second one has the Liouville
form β  + γ  = e2(β+γ ) (the prime here stands for d/dy). Their solution is
γ = −my,
e−β−γ

⎧ −1
⎨ k sinh ky, k > 0,
k = 0,
= s(k, y) := y,
⎩ −1
k sin ky, k < 0,

(7.13)

where k and m are integration constants; two more integration constants have been
suppressed by choosing the zero point of y and the scale along the t axis. As a result,
the metric has the form [5]
ds 2 = e−2my dt 2 −



dy 2
e2my
2
+
dΩ
,
s 2 (k, y) s 2 (k, y)

(7.14)

(note that spatial infinity here corresponds to y = 0 and m has the
 meaning of the
Schwarzschild mass). Moreover, with these metric functions, the 11 component of
the Einstein equations (7.6) leads to
k 2 sign k = m 2 + h(φ)φ 2 .

(7.15)

It means that h(φ)φ 2 = const, hence h(φ) cannot change its sign within a particular
solution which is characterized by certain fixed values of the constants m and k.3
The situation remains the same if, instead of a single scalar field, there is a nonlinear sigma model with multiple scalar fields φ a and the Lagrangian
L σ = −h ab g μν ∂μ φ a ∂ν φ b ,

3 For

(7.16)

a detailed description of the properties of Fisher and anti-Fisher solutions see [8, 13, 38, 39]
and references therein. Let us here only mention that the metric (7.14) describes wormholes [5, 6]
if k < 0, which is only possible with negative h; one flat spatial infinity then corresponds to y = 0,
the other one to y = π/|k|.
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where h ab are functions of φ a : the metric then has the same form (7.14), and a relation
similar to (7.15) reads [39]
k 2 sign k = m 2 + h ab (φ a ) (φ b ) .
Therefore, the quantity that determines the canonical or phantom nature of the scalars,
h ab (φ a ) (φ b ) , is constant. If the matrix h ab is positive-definite, we are dealing with
a set of canonical fields, then k > 0, and (7.14) is the Fisher metric with a naked
singularity. If h ab is negative-definite, there is a set of phantom fields, hence there is
a family of solutions with k < 0 describing wormholes, and there is also a subset of
k > 0 solutions with horizons of infinite area which have received the name of “cold
black holes” [38] since they have zero Hawking temperature. If h ab is neither positivenor negative-definite, then some special solutions can be of wormhole nature while
others correspond to a canonical scalar and have a Fisher central singularity [39],
but there are no solutions of trapped-ghost character. More complicated examples
appear only with nonzero potentials, such as the one with an “invisible ghost” [40]:
this expression means that one of the two scalar fields is phantom, and it rapidly
decays at large r , while the other is canonical and decays comparatively slowly.

7.2.3 Equations with an Arbitrary Potential
Returning to our system with the Lagrangian (7.1), we can assert that trapped-ghost
configurations can only exist with a nonzero potential V (φ). To find such solutions,
it is helpful to use again the quasiglobal gauge α + γ = 0 and the metric (7.8). Then
the Einstein-scalar equations can be written as follows:
2(Ar 2 hφ  ) − Ar 2 h  φ  = r 2 d V /dφ,
 2 

(A r ) = −2r V,
2



(7.18)
2

r /r = −h(φ)φ ,
2 



A(r ) − r A = 2,


2



2

(7.19)
(7.20)

2

−1 + A rr + Ar = r (h Aφ − V ),
2

(7.17)

(7.21)

where the prime again denotes d/d x. Equation (7.17) is the scalar field
equation, (7.18) is the component Rtt = . . ., (7.19) and (7.20) are the combinations
Rtt − Rxx = . . . and Rtt − Rθθ = . . ., respectively, and (7.21) is the constraint equation
G xx = . . ., free from second-order derivatives. It is easy to verify that Eqs. (7.17) and
(7.21) follow from (7.18)–(7.20), which, given the potential V (φ) and the kinetic
function h(φ), form a determined set of equations for the unknowns r (x), A(x),
φ(x). Moreover, Eq. (7.20) can be integrated giving
B  (x) ≡ (A/r 2 ) = 2(3m − x)/r 4 ,

(7.22)
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where B(x) ≡ A/r 2 and m is an integration constant equal to the Schwarzschild mass
if the metric (7.2) is asymptotically flat as x → ∞ (r ≈ x, A = 1 − 2m/x + o(1/x)).
If there is a flat asymptotic as x → −∞, the Schwarzschild mass there is equal to
−m (r ≈ |x|, A = 1 + 2m/|x| + o(1/x)).
Thus, we have a general result for any solution with two flat asymptotic regions
in the presence of any potential V (φ) compatible with such behavior (such solutions
can represent wormholes or regular black holes): we inevitably have masses of opposite signs, just as is the case in the well-known special solution — the anti-Fisher
wormhole [6, 8, 38] whose metric in the gauge (7.8) reads
ds 2 = − e−2my dt 2 + e2my [d x 2 + (k 2 + x 2 )dΩ 2 ],
with k < 0 and y = |k|−1 cot −1 (x/|k|). (The constants m and k have here the same
meaning as in (7.13)–(7.15), and y is the harmonic coordinate used in Sect. 7.2.2.)
It is also clear that m = 0 in all symmetric solutions to Eqs. (7.17)–(7.21), such
that r (x) and A(x) are even functions. Indeed, in this case B  (x) is odd, hence m = 0
in (7.22).

7.3 Models with a Trapped Ghost
If one specifies the functions V (φ) and h(φ) in the Lagrangian (7.1), it is, in general, hard to solve the above equations. Alternatively, to find examples of solutions
possessing some particular properties, one may employ the inverse-problem method,
choosing some of the functions r (x), A(x) or φ(x) and then reconstructing the form
of V (φ) and/or h(φ). We will do so, choosing a function r (x) suitable for both
wormhole and black-universe models. Then A(x) is found from (7.22) and V (x)
from (7.18). The function φ(x) is found from (7.19) provided h(φ) is known; alternatively, using the scalar field parametrization freedom, we can, vice versa, choose
a monotonic function φ(x) (which will yield an unambiguous function V (φ)) and
find h(x) from Eq. (7.19).
Let us discuss which kind of function r (x) should be chosen for our purposes.
1. In both wormhole and black universe solutions there must be a minimum of r (x)
(x = 0 without loss of generality), so that
r (0) = a,

r  (0) = 0,

r  (0) > 0,

a = const > 0.

(7.23)

2. In a trapped-ghost configuration, by definition, the kinetic coupling function h(φ)
is negative near the minimum of r and positive far from it. According to (7.19),
this means that r  is positive at small |x| and negative at sufficiently large |x|.
3. If our model is asymptotically flat or asymptotically (anti-) de Sitter at large |x|,
we should have
r (x) ≈ |x|
as
x → ±∞.
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Fig. 7.1 Plots of r (x) and r 2 r  for n = 3

A simple example of the function r (x) satisfying the requirements 1–3 is [27]
(see Fig. 7.1)
(x/a)2 + 1
,
n = const > 2,
(7.24)
r (x) = a
(x/a)2 + n
where a is an arbitrary constant that has the meaning of the throat radius and can be
used as the length scale. It differs from the function r (x) used in [21, 26] and leads
to slightly simpler resulting expressions.
In what follows, we put a = 1, which actually means that the length scale is
arbitrary but the quantities r and m (the Schwarzschild mass in our geometrized
units) etc., with the dimension of length, are expressed in units of a, the quantities
B, V and others with the dimension (length)−2 in units of a −2 , etc.; the quantities
A, φ, h are dimensionless. Since
r  (x) =

1 x 2 (2 − n) + n(2n − 1)
,
a
(x 2 + n)5/2

(7.25)

we have r  > 0 at x 2 < n(2n − 1)/(n − 2) and r  < 0 at larger |x|, as required; it
is also clear that r ≈ |x| at large |x|. It guarantees h < 0 at small |x| and h > 0 at
large |x| (see Fig. 7.1, right panel).
Further integration can be performed analytically but leads to rather cumbersome
expressions for B(x) and other quantities, therefore, we will restrict ourselves to the
choice n = 3. An inspection shows that a particular choice of the parameter n > 2
does not change the qualitative features of the solutions though certainly affects their
numerical characteristics.
Integrating (7.26) for n = 3, we obtain
26 + 24x 2 + 6x 4 + 3mx(69 + 100x 2 + 39x 4 ) 39m
arctan x,
+
6(1 + x 2 )3
2
(7.26)
where B0 is an integration constant.
B = B0 +
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Fig. 7.2 Plots of B(x) for
different values of m. With
m < 0 we obtain an
asymmetric M-AdS
wormhole, with m = 0 a
symmetric M-M wormhole,
and with m > 0 a black
universe with a dS behavior
as x → −∞
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Now suppose that our system is asymptotically flat at large positive x. Since
B = A/r 2 and A → 1 at infinity, we require B → 0 as x → ∞ and thus fix B0 as
B0 = −

39π m
.
4

(7.27)

The form of B(x) (and consequently A(x) = Br 2 ) now depends on the mass m,
see Fig. 7.2. We see that with a negative mass we obtain B(x) tending to a positive
constant as x → −∞, hence A ∼ r 2 , and we obtain a wormhole with an anti-de
Sitter (AdS) asymptotic behavior at the “far end” (an M-AdS wormhole for short,
where M stands for Minkowski). With zero mass there is a twice asymptotically flat
(M-M) wormhole, and lastly in the case m > 0, B(x) changes its sign and tends to
a negative constant: we thus obtain a black universe with a de Sitter asymptotic at
large negative x.
Now we know the metric completely, and the remaining quantities φ(x) and
V (φ(x)) can be easily found from Eqs. (7.18) and (7.19), respectively. To construct
V as an unambiguous function of φ and to find h(φ), it makes sense to choose a
monotonic function φ(u). It is convenient to assume
x
1
φ(x) = √ arctan √ ,
3
3

(7.28)

√
= π/(2 3), which is common to
so that φ has a finite range: φ ∈ (−φ0 , φ
√0 ), φ0 √
kink configurations. Thus we have x = 3 tan( 3φ), whose substitution into the
expression for V (x), found from (7.18), gives V (φ) defined in this finite range.
The expression for the kinetic coupling function h(φ) is then found from (7.19)
as follows:
√
3 tan2 ( 3φ) − 15
x 2 − 15
=
.
(7.29)
h(φ) = 2
√
x +1
3 tan2 ( 3φ) + 1
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The function h(φ) given by Eq. (7.29) is also defined in the interval (−φ0 , φ0 ) and
can be extended to R by supposing h(φ) ≡ 1 at |φ| ≥ φ0 . Evidently, the NEC is
violated where and only where h(φ) < 0.
For V (x) we obtain [27]
1

32(−6 + x 2 + 3x 4 )
12(1 +
+ x 2 )3
+ 6mx(2655 + 6930x 2 + 5420x 4 + 1326x 6 + 117x 8 )

V (x) = −

x 2 )2 (3

+ 117m(1 + x 2 )2 (15 + 89x 2 + 29x 4 + 3x 6 )(−π + 2 arctan x) .

(7.30)

The function V (φ) can also be extended to the whole real axis, φ ∈ R, by supposing V (φ) ≡ 0 at φ ≥ φ0 (since V (x = +∞) = 0) and V (φ) = V (−φ0 ) > 0 at
φ < −φ0 .
It is easy to verify that the asymptotic values of the function B(x) as x → −∞
are directly related to those of the potential V which in this case plays the role of an
effective cosmological constant:
V (−∞) = 117mπ/2 = −3B(−∞),

(7.31)

and thus, as already mentioned, a negative B(−∞), corresponding to m > 0, leads
to a dS asymptotic, with m = 0 and B(−∞) = 0 it is flat, and with B(−∞) > 0
(m < 0) it is AdS (Fig. 7.3).
More complicated models with various global structures emerge if, in addition to
a scalar field, there is an electromagnetic field. Examples of such solutions, which
include M–M and M-AdS wormholes and regular black holes with up to three horizons, are presented in [27]; the structures obtained are similar to those found earlier
with a scalar field which is everywhere phantom [25].
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Fig. 7.3 Plots of the potential V (x) for different values of m; the right panel shows the behavior
of V at larger x, where the curves almost merge
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7.4 Spherically Symmetric Perturbations
7.4.1 Perturbation Equations
The stability problem is of great importance while considering any equilibrium configurations since only those ones can exist for a sufficiently long time which are either
stable or decay very slowly. On the other hand, the evolution of unstable systems
can lead to many phenomena of interest, from structure formation in the Universe to
Supernova explosions.
Let us discuss the stability problem for the scalar-vacuum configurations like
those described in the previous section. The problem is whether or not an initially
arbitrarily small time-dependent perturbation will grow in the future thus destroying
the system. So we will study the perturbations in a linear approximation, neglecting
their quadratic and higher order combinations. Moreover, we will only consider perturbations preserving spherical symmetry (they are also called radial, or monopole
perturbations) which are, on one hand, the simplest, and, on the other, the most
“dangerous” ones, which lead to instabilities in many configurations with selfgravitating scalar fields [28–35]. Other kinds of perturbations usually do not develop
instabilities, see, e.g., [35, 41]. We do not restrict ourselves to the particular solutions presented above but suppose that a certain static solution is known and study
its time-dependent perturbations.
Let us follow the lines of [13, 34, 40] and consider the same field system as
previously, so the total action is
S=

1
16π


√
−gd 4 x R + 2h(φ)g αβ φ;α φ;β − 2V (φ) ,

(7.32)

which leads to the scalar field equation
2h∇ μ ∇μ φ + (dh/dφ)φ ;μ φ;μ + d V /dφ = 0,

(7.33)

and the Einstein equations (7.6) with the scalar field SET:
Tμν [φ] = h(φ)[2φμ φ ν − δμν φ α φα ] + δμν V (φ),

(7.34)

The general spherically symmetric metric is chosen in the form (7.2), that is,
ds 2 = e2γ dt 2 − e2α du 2 − e2β dΩ 2 ,

(7.35)

where γ , α, and β are now functions of both the radial coordinate u and time t. We
also use the notation r (u) ≡ eβ . There remains a coordinate freedom of choosing u.
Consider linear spherically symmetric perturbations of static solutions to the field
equations due to (7.32). Thus for the scalar field and the metric functions we write now
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φ(u, t) = φ(u) + δφ(u, t),

γ (u, t) = γ (u) + δγ (u, t)

(7.36)

and similarly for other quantities, with small “deltas” (perturbations).
Preserving only linear terms with respect to time derivatives, we can write all
nonzero components of the Ricci tensor as
Rtt = e−2γ (α̈ + 2β̈) − e−2α [γ  + γ  (γ  − α  + 2β  )],
Ruu
Rθθ

= e
=

−2γ

Rϕϕ

α̈ − e

= e

−2β



−2α





2

[γ + 2β + γ

+e

−2γ



β̈ − e



−2α

2



(7.37)





+ 2β − α (γ + 2β )],










[β + β (γ − α + 2β )],



Rtu = 2[β̇ + β̇β − α̇β − β̇γ ],

(7.38)
(7.39)
(7.40)

where dots and primes denote ∂/∂t and ∂/∂u, respectively.    

Accordingly, the zero-order (static) scalar equation and the tt , uu , and θθ components of the Einstein equations (7.6) read
2h[φ  + φ  (γ  + 2β  − α  )] + h  φ  = e2α d V /dφ,










(7.41)

γ + γ (γ + 2β − α ) = − e V,




2

2α−2β



γ + 2β + γ
−e

2α

2





(7.42)


2

+ 2β − α (γ + 2β ) = −2hφ − e V,








2α

+ β + β (γ + 2β − α ) = −V e .
2α

(7.43)
(7.44)

The first-order perturbed equations (scalar, Rut = . . ., and Rθθ = . . .) have the form
2 e2α−2γ hδ φ̈ − 2h[δφ  + δφ  (γ  + 2β  − α  ) + φ  (δγ  + 2δβ  − δα  )]
− 2δh[φ  + φ  (2β  + γ  − α  )] − h  δφ  − φ  δh  + δ( e2α Vφ ) = 0,




δ( e

2α−2β







δ β̇ + β δ β̇ − β δ α̇ − γ δ β̇ = −hφ δ φ̇,
)+ e

2α−2γ







(7.45)
(7.46)





δ β̈ − δβ − δβ (γ + 2β − α )
− β  (δγ  + 2δβ  − δα  ) = δ( e2α V ),

(7.47)

Equation (7.46) may be integrated in t; we are interested in time-dependent perturbations and thus omit the appearing arbitrary function of u since it describes static
perturbations, obtaining
δβ  + δβ(β  − γ  ) − β  δα = −hφ  δφ.

(7.48)

In this problem, we have two independent forms of arbitrariness: one consists in
the freedom of choosing a radial coordinate u in the static configuration, the other is
a perturbation gauge, connected with the freedom to choose a reference frame in the
perturbed spacetime. This can be expressed in imposing a certain relation for δα, δβ,
etc. In what follows we will employ both kinds of freedom. All the above equations
have been written in the most universal form, without fixing the u coordinate or the
perturbation gauge.
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Let us now choose the so-called “tortoise” coordinate u = z, corresponding to
the condition α = γ (which is the best for considering wave equations), and the
perturbation gauge δβ ≡ 0 that substantially simplifies the equations. Then Eq. (7.48)
expresses δα in terms of δφ (the prime now means d/dz):
β  δα = h(φ)φ  δφ.

(7.49)

Equation (7.47) expresses δγ  − δα  in terms of δα and δφ:
β  (δγ  − δα  ) = 2 e2α−2β δα − δ( e2α V ).

(7.50)

Substituting all this into (7.45), we obtain the following wave equation:
δ φ̈ − δφ  − δφ  (2β  + h  / h) + U δφ = 0,


2
h  + h φ φ 
2β  h 
2φ 
Vφφ
2α 2hφ
−2β
U≡ e
−
−
,
(V
−
e
)
+
V
+
φ
β 2
β
2h
2h
h

(7.51)

(7.52)
where the index φ denotes d/dφ. This expression for U directly generalizes the one
obtained in [34] for scalar-vacuum configurations for the case h = ε = ±1.
Next, we can get rid of the first-order derivative of δφ in (7.51) by substituting
δφ = ψ(z, t) e−η ,

η = β  +

h
,
2h

(7.53)

and reduce the wave equation to its canonical form
ψ̈ − ψ  + Veff (z)ψ = 0,

(7.54)

with the effective potential
Veff (z) = U + η + η2


2
2φ 
hφ
Vφφ
2α 2hφ
−2β
+ β  + β 2 .
= e
(V − e ) +  Vφ − 2 Vφ +
β 2
β
4h
2h

(7.55)

A further substitution, possible since the background is static,
ψ(x, t) = Y (x) eiωt ,

ω = const,

(7.56)

leads to the Schrödinger-like equation
Y  + [ω2 − Veff (x)]Y = 0.

(7.57)
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Now, if there is a nontrivial solution to (7.57) with Im ω < 0 satisfying some physically reasonable conditions at the ends of the range of z (in particular, the absence
of ingoing waves), then the static system is unstable since δφ can exponentially grow
with t. Otherwise our static system is stable in the linear approximation. Thus, as
usual in such studies, the stability problem is reduced to a boundary-value problem
for Eq. (7.57) — see, e.g., [13, 28–30, 32, 34, 35, 41, 42].
The gauge δβ = 0 is technically the simplest one, but apparently causes some
problems when applied to wormholes and other configurations with throats. The
reason is that the assumption δβ = 0 leaves invariable the throat radius, while perturbations must in general admit its time dependence [13, 32, 42]. It may even seem
that the emergence of a pole in Veff due to δβ in the denominator in (7.52) is an
artifact of the gauge. It can be shown, however, by analogy with [13, 32, 34], that
Eq. (7.57) is in fact gauge-invariant, while δφ is a representation of a gauge-invariant
quantity in the gauge δβ = 0. In the next subsection we will discuss this issue in
some detail.

7.4.2 Gauge-Invariant Perturbations
As in all numerous problems with perturbation dynamics in gravitation theory, it is
necessary to make sure that we are dealing with real perturbations rather than pure
coordinate effects, therefore it is necessary to construct gauge-invariant quantities
from perturbations.
Consider the general metric (7.35) and small coordinate transformations x a →
a
x + ξ a in the (t, u) subspace:
t = t + Δt (t, u),

u = u + Δu(t, u),

(7.58)

where Δt and Δu are supposed to be small. This transformation adds an increment
to any scalar with respect to transitions to new coordinates in the (t, u) subspace
(2-scalar, for short), such as, e.g., φ(t, u) and r (t, u):
Δφ = φ̇Δt + φ  Δu ≈ φ  Δu,

(7.59)

in the linear approximation since both φ̇ and Δt are small and similarly for r (t, u)
and other 2-scalars, if any. If there are perturbations δφ and δr , the transformation
(7.58) changes them as follows:
δφ → δφ = δφ + Δφ = δφ + φ  Δu,
δr → δr = δr + Δr = δr + r  Δu,

(7.60)
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since in our static background solution φ̇ = ṙ = 0. It then follows that the combination
Ψ ≡ r  δφ − φ  δr,

(7.61)

does not change under the transformation (7.58), or — in other words — is gaugeinvariant. Note that the prime here denotes d/du in the background static configuration, and u is an arbitrary admissible radial coordinate, in particular, it may be thought
of as our “tortoise” coordinate z used to formulate the boundary-value problem for
perturbation modes.
One can notice that combinations constructed like (7.61) from any 2-scalars (for
example, such as eφ and β = ln r , or two different linear combinations of φ and r )
are also gauge-invariant. Moreover, gauge-invariant is Ψ multiplied by any 2-scalar
or any combination of background quantities which are known and fixed functions
of u and are certainly also gauge-independent.
The physical properties of perturbations must not depend on which gaugeinvariant quantity Ψ is chosen to describe them. Meanwhile, with different Ψ , the
effective potentials can, in general, also be different. However, given a specific background configuration, in order that the theory be consistent, these different potentials
should lead to the same perturbation spectrum.
Due to gauge invariance of Ψ , equations that govern it may be written in any
admissible gauge, in particular, δβ = 0, and Eq. (7.54) for ψ then may be considered
as a result of substituting ψ = (r/r  )Ψ = r δφ in a manifestly correct equation for
Ψ = r  δφ.
We conclude that Eqs. (7.54) and (7.57) are themselves gauge-invariant since their
unknown functions are gauge invariants (though written down in a particular gauge)
while other functions involved are taken from the background solution.
A similar problem for cosmological perturbations is discussed, e.g., in the
review [43].

7.5 Throats, Trapped Ghosts and Stability
7.5.1 Perturbations Near a Throat
We have verified that Eq. (7.57) is gauge-invariant, and it really makes sense to pose
boundary-value problems to find out whether or not there are unstable perturbation
modes. However, the stability problem is complicated by the singular nature of the
effective potential Veff . There are two kinds of singularities: one is related to throats,
if any, since there are terms proportional to 1/β 2 and 1/β  in Veff (and β  = 0 on
a throat); the other exists at transitions from canonical to phantom scalar since Veff
contains terms with h −2 and h −1 while h = 0 at such a transition. In this subsection
we discuss singularities on a throat, partly following [32, 34].
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Suppose that a throat occurs at z = 0 (without loss of generality) and that the
spherical radius r (z) = eβ has a generic minimum at z = 0, so that we have a Taylor
expansion of the form, r (z) = r0 + 21 r2 z 2 + o(z 2 ) with r0 > 0, r2 > 0. Also, without
loss of generality, in a certain neighborhood of the throat we can put h(φ) = −1
since Eq. (7.19) definitely requires h < 0, and h(φ) = −1 can be achieved by a
regular redefinition of φ. Then, using the zero-order (background) equations, it is
not difficult to show that near the throat
Veff (φ) = 2/z 2 + O(1),

(7.62)

and there is no O(z −1 ) contribution. We see that there is an infinitely high potential
wall separating perturbations on the left of the throat (z < 0) from those on the right
(z > 0) because a natural boundary condition at z = 0 is ψ(0) = 0. It immediately
implies that perturbations of all other quantities vanish at z = 0. We are thus unable to
consider a mode of obvious physical significance, the one corresponding to dynamic
changes of the throat radius.
This difficulty can be overcome using the so-called S-deformation method applied
to the potential Veff . It has been used in [44, 45] for transforming a partly negative
potential to a positive-definite one for perturbations of higher-dimensional black
holes. Later, with its aid, Gonzalez et al. [32] transformed a singular potential to
a nonsingular one for perturbations of the anti-Fisher wormholes and found that
an exponentially growing mode, making such wormholes unstable, is just the one
connected with an evolving throat radius. The same scheme in a more general formulation was used in [34, 35] for revealing instabilities in other solutions with throats,
including some black universe models. Let us briefly describe the method.
Consider a wave equation of the type (7.54)
ψ̈ − ψ  + W (z)ψ = 0,

(7.63)

with an arbitrary potential W (z) (whose specific example is the above potential Veff ).
Let us present W (z) in the form
W (z) = S 2 (z) + S  ,

(7.64)

which is actually a Riccati equation with respect to S(z), so such a function can in
general be found. Then Eq. (7.63) can be rewritten as
ψ̈ + (∂z + S)(−∂z + S)ψ = 0.

(7.65)

Now, if we introduce the new function
χ = (−∂z + S)ψ,

(7.66)
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then, applying the operator −∂z + S to the left-hand side of Eq. (7.65), we obtain the
following wave equation for χ :
χ̈ − χ  + Wreg (z)χ = 0,

(7.67)

with the new effective potential
Wreg (x) = −S  + S 2 = −W (z) + 2S 2 .

(7.68)

If a static solution ψs (z) of Eq. (7.63) is known, so that ψs = W (z)ψs , then we
can choose
(7.69)
S(z) = ψs /ψs ,
to carry out the above transformation. Furthermore, if we assume that W (x) ≈ az −n
at small z, then, requiring that Wreg should be finite at z = 0 and using (7.68), we
easily find that necessary conditions for such a singularity in W (z) to be removable
by the above transformation is n = 1, a = 2, that is, W ≈ 2/z 2 . Fortunately, by
Eq. (7.62), the potential Veff behaves precisely in this way. A point of interest is that
such a removal is only possible for W → +∞ as z → 0, so that a potential wall in
W (z) can be removed but a potential well cannot.
From (7.68) with finite Wreg it also follows that at small z
S ≈ −1/z

⇒

ψs ∝ 1/z.

(7.70)

To summarize, we have seen that singularities of the effective potential Veff existing at a throat can be regularized in the generic case [32, 34]. What is of equal
importance, it has also been shown that regular solutions to the regularized wave
equation describe regular perturbations of both the scalar field and the metric. It was
this procedure that made it possible to prove the instability of anti-Fisher (Ellis type
[5, 6]) wormholes [32] and other scalar field configurations in GR [34, 35].

7.5.2 Perturbations Near the Surface h = 0
The effective potential Veff also possesses singularities at the values of the radial coordinate where h = 0, which exist in cases where the function h(φ) in (7.32) changes
its sign. This happens in the framework of the trapped ghost concept. Such singularities are quite different in nature than those occurring on a throat: they are rather
similar to those found at transition surfaces in systems with conformal continuations
[14, 29, 30]. The latter phenomenon is observed, for instance, in scalar-tensor theories of gravity where it sometimes happens that the whole manifold in the Einstein
frame maps to only a part of the Jordan frame manifold (or vice versa). It was found
that if such configurations are static and spherically symmetric, then their monopole
perturbations are described by wave equations like (7.54) with effective potentials
that have a singularity of the form
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as z → 0,

(7.71)

if z = 0 is the transition surface where the Einstein frame metric has a singularity
while the Jordan frame metric is regular [29].
Indeed, let us assume that near the value of z where h = 0 (let it be z = 0) the
metric functions α = γ (our gauge) and β as well as the φ field are regular, so that
the following Taylor expansions are valid:
α = α0 + α1 z + . . . ,

β = β0 + β1 z + . . . ,

h(z) = h 1 z + 21 h 2 z 2 + . . . ,

φ = φ0 + φ1 z + 21 φ2 + . . . ,

φ1 = 0, h 1 = 0.

(7.72)

It can be shown that in this generic situation the effective potential (7.55) is represented near z = 0 by the Laurent series expansion



1
1 h2
φ2 
+ O(1).
+ 2 β1 − α1 +
Veff (z) = − 2 +
4z
z h1
φ1

(7.73)

Thus, the surface where h = 0 creates an infinitely deep potential well for perturbations. In quantum mechanics such a potential in the stationary Schrödinger equation
would mean that there are negative energy levels of unlimited depth. Returning to
a stability study, it is tempting to conclude that there are perturbation modes with
ω2 < 0 and an arbitrarily large |ω|, and the corresponding growth (δφ ∼ e|ω|t ) of the
perturbations then immediately leads them out of the linear regime and necessitates
a nonlinear or nonperturbative analysis.
However, the stability study implies other physical requirements on ψ in Eq. (7.54)
or Y in (7.57): δφ should be finite in the whole space and should vanish at infinities
or horizons, whereas quantum mechanics only requires quadratic integrability of ψ.
With the potential (7.73), the general solution of (7.57) at small z has, independently of ω, the leading terms
Y (z) =

|z|(C1 + C2 ln |z|) + O(z 3/2 ),

C1 , C2 = const.

(7.74)

√
√
On the other hand, according to (7.53), δφ ∼ Y/ h ∼ Y/ |z|, therefore,
δφ ∼ C1 + C2 ln |z| + O(z),

(7.75)

and for physically meaningful perturbations we must require C2 = 0. Thus, the negative pole of the potential (7.73) leads to a constraint which should be added to
the ordinary boundary conditions which, combined with the equation itself, in more
conventional cases completely determine the solution to a boundary-value problem.
Due to this constraint it may happen that the boundary-value problem with Eq. (7.57)
has no discrete spectrum. Indeed, suppose we have a background configuration with
a surface z = 0 where h = 0, and there is a solution to (7.57) satisfying the boundary
conditions at infinities and/or a horizon; then there is in general zero probability that
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this solution will be finite at z = 0. There could be an exception if the background
were Z2 -symmetric relative to the surface z = 0, but here it is manifestly not the
case because h > 0 on one side of z = 0 and h < 0 on the other. A similar situation
was discussed in [46] concerning the stability of black holes with a conformal scalar
field [47, 48], and after all, with some more reasoning, it was stated that such black
holes are stable under monopole perturbations.
(Let us note that, contrary to this situation, the quantum-mechanical
requirement

of quadratic integrability of Y (z) does hold since the integral z n ln2 z dz converges
at z = 0 for any n ≥ 0. The quantum particle in a field with such a potential well,
as is sometimes said, “falls onto the center” [49] because the wave function, as one
descends to deeper and deeper negative energy levels, more and more concentrates
near z = 0.)
We conclude that a transition from a canonical scalar to a phantom one plays a
strong stabilizing role in all configurations with such self-gravitating scalar fields.
One cannot, however, say whether or not a particular trapped-ghost solution is stable
or not without its investigation because this evidently depends on the details of each
model.

7.6 Conclusion
It has been shown [21, 22, 26, 27] that scalar fields may change their nature from
canonical to ghost in a smooth way without creating any spacetime singularities.
This feature significantly widens the opportunities of scalar field dynamics and the
possible choice of scalar-tensor theories of gravity, although here we have only
considered minimally coupled scalars.
More specifically, trapped ghosts make possible spherically symmetric wormhole
and regular black hole models where the ghost is present in some restricted strongfield region whereas in the weak-field region, where observers can live, the scalar has
usual canonical properties. It can be speculated that if such ghosts do exist in Nature,
they are all confined to strong-field regions (“all genies are sitting in their bottles”),
but just one of them, having been released, has occupied the whole Universe and
plays the part of dark energy (if dark energy is really phantom, which is more or less
likely but not certain).
For static, spherically symmetric models in the Einstein-scalar field system under
consideration, in addition to examples of exact solutions, some general properties
have been found:
(i) Trapped-ghost solutions to the field equations are only possible with nonzero
potentials V (φ).
(ii) If a solution to the Einstein-scalar equations (be it of trapped-ghost nature or
not) is twice asymptotically flat, and the Schwarzschild mass is equal to m at
one of the infinities, it is equal to −m at the other. Hence, mirror (Z2 ) symmetry
with respect to a certain value of the radial coordinate is only possible if m = 0.
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(iii) The transition surfaces from canonical to phantom behavior of the scalar field
create a potential well for spherically symmetric perturbations, and the generic
shape of this well (see Eq. (7.73)) does not depend on details of the model.
Moreover, the natural requirement that perturbations must be finite, leads to a
constraint which, being added to the boundary conditions, substantially restricts
the set of possible solutions and thus plays a stabilizing role.
The latter result is somewhat unexpected and, in my view, can raise an interest in trapped-ghost models. This opportunity can probably be used in attempts to
solve various problems of gravitational physics and cosmology. Stability studies for
specific trapped-ghost configurations like those described here make one of evident
tasks for the near future.
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Chapter 8

Geons in Palatini Theories of Gravity
Gonzalo J. Olmo and Diego Rubiera-Garcia

8.1 Introduction
Einstein’s deep insight on the nature of gravitation had a crucial impact on our
understanding of the universe. In order to make gravitation compatible with his new
principle of relativity, the rigid Minkowskian spacetime had to be extended to a
locally deformable dynamical structure using the language of differential geometry.
The description of spacetime as a field theory of a metric tensor in interaction with
the matter led to a number of important predictions, some of which were observationally verified shortly after the publication of the theory. Among those, of particular
relevance are the orbital properties of point-like particles around a central object
(see [1, 2] for some recent reviews on the current experimental status of General
Relativity).
Though the notion of point particles was very successful for the development and
observational verification of the theory, their presence in a field theory of the metric
leads to severe conceptual problems and technical inconsistencies. In particular, massive point particles should be seen as black holes or naked singularities, implying an
ill definition of the metric at their location and an inherent difficulty in the use of perturbative methods for their description. In order to overcome this situation, Wheeler
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[3] addressed the notion of point particle from a field theory perspective introducing the concept of geon, abbreviation for “gravitational-electromagnetic entity,” in
an attempt to describe extended bodies as long-lived excitations of self-gravitating
fields.
The first examples of geons that Wheeler considered were toroidal distributions
of electromagnetic waves and spherical balls of light [3]. The combination of these
ideas with the fact that Einstein’s gravity only determines the local aspects of the
gravitational field (the geometry) but does not restrict in any way its global properties
(topology) soon led to the consideration of wormholes as mathematically admissible
entities which could play a relevant role in combining gravitation with other branches
of Physics (for a detailed account on the nature and properties of wormholes see [4]).
In fact, Misner and Wheeler found [5] that free (sourceless) electric fields flowing
through holes in the spacetime topology could engender pairs of massive particles
with opposite charges. Those charges would be similar in all respects to elementary
point particles, satisfying their own conservation laws, but without being associated
to any mass or charge density. This is known as the mass-without mass and chargewithout charge mechanisms.
Though within the framework of general relativity (GR) the electrically charged
geons with wormhole structure envisioned by Misner and Wheeler are not possible
[6, 7], they turn out to be rather common solutions in certain extensions of the theory.
The main purpose of this chapter is thus to provide an overview of the results obtained
in this context over the last 5 years or so.
Our starting point will be the consideration of gravitation as a geometric phenomenon, and geometry as something else than a mere theory of metrics. By working
in a metric-affine geometric scenario, i.e., recognizing that metric and connection
are logically and mathematically independent entities (see [8, 9] for some introductory material regarding metric-affine geometries), we will see that free electric
fields (as well as other sources with similar algebraic properties) naturally engender
wormholes. Given that these solutions represent self-gravitating fields, they can be
naturally seen as geons in Wheeler’s sense. In order to understand why and how
metric-affine geometry is related with the emergence of wormholes, it will be very
useful to have a brief look at the modern description of defects in ordered structures
in condensed matter physics. This will also allow us to motivate the use of these
geometries in gravitational scenarios.
The emergence of wormholes in self-gravitating electrovacuum configurations
has a deep impact on the properties of the resulting spacetimes. In the models to be
studied here, the central region of black holes and naked singularities is typically
replaced by a wormhole. An immediate consequence of this is that geodesics become
complete, thus implying that the resulting spacetime is nonsingular. As we will see,
the completeness of geodesics is not necessarily tied to the absence of curvature
divergences. Though this aspect is well known in applications such as those involving
thin-shell wormholes [10, 11], it seems to have been overlooked in discussions about
the problem of singularities in black hole scenarios. Part of our discussion will thus
be aimed at clarifying the implications of this important point.
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The content of this chapter is organized as follows: In Sect. 8.2 we introduce a
treatment of metric-affine spaces in the context of ordered structures with defects in
solid state physics, where it is shown that spaces with nonmetricity (associated to
point defects) and torsion (associated to dislocations) are needed in order to describe
properly such structures. This provides an empirical rather than purely theoretical
motivation for the consideration of metric-affine geometries. Section 8.3 contains the
bulk of our results, where we discuss the cases of f (R) models, quadratic gravity,
Born–Infeld gravity and higher dimensional generalizations. When such extensions
of GR are considered in combination with electric fields, one finds a number of
wormhole solutions, whose properties are discussed in detail. The main lesson of this
section is that wormhole solutions are a generic feature of metric-affine geometries,
that no violation of the energy conditions is needed, and that metric-affine geometries
may provide valuable insights to go beyond GR. A summary of our results and some
conclusions are presented in Sect. 8.4.

8.2 Microstructures, Holes, Metric-Affine Geometry,
and Wormholes
An important result of Misner and Wheeler is the fact that charge and mass need
not be idealized as properties of point particles, but rather can be seen as aspects
of the interplay between the geometrical and topological structure of spacetime.
This idea has strongly influenced current views on how the microcosmos could
behave. Indeed, at the shortest scales, quantum effects could make spacetime fluctuate
wildly in all manners of nontrivial topologies, yielding a dynamical microstructure
able to engender pairs of virtual particles and other complex entities connected by
wormholes. This microstructure is known as spacetime foam.
Though a system of the type suggested by the spacetime foam idea raises many
questions, it is a useful exercise to focus attention on how a smooth, continuum
spacetime may arise out of an underlying microstructure. In this respect, ordered
structures such as Bravais crystals or graphene may provide useful information [12].
These systems possess a microscopic (discrete) structure which admits a continuum
limit when the interatomic spacing is much smaller than the scale of the probe. The
discreteness of the lattice and the existence of certain preferred (crystallographic)
directions allow to introduce notions of distance and parallel transport in a straightforward manner. In the simplest scenarios (monatomic lattices with equal spacings
between nearby atoms), distances can be measured by step counting, while parallel
transport is defined by moving along the crystallographic directions. This provides
intuitive notions of metric and connection at the level of the microstructure. It turns
out that when the lattice contains defects, the resulting continuum description requires
the use of independent metric and affine structures [13, 14]. This is so because dislocations (a type of one-dimensional defect) represent the discrete version of torsion
[15–17], while interstitials and vacancies (types of point defects) break the
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step-counting prescription for determining distances, thus involving some kind
of nonmetricity [18]. The bottom line of this analysis is that the existence of a
microstructure may require going beyond Riemannian geometry, where torsion and
nonmetricity are frozen a priori by convention.
The existence of point defects in crystals generates local stresses due to the deformations of the lattice induced by missing atoms (vacancies) and/or interstitials. This
type of defects may arise by thermal excitation or by the collision of neutrons with
atoms in the lattice, see for instance [19]. The geometric description of the crystal
in the continuum limit is carried out by considering a reference undefected configuration, qμν , that is mapped into the physical one, gμν , via mappings that specify the
type and distribution of defects, Dμ ν , or, in other words, gμν = Dμ α qα . The reference configuration is typically Euclidean or Riemannian with a well-defined parallel
transport, ∇αΓ qμν = 0, whereas the defected one involves independent metric and
connection with a nonmetricity tensor, Qαμν ≡ ∇αΓ gμν = 0.
It has been shown recently that extensions of general relativity in metric-affine
spaces have an intimate correspondence with the kinematic description of crystals
with point defects [20, 21]. It turns out that the role played by the density of point
defects in crystals is analogous to that played by the energy–momentum tensor of
the matter fields in the gravitational context. Both generate the nonmetricity tensor and define the deformation that relates the physical and reference (or auxiliary/undefected) metric.
This analogy or correspondence allows to interpret the emergence of wormholes in
gravitational scenarios in a very natural way. On the one hand, the energy–momentum
tensor of the matter fields generates gravitational attraction. On the other, the presence of a vacancy in a lattice induces a local deformation that brings nearby atoms
around the hole closer to one another, which can be seen as an attraction effect.
Now, in regions of very high stress-energy density, our analogy suggests that it
should correspond to a high density of vacancies. Obviously, the maximum density
of vacancies is achieved when many holes get together to form a large hole. But a
large hole represents a region where the effective geometry is not defined, where no
collective motion of the lattice atoms can occur. As we will see, this is analogous
to what happens in the central regions of black holes and naked objects. Where the
stress-energy density reaches its maximum values, a spherical portion of spacetime is
missing. A wormhole has effectively been formed. Note that this kind of procedures
has also been considered to construct wormholes in graphene layers described by
gauge fields [22].

8.3 Analytical Models with Nonmetricity
In our presentation, we will focus on the effects of nonmetricity only, leaving aside
the role of torsion. Nevertheless, our derivation of the field equations will be carried
out allowing torsion to exist in the theory, even if we end up setting it to zero. This
can be justified on simplicity grounds but also from a physical perspective. Following
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our condensed matter analogy, we find that defects in crystals have dynamics and
interactions. In fact, many point defects (associated to nonmetricity) may generate
dislocations (torsion), and dislocations can disappear by the addition of interstitial
atoms or the removal of more atoms. This means that a complete theory should
consider the combined existence of both torsion and nonmetricity. If we focus on
low-energy phenomena, one expects dislocations to arise as a result of the existence
of many point defects (we do not consider the possibility of generating dislocations
by other means such as traction or the application of external forces). Therefore,
in a first approximation one can neglect the presence of torsion and just focus on
nonmetricity as the simplest departure from a Riemannian structure.

8.3.1 f (R) Theories with Nonlinear Electromagnetic Fields
and Anisotropic Fluids
For pedagogical convenience, we shall begin our discussion with perhaps the simplest
extension of GR via modifications in the Lagrangian of the theory. This is described
by an action of the form
S=

1
2κ 2



√
d 4 x −gf (R) + SM (gμν , ψm ),

(8.1)

where f (R) is a given function (unspecified at this stage) of the curvature scalar,
R ≡ gμν Rμν (thus, GR would correspond simply to the choice f (R) = R). For the
rest of the paper, the following definitions apply: κ 2 is Newton’s gravitational constant in suitable units (in GR, κ 2 = 8π G/c3 ), g is the determinant of the spacetime
ρ
(Palatini
metric gμν , which is a priori independent of the affine connection Γ ≡ Γμν
α
approach), while Rμν ≡ Rμαν is the Ricci tensor, which is constructed entirely out
of the independent connection Γ , since it is defined from the Riemann tensor
α
α
α
λ
α λ
− ∂ν Γμβ
+ Γμλ
Γνβ
− Γνλ
Γμβ ,
Rα βμν = ∂μ Γνβ

(8.2)

without any need of lowering indexes with a metric. Finally, the matter sector, SM ,
is assumed to depend on the metric [but not on the connection, for simplicity] and
the matter fields are collective labeled by ψm .
The theory described by the action (8.1) has been extensively studied in the metric
approach [23–26]. However, in order to implement the analogy between point defects
and metric-affine geometries, here we perform independent variations of the action
(8.1) with respect to metric and connection. This yields two systems of equations,
namely
f
fR Rμν (Γ ) − gμν = κ 2 Tμν ,
2
√

∇α −gfR g μν = 0 ,

(8.3)
(8.4)
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δSM
with the notation fR ≡ df /dR, while Tμν = √2−g δg
μν is the energy–momentum
tensor of the matter. Let us point out that in this derivation one may assume vanishρ
ing torsion, Γ[μν] = 0, and a symmetric Ricci tensor, R[μν] = 0, though the result is
independent of those assumptions due to the projective invariance of the theory [9].
To solve these equations the first point to be noted is that tracing with the metric g μν
over the Eq. (8.3) one obtains

RfR − 2f = κ 2 T .

(8.5)

where T ≡ g μν Tμν is the trace of the energy–momentum tensor. This is not a differential equation, but just an algebraic one whose solution, R = R(T ), generalizes the
linear relation R = −κ 2 T of GR to f (R) models. This relation implies that the curvature scalar can always be eliminated in favor of the matter sources and, consequently,
that the connection Eq. (8.4) can be seen as algebraic and linear in the connection Γ .
This means that one can rewrite (8.4) as
∇α

√

−hhμν = 0 ,

(8.6)

where the rank-two tensor hμν is defined as
hμν ≡ fR gμν ,

hμν ≡

1 μν
g .
fR

(8.7)

Equation (8.4) can be easily shown to be equivalent to ∇α hμν = 0, whose well-known
solution is given by
λ
=
Γμν


hλα 
∂μ hαν + ∂ν hαμ − ∂α hμν .
2

(8.8)

which is nothing but the Christoffel symbols of the auxiliary metric hμν . This is in
agreement with the fact that nonmetricity, Qαμν ≡ ∇α gμν = gμν ∇α ln fR (T ) = 0, is
present in metric-affine spaces, which in turn is consistent with the discussion on
defected ordered structures presented in Sect. 8.2 above. Moreover, this puts forward
that the stress-energy density of the matter fields is the cause for nonvanishing nonmetricity, in analogy with the relation between nonmetricity and density of defects
in crystals.
The introduction of the auxiliary metric hμν provides a natural strategy to solve the
metric field equations. Contracting Eq. (8.3) with hμα and using the transformations
(8.7), one can write the field equations as
Rμ ν (h) =

1
fR2

f μ
δ ν + κ 2T μν
2

,

(8.9)

where Rμ ν (h) = hμα Rαν (Γ ). Note that all the R-dependences on the right-hand side
of the field equations (8.9) can be traded by T -dependences, i.e., the right-hand side
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is entirely determined by the matter sources. These equations are manifestly secondorder and, since the physical metric gμν is obtained through the set of algebraic transformations (8.7), which depend only on the matter [again because f (R) ≡ f (R(T ))],
the field equations for gμν are second-order as well. This way, once an f (R) gravity
is given, and a matter source SM is specified, one can solve the field equations (8.9)
for hμν , and then transform it back to the metric gμν using (8.7).
This strategy proves itself adequate provided that one can find closed expressions
for f (R) ≡ f (R(T )), which might not be straightforward. Otherwise, it is better to
write the field equations directly for gμν , which replaces (8.9) by
κ2
RfR − f
3
1
Tμν −
gμν − 2 ∂μ fR ∂ν fR − gμν (∂fR )2
fR
2fR
2
2fR

1 
∇μ ∇ν fR − gμν fR .
+
fR

G μν (g) =

(8.10)

The advantage of this formulation of the field equations lies on the fact that they can
be read off as GR-like field equations with a modified energy-matter source on the
right-hand side [27]. In this formulation, it is also immediately seen that in vacuum,
corresponding to T μ ν = 0, the field equations become
G μν (g) = −Λeff gμν ,

(8.11)

which is nothing but GR with Λeff ≡ (R0 fR0 − f0 )/2fR0 (with R0 ≡ R(T = 0)) playing the role of an effective cosmological constant [this same result could have
been obtained from the field equations (8.9) as well]. This result highlights that
only when a matter-energy source with a non-traceless energy–momentum tensor
is considered, do modifications with respect to GR occur. This makes it pointless obtaining solutions sourced by standard electromagnetic (Maxwell) fields
(“Reissner–Nordström-like”), as they would take exactly the same form as in the
GR case. Nonetheless, we point out that nonlinear models of the electromagnetic
field have been used for decades, in particular as a way to remove the divergence of
the electron self-energy within classical electrodynamics through the Born–Infeld
model [28], or as resulting from computing effective corrections from quantum electrodynamics upon Coulomb’s field when the field intensity grows beyond a critical
threshold [29]. In the context of GR, such nonlinear electrodynamics models have
been widely used, both in order to modify the innermost and horizon structure of
the Reissner–Nordström black hole [30–35], and to obtain singularity-free solutions
[36–42].
The matter action of the nonlinear electrodynamics (NED) sector is written as
1
SM =
8π



√
d 4 x −gϕ(X, Y ) ,

(8.12)

where ϕ(X, Y ) is a given function of X = −(1/2)Fμν F μν and Y = −(1/2)Fμν F ∗μν ,
which are the two field invariants that can be constructed out of the field strength
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tensor, Fμν = ∂μ Aν − ∂ν Aμ , and its dual, F ∗μν = 21 εμναβ Fαβ . The electromagnetic
field equations follow from variation of the action (8.12) with respect to the vector
potential Aμ , and are written as


∇μ ϕX F μν + ϕY F ∗μν = 0 .

(8.13)

Restricting ourselves to electrostatic configurations, and assuming spherical symmetry, the only nonvanishing component of the field strength tensor is F tr ≡ E(r), and
the field invariants satisfy
q2
Y =0,
(8.14)
ϕX2 X = 4 ,
r
where q is an integration constant that can be identified as an electric charge. This
expression is particularly useful, because the NED energy–momentum tensor, which
is obtained as

1 
ϕ
ϕX F μα Fα ν − δ μ ν ,
(8.15)
T μν = −
4π
2
becomes simply
T μν =

1
4π

ϕ
2


− XϕX Î 0̂
ϕ
Î
0̂
2

,

(8.16)

where Î and 0̂ represent the 2 × 2 identity matrix and zero matrix, respectively.
Two aspects follow immediately from this expression. First, the trace of the energy–
momentum reads
1
T=
(8.17)
[ϕ − XϕX ] ,
2π
which vanishes for Maxwell electrodynamics, ϕ(X) = X. Second, the weak energy
condition is fulfilled if the inequality
ρ = Ttt =


1 
2ϕX E 2 − ϕ(X, Y = 0) ≥ 0 ,
8π

(8.18)

is satisfied.
The above discussion completes the formalism of metric-affine f (R) gravity coupled to nonlinear electrodynamics. To proceed further and obtain solutions we have
to choose a particular ϕ(X, Y ) function. In this sense, Born–Infeld electrodynamics is
a natural and well-motivated candidate due to the fact that (i) it yields a finite energy
for a point-like charge in flat spacetime, (ii) it is free of birefringence phenomena
[43, 44] [indeed, together with Maxwell, it is the only electrodynamics with such a
property] and (iii) arises in the low-energy limit of string/D-brane physics [45–49].
Born–Infeld electrodynamics is given by the action
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⎛



ϕBI (X) = 2β 2 ⎝1 −

⎞
X
Y2 ⎠
1− 2 − 4 ,
β
4β

(8.19)

where β is the so-called Born–Infeld parameter, which controls the deviation with
respect to Maxwell electrodynamics, namely, limβ→∞ ϕBI X. For this theory, the
2 2
field invariant X reads as X = q2q+rβ4 β 2 , and thus Maxwell electrodynamics is also
recovered for far distances, r
0.
Let us consider a simple f (R) model given by f (R) = R − γ R2 , where γ is a
constant. For this model, the trace equation (8.5) yields R = −κ 2 T , which is the
same result as in GR. Now, inserting (8.16) with the definition (8.19) into the field
equations (8.9), a straightforward but lengthly calculation, which involves using the
conformal transformations (8.7), yields the static, spherically symmetric spacetime
(full details of this calculation can be found in Ref. [50]):
ds2 = −A(x)dt 2 +

1
dx 2 + z2 (x)dΩ 2 ,
A(x)fR2

(8.20)

where the function A(x) satisfies
1
A(x) =
fR


1−

1 + δ1 G(z)
1/2

δ2 zfR


,

(8.21)

and wehave introduced the dimensionless radial function z = r/rc , with rc ≡
(4π )1/4 rq lβ , while rq2 = κ 2 q2 /(4π ) is the charge radius and lβ2 = 1/(κ 2 β 2 ) the
Born–Infeld length. The constants δ1 and δ2 characterizing the solutions are given
by

rq rq
rc
, δ2 =
,
(8.22)
δ1 = 2(4π )3/4
r S lβ
rS
while the function G(z) in (8.21) satisfies
dG
z2
= 3/2
dz
4fR

ϕ̃
f˜ +
4π


z 
fR + fR,z ,
2

(8.23)

with the following definitions and expressions

α
η(z) 
1 − η(z) ,
f˜ ≡ lβ2 f =
2π
2
fR = 1 − αη(z) ,


1
ϕ̃(z) = 2 1 − 
,
1 + 1/z4

(8.24)
(8.25)
(8.26)
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Fig. 8.1 Behavior of the radial function z(x) for α = 10−2 (dashed red), α = 10−1 (green dotted) and α = 1 (solid blue), with the two asymptotically flat regions, z |x|, and the wormhole
throat, z = zc (x = 0). When α = 0 the wormhole throat closes and the GR point-like singularity
is recovered


2
√
z2 − 1 + z4
η(z) =
,
√
z2 1 + z4

(8.27)

with α ≡ γ /(2π lβ2 ). The spacetime described by the line element (8.20) with the
definitions above corresponds to a modification of the Reissner–Nordström solution
of the Einstein–Maxwell field equations, to which the metric reduces for far distances, r
rc . However, as the region r = rc is approached a number of relevant
modifications occur. The most important one comes from the behavior of the radial
function, which is implicitly defined as x 2 = z2 fR . This expression can be numerically inverted and the result is plotted in Fig. 8.1, where we see the distinctive features
of a wormhole geometry, namely, the existence of two asymptotically flat regions
(where z2 x 2 approaches the GR behavior) and the attainment of a minimum for
the radial function given by
zc (α) =

√
1 + 2α − 1 + 4α
,
√
2 1 + 4α

(8.28)

at which z(x) bounces off to a different region of spacetime.
The spherical surface of area S(zc ) = 4π zc2 (α) represents the throat of the wormhole, where the Kretchsman curvature invariant behaves as
K∼

1
.
(z − zc )2

(8.29)

Despite the divergence of this scalar at the wormhole throat [we point out that such
divergences are much milder than in the RN case, ∼ 1/r 8 , and that in Born–Infeld
electrodynamics in the context of GR, ∼ 1/z4 ] we want to investigate the implications
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of such divergences on the regularity of the geometry. In this sense, we note that in
the formulation of the singularity theorems no reference to curvature divergences
is made but, instead, use is made of the concept of geodesic completeness, namely,
whether any geodesic curve can be extended to arbitrary large values of the affine
parameter or not [51–53]. This is physically relevant because time-like geodesics are
associated to idealized observers, while null geodesics are associated to light rays
and the transmission of information [we leave aside from this discussion space-like
geodesics, because no object in Nature is known to move on such geodesics]. Since it
seems reasonable to impose the principle that in Nature nothing can suddenly cease
to exist and that nothing can emerge from nowhere, thus a consistent description of
spacetime should meet the completeness of all null and time-like geodesics.
A geodesic curve γ μ = x μ (λ), where λ is the affine parameter, satisfies the equation (see, e.g., [54] for a detailed account on this topic)
α
β
d 2 xμ
μ dx dx
=0.
+
Γ
αβ
dλ2
dλ dλ

(8.30)

For the analysis of the geodesic equation we recall that in the action (8.1) the matter
does not couple to the connection, which implies the conservation of the energy–
momentum tensor with respect to the covariant derivative defined with the Christoffel
g
symbols of the metric (the Levi-Civita connection), namely ∇μ T μν = 0. The physical
interpretation of this statement is that, following Einstein’s equivalence principle, test
particles should move on geodesics of the metric gμν and, for that reason, we shall
consider the connection compatible with it (i.e., the Levi-Civita connection of gμν ).
For our purposes, it is better to rewrite the geodesic equation (8.30) in terms of
the unit vector uμ = dx μ /dλ [which satisfies uμ uμ = −k, where k = 0, 1, −1 for
null, time-like, and space-like geodesics, respectively], which reads
duμ
μ ν σ
+ Γνσ
u u =0.
dλ

(8.31)

Taking advantage of the spherical symmetry of our problem, without loss of generality we can rotate the coordinate system to make it coincide with the plane θ = π/2,
which greatly simplifies the problem. In addition, we can identify two conserved
quantities, namely, E = A−1 dt/dλ and L = r 2 dϕ/dr (see [55] for a Hamiltonian
derivation of this result). For time-like geodesics these quantities carry the meaning
of the total energy per unit mass and angular momentum per unit mass around an
axis normal to the plane θ = π/2, respectively. This interpretation is not possible for
null geodesics but, following [54], we can see E/L as an apparent impact parameter
as seen from an observer at asymptotic infinity.
Under these conditions, the geodesic equation (8.31) for the line element (8.20)
becomes [we point out that this formula is valid for any f (R) gravity model under
the assumptions of spherical symmetry and source symmetry T t t = T r r ]
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d λ̃
= ±
dz


1+

1/2

fR
E 2 fR2

zfR,z
2fR




− A(z)fR k +

L2
rc2 z2

,

(8.32)

where we have redefined λ̃ ≡ λ/rc , by convenience. Using the explicit expressions
for the metric functions defined in (8.20) one can numerically integrate the geodesic
equation on each case. Far from the center, r
rc , one obtains the same behavior as in
GR, λ̃ ≈ z, which is consistent with the recovery of the Reissner–Nordström solution
at far distances. Deviations will arise around the wormhole throat, z = zc (α), where
expansions of the metric for radial null geodesics (k = L = 0) allow to integrate the
geodesic equation as
2zc
.
(8.33)
E λ̃(z) ∓ 1/2
a (z − zc )1/2
It is immediately seen that the affine parameter can be indefinitely extended in the
wormhole throat region, which means that these geodesics are complete [see Fig. 8.2].
This is in sharp contrast with the GR result, where radial null geodesics get to
r = 0 in finite affine time, hence they are incomplete. A similar analysis for radial
geodesics with angular momentum (k = 0, L = 0), for time-like geodesics, k = 1,
and space-like geodesics, k = −1, would show that these geodesics are complete
as well. This implies that these wormhole geometries are null, time-like and spacelike geodesically complete, no matter the behavior of the curvature scalars at the
wormhole throat. It is worth pointing out that null geodesics would take an infinite
affine time to reach the wormhole, which means that the latter lies in the future (or
past) boundary of the spacetime.
We point out that the completeness of geodesics in this model is an effect entirely
due to the gravitational sector, and not stick to the particularly nice properties of
Born–Infeld electrodynamics. To check this, let us consider the case of an anisotropic
fluid of the form
T μ ν = diag[−ρ, Pr , Pθ , Pϕ ] = diag[−ρ, −ρ, αρ, αρ] ,

(8.34)

where α is a constant, constrained as 0 ≤ α ≤ 1 in order for the energy conditions
to be satisfied [note that for α = 1, then Eq. (8.34) has the same structure as that of a
Maxwell field], and the conservation equation of the fluid in a spherically symmetric
spacetime implies that ρ(x) = C/r(x)2+2α , where C is a constant with dimensions.
Using the same model f (R) = R − γ R2 one can solve the combined system of gravitational field and anisotropic fluid, and after some algebra obtain the solution [56]
ds2 =

1
fR

B(z) = 1 −

−B(x)dt 2 +
1 + δ1 G(z)
1/2

δ2 zfR

1
dx 2 + r 2 (x)dΩ 2 ,
B(x)
,

(8.35)
(8.36)
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Fig. 8.2 The affine parameter λ(x) as a function of the radial coordinate x for ingoing and outgoing radial null geodesics (solid blue lines) of the model f (R) = R − γ R2 coupled to Born–Infeld
electrodynamics. Note the completeness of these geodesics, as opposed to the GR case (dashed red
lines)


Gz =

α
z2+2α
3/2
z2α fR

1+



1
1
− 2+2α
1−α
2z

,

(8.37)

with the definitions r = rc z and rc2+2α ≡ (4γ )κ 2 (1 − α)C. At far distances one recovz1−2α
ers the GR solution, namely, G αGR (z) = (1−α)(1−2α)
. Like in the case of nonlinear
electrodynamics above, the presence of a wormhole structure follows from the relation x 2 = r(x)2 fR , which implies the existence of a bounce for any value of α, which
is similar to that found in Fig. 8.1. In addition, an analysis of geodesics in these spacetimes yields a very similar representation of radial null geodesics as that depicted in
Fig. 8.2, as well as the completeness of all null and time-like geodesics.
In this section, we have considered the case of f (R) theories for their conceptual
and mathematical simplicity, and have verified with two different matter sources that
wormholes may arise and yield geodesically complete spacetimes. Nonetheless, a
more detailed analysis is needed to extend the framework to more general cases and
to get further into the properties of these wormholes.

8.3.2 Quadratic Gravity with Maxwell
and Born–Infeld Electrodynamics
The quantization of fields in curved spacetimes states that a high-energy completion
of GR would involve higher order powers in the curvature scalars, where each contribution would be suppressed by some fundamental length scale [57, 58]. This is in
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agreement with the description made by some fundamental approaches to quantum
gravity in their low-energy regime [59] and with the effective lagrangians picture
in gravitational physics [60]. In this section, we shall stick ourselves to quadratic
Lagrangians and, in particular, to those constructed as general functions f (R, Q) of
the curvature scalars R ≡ gμν Rμν and Q ≡ gμα gνβ Rαβ Rμν . Note that there is no need
to include the Kretchsmann scalar, K = Rα βγ δ Rα βγ δ , since it can be always rewritten
in terms of the other two invariants using the Gauss–Bonnet term, which becomes a
topological invariant in four spacetime dimensions and thus it does not contribute to
the field equations [61]. These quadratic models represent a natural generalization
of the f (R) theories considered in previous section.
The action is thus given by
S[g, Γ, ψm ] =

1
2κ 2



√
d 4 x −gf (R, Q) + SM [g, ψm ] ,

(8.38)

with the same definitions and notation as in the previous section. Performing independent variations of the action (8.38) with respect to metric and connection yields
the result1
f
fR Rμν − gμν + 2fQ Rμα Rα ν = κ 2 Tμν ,
√ 2 μν

∇β
−g fR g + 2fQ Rμν = 0 ,

(8.39)
(8.40)

where fX ≡ df /dX. Now, defining a matrix Pμ ν ≡ Rμα g αν we can express (8.39) as
f
2fQ P̂2 + fR P̂ − Î = κ 2 T̂ ,
2

(8.41)

where a hat denotes a matrix. Like in the f (R) case, Eq. (8.41) represents an algebraic
equation whose solution, P̂ = P̂(T̂ ) allows us to express P̂ as a function of the matter.
From the fact that R and Q are given by the trace of P̂ and P̂2 , respectively, this means
that the function f (R, Q) can be explicitly eliminated in favor of the matter sources
as well. Proceeding
further,
we introduce a new rank-two tensor hμν satisfying the
√

−hhμν = 0 [note that this strategy is exactly the same as in f (R)
equation ∇β
theories above], so identifying it with Eq. (8.40) and using a bit of algebra we obtain
the result
ĝ −1 Σ̂
,
ĥ−1 = 
det Σ̂

ĥ =




det Σ̂ Σ̂ −1 ĝ ,

(8.42)

1 We point out that, like in the f (R) case above, these equations are derived assuming a symmetric
connection and Ricci tensor. For full details on the derivation of the field equations when such
constraints are removed, see [62].
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where we have introduced the matrix Σ̂ = fR Î + 2fQ P̂ . Finally, we write (8.39) in

terms of P as P̂Σ̂ = 2f Î + κ 2 T̂ , and considering the object Pμ α Σα ν = Rμα hαν det Σ̂
[where we have used relations (8.42)], one finds that the metric field equations (8.39)
can be written as
f μ
1
(8.43)
δ ν + κ 2T μν ,
Rμ ν (h) = 
2
det Σ̂
where T μ ν ≡ Tμα g αν . Several considerations are in order. First, such as in the f (R)
case, (8.43) represents a set of second-order equations for the metric hμν where all
the objects on the right-hand side are purely functions of the matter sources. As
the metric gμν follows from the algebraic relations (8.42), which only depend on
the matter fields, the field equations for gμν will be second-order as well. Second,
in vacuum, T μ ν = 0, one has hμν = gμν [modulo a constant reescaling factor] and
the field equations (8.43) boil down to those of GR with possibly a cosmological
constant term, depending on the Lagrangian f (R, Q) chosen. Finally, we point out
that, as opposed to the f (R) case, where only the trace of the energy–momentum
tensor played a role, now the consideration of traceless energy-matter sources do
excite the modified gravitational dynamics present in the theory.
The last statement allows us to use in this case a standard (Maxwell) electromagnetic field. This will provide a natural generalization of the Reissner–Nordström
spacetime of GR. Thus, the energy–momentum tensor follows from Eq. (8.16) as
T μν =

q2
8π r 4

−Î 0̂
0̂ Î

.

(8.44)

Next, we need to specify a f (R, Q) Lagrangian. For simplicity we consider a
quadratic Lagrangian of the form
f (R, Q) = R + lε2 (aR2 + Q) ,

(8.45)

where lε is some length scale encoding the deviations from GR and a is a dimensionless constant. This choice has the advantage that the traces of P̂ and P̂2 in
Eq. (8.41) yield R = −κ 2 T [which is the same result as in GR] and Q = κ̃ 4 q4 /r 8 ,
where κ̃ 2 ≡ κ 2 /(4π ). For the theory (8.45), a bit of algebra allows to cast the field
equations (8.43) for this matter source as
κ̃ 2 q2
R ν (h) =
2r 4
μ



− σ1+ Î 0̂
0̂ σ1− Î

where we have introduced the important objects


,

(8.46)
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σ± = 1 ±

κ̃ 2 q2 lε2
.
r4

(8.47)

To solve the field equations (8.43) we proceed as follows. Two line elements are
introduced with the assumptions of staticity and spherical symmetry, one for hμν
1
dx 2 + x 2 dΩ 2 .
C(x)

(8.48)

1
dx 2 + r 2 (x)dΩ 2 .
A(x)

(8.49)

ds̃2 = −C(x)e2ψ(x) dt 2 +
and another for gμν
ds2 = −A(x)e2(x) dt 2 +

Because of the structure of the energy–momentum tensor, Tx x = Tt t , which follows
from the energy–momentum tensor (8.44), one can set ψ(x) = 0 without loss of
generality. The remaining function, C(x), in (8.48), follows from the resolution of
Eq. (8.46), and transforming the result back to the metric gμν using the set of relations
(8.42) (we refer the reader to Refs. [63–65] for full details of this derivation), we
obtain the geometry [in Eddington–Filkenstein coordinates]
ds2 = −A(x)dv 2 +

2
dvdx + r 2 (x)dΩ 2 ,
σ+

(8.50)

where the metric functions are given by the expressions


1
rS (1 + δ1 G(r))
A(x) =
1−
,
1/2
σ+
r
σ−

1 rq3
,
δ1 =
2rS lε
σ± = 1 ±
dr
dx

2

=

rc4
4
r (x)

σ−
,
σ+2

,

(8.51)

(8.52)
(8.53)
(8.54)


with the following definitions: rc = lε rq is a constant determining the size of the
corrections, which are controlled both by the charge radius rq2 = 2G N q2 and the
length scale lε appearing in the Lagrangian (8.45), and M0 = rS /2 is Schwarzschild
mass. The function G(z), which comes from integration of the field equations as
G z = 2σ+1/2 , can be integrated and expressed as an infinite power series expansion of
z σ−
the form


1 4
1
(8.55)
z − 1 f3/4 (z) + f7/4 (z) ,
G(z) = − +
δc
2
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Fig. 8.3 Behavior of the radial function r(x) in Eq. (8.57) (solid line) in units of rc , as compared
to the GR result, r(x) |x| (dashed), with the bounce at r = rc = 1, where the wormhole throat is
located

where fλ (z) = 2 F1 [ 21 , λ, 23 , 1 − z4 ] is a hypergeometric function, and δc ≈ 0.572069
is a constant. Expanding the metric A(z(x)) in series of z
1, where G(z) ≈ −1/z
[and σ± ≈ 1, r 2 (x) ≈ x 2 ], yields the result
A(x) ≈ 1 −

rq2
rS
+ 2 ,
r
2r

(8.56)

which is nothing but the standard Reissner–Nordström solution of GR. This way, we
obtain a spacetime that far from the center looks like the GR counterpart [similarly
as in the f (R) with nonlinear electrodynamics above], but as we approach the region
z = 1, large deviations occur. This follows from the fact that the radial function r(x)
in Eq. (8.54) can be explicitly written as
r(x) =
2

x2 +



x 4 + 4rc4
.
2

(8.57)

and it is plotted in Fig. 8.3. As can be seen there, the behavior of the radial function
is distinctive of a wormhole geometry, with a bounce occurring at r = rc , where the
radial function reaches a minimum and re-expands.
The geometry behaves around the wormhole throat r = rc as
lim A(x) ≈

r→rc

Nq (δ1 − δc )
4Nc δ1 δc




√
Nc − Nq
rc
+
+ O r − rc ,
r − rc
2Nc

(8.58)

178

G.J. Olmo and D. Rubiera-Garcia

√
where Nq = q/e is the number of charges and Nc ≡ 2/αem 16.55 (where αem is
the fine structure constant) is the critical number of charges (see below for its role).
It is clear that the behavior in this region is governed by the charge-to-mass ratio, δ1 ,
as compared to the critical value, δc . Indeed, this ratio governs the horizon structure
as well, according to the following characterization [63]:
• If δ1 > δc the solutions may have two, one (degenerate) or no horizons, depending on the number of charges Nq . This resembles the standard structure of the
Reissner–Nordström solution of GR.
• If δ1 < δc a single horizon exist on each side of the wormhole for any value of Nq ,
which makes this case similar to the Schwarzschild solution of GR.
• If δ1 = δc we find a single horizon for Nq > Nc , which disappears when Nq < Nc .
It should be noted that the above description takes place on one of the sides of the
wormhole throat. Nonetheless, a similar description takes place on the other side of
the wormhole, due to the symmetry of our scenario.
It is instructive to investigate what is the behavior of the curvature at the wormhole
throat itself. Focusing only on the Kretchsman scalar, K ≡ Rα βμν Rα βμν , one gets the
result
88δ12
64δ1
−
+ O (z − 1) + . . .
2
3δ2
9δ2
2 (2δ1 − 3δ2 )
1
δ∗
+O √
+ 1− 1
2
3/2
δ1
3δ2 (z − 1)
z−1
∗
1
1
δ
+O
+ 1− 1 2
δ1
(z − 1)2
4δ22 (z − 1)3

rc4 K ≈ 16 +

(8.59)

,

which is divergent if δ1 = δc and finite otherwise [similar results are obtained from
computation of other curvature scalars]. One thus would be tempted to regard the
former case as singular, and the latter as regular. As we already know from the
discussion of the f (R) case above, this is not necessarily true.
Before going that way we note that the wormhole picture can be made very
robust by investigating other of its properties. First, one can wonder what is the
nature of the sources that generate the charge q and the mass M0 in the geometry.
In the case of GR, the assumption that a point-like particle located at the center
of the solution is generating the charge and mass of the whole geometry proves
mathematically impossible. Indeed, there is no well-defined source able to generate
the Reissner–Nordström solution while satisfying the Einstein equations everywhere,
a well-known problem in the context of GR [66] due to the fact that such sources
would be concentrated in a point of zero volume (the singularity). Nonetheless,
following Misner and Wheeler’s reasoning, the existence of a finite-size wormhole
offers other possibilities. Indeed, a computation of the electric flux flowing through
an S 2 surface enclosing one of the wormhole mouths yields the result
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1
4π


S

∗F = q ,

(8.60)

where ∗F is the two-form dual to Faraday’s tensor. Note that a similar computation
on the other side of the wormhole throat would yield the result −q due to the opposite
orientation of the normal on that side. This implies that the wormhole is able to generate an electric charge from a sourceless electromagnetic field despite the fact that no
point-like charges are present in the system (which is consistent with the fact that they
are not explicitly included in the matter sector of the action defining our model). This
result, which is a particular realization of Wheeler’s charge-without-charge mechanism, is a very primitive concept arising from purely topological considerations
and, as such, is not affected by the existence of large metric fluctuations or curvature
divergences. Moreover, this flux satisfies the striking property that the density of
lines of force crossing the spherical wormhole throat, which is given by
q
Φ
= 2 =
4π rc2
rc


2

c7
,
(G)2

(8.61)

turns out to be a universal constant, not depending on the amounts of mass and charge
present in the system, but just on fundamental constants. This implies that local
disturbances in the metric will not affect this density, which is a purely topological
effect.
To investigate the origin of mass in these solutions we make use of the fact that
the coordinate x covers the entire geometry on both sides of the wormhole throat, so
we compute the total gravitational + electromagnetic mass of the solutions as


√
1
lε2 2
1
4 √
2
d 4 x −gϕ
S = 2 d x −g(R − R + lε Q) +
2κ
2
8π

4 √
t
= − d x −gTt σ+ ,

(8.62)

and performing the integration in terms of the coordinate dx 2 = dz2 /σ− , a little bit
of algebra yields the result

δ1
dt ,
(8.63)
S = 2Mc2
δc
which is nothing but the action of a point-like particle at rest with mass M0 δ1 /δc ! As
we see, the charge-to-mass ratio influences the total mass of the spacetime, but not
its origin, in a explicit realization of Wheeler’s mass-without-mass mechanism. This
way, a sourceless electromagnetic field is able, via a nontrivial topological structure,
to give both charge and mass to the spacetime.
Having implemented the charge-without-charge and mass-without-mass mechanisms, we turn now to the question of what is the meaning of curvature divergences
in our models, since neither the wormhole structure nor its associated properties
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feel any qualitative difference between those cases showing curvature divergences
(δ1 = δc ) and those where such divergences are removed (δ1 = δc ). As discussed
in the previous section, the most generally accepted criterion to determine when a
spacetime is singular or not is given by geodesic completeness. Proceeding like in the
f (R) case, we consider the geodesic equation (8.30) written in terms of the geodesic
vector as in Eq. (8.30), and replace there the line element (8.50), which yields the
result
L2
1 dx 2
,
(8.64)
= E2 − A κ + 2
2
r (x)
σ+ dλ
with the same notations, but with the new radial function r(x) defined as in Eq. (8.54).
Rescaling the radial coordinate as dy = dx/σ+ , Eq. (8.64) can be seen as a single
differential equation akin to that of a particle moving in a potential of the form
V (x) = A κ +

L2
r 2 (x)

.

(8.65)

For null k = 0, radial, L = 0, geodesics, Eq. (8.64) admits an analytic integration of
the form
⎧
r4
⎪
if x ≥ 0
⎨ 2 F 1 [− 41 , 21 , 43 ; rc4 ]r
,
(8.66)
± E · λ(x) =
⎪
⎩ 2x − F [− 1 , 1 , 3 ; rc4 ]r if x ≤ 0
0
2 1
4 2 4 r4
where 2 F1 [a, b, c; y] is a hypergeometric function, and we have introduced the constant x0 = 2 F 1 [− 41 , 21 , 34 ; 1] 0.59907. The behavior of these geodesics is plotted in
Fig. 8.4. There we see that null geodesics extend through the wormhole throat, where
the geometry is significantly modified as compared to GR, and can be extended to
arbitrary large values of the affine parameter. In GR, these geodesics reach the point
r = 0, and cannot be further extended because r > 0, hence, they are incomplete.
In our case, radial geodesics with nonvanishing angular momentum, k = 0, L = 0
and time-like geodesics for Reissner–Nordström-like configurations (δ1 > δc ) are
prevented from reaching the wormhole due to fact that they find an infinite potential
wall, similarly as what happens in the standard Reissner–Nordström solution of GR.
But in those solutions with δ1 < δc (which always have a single horizon), both null
and time-like geodesics may reach the wormhole and cross it, similarly as in the case
of δ1 = δc , where geodesics with enough energy can go through the wormhole.
Therefore, we have arrived to the conclusion that these spacetimes are null and
time-like geodesically complete, no matter the behavior of curvature scalars at the
wormhole throat. Nonetheless, the fact that such divergences may imply the existence
of infinitely large tidal forces acting upon physical (extended) objects crossing the
wormhole throat, requires a separate analysis. In this sense, one can make use of
the methods developed by Tipler [67, 68], Krolak [69, 70] and Nolan [71], among
others, which are based on the modelization of physical observers in terms of a
congruence of geodesics. At a given point, an invariant volume can be attributed
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Fig. 8.4 Behavior of the affine parameter λ(x) (solid red curve) for radial null (k = L = 0)
geodesics as compared to GR (dashed green). Note that in our case λ(x) can be arbitrarily extended
due to the presence of the wormhole, while in GR these geodesics finish at r = 0 due to the fact
that r > 0. In this plot E = 1

to the congruence, and following its evolution as the divergent region is crossed
one can determine the existence of a physical singularity if this volume vanishes,
that would be interpreted as the extended observer being crushed to zero volume,
hence, the singularity would be “strong”, otherwise “weak.” In our case, a similar
analysis reveals [72] that despite the fact that physical observers may experience a
“spaghettization” process in which the volume diverges as the wormhole throat is
crossed (though this process is reversed as soon as the wormhole throat is crossed),
no loss of causal contact occurs upon the constituents making up the observer. The
latter statement implies that the internal forces among the constituents making up
the body could be able to sustain it at all times. This is consistent with the fact
that scattering of scalar waves off the wormhole is well posed [73]. Therefore, the
presence of curvature divergences seem to have absolutely no destructive effect upon
physical observers.
We conclude that the spacetimes described by the line element (8.50)
represent sourceless, regular, self-consistent gravitating solutions where Wheeler’s
charge-without-charge and mass-without-mass mechanism is naturally implemented
through the emergence of wormhole structures. Thus, they represent truly genuine
geons.
The metric described by (8.50), which arises from a quadratic gravity model
in combination with an electromagnetic field, can be further refined. This is due
to the fact that in the innermost region of these solutions, the electromagnetic
field is expected to get additional corrections due to quantum effects. Taking into
account such effects proves a difficult task, due to the inherent complexity of the
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perturbative series of quantum electrodynamics. Nonetheless, as was shown in a
number of works, these effects can be incorporated, under certain circumstances, in
terms of nonlinear electrodynamics [74–76]. Indeed, finding a solution to the coupled system of quadratic gravity (8.45), with Born–Infeld electrodynamics (8.12) is
possible, and yields the metric [77]
ds2 = −

zσ−,z
A(z) 2
σ− (z)
1+
dt +
σ+ (z)
σ+ (z)A(z)
2σ− (z)

2

dz2 + z2 (x)dΩ 2 ,

(8.67)

where

1
δ1 =
2rS

rq3
lβ


r q lβ
δ2 =
,
rS

,

1
,
z4
1 + δ1 G(z)
A(z) = 1 −
,
δ2 zσ− (z)1/2
σ± = 1 ±

1/2

Gz =

z2 σ−
σ+

1+

(8.68)
(8.69)
(8.70)

2

lβ f + ϕ̃ ,

zσ−,z
2σ−

(8.71)

with the definitions of the charge radius, rq2 ≡ κ 2 q2 /4π , Born–Infeld scale lβ2 =
1/2
(κ 2 β 2 /4π )−1 and the radial function z4 = r 4 /(rq2 lβ2 ) satisfies dx = ±dz/σ− , whose
integration yields the typical behavior of a wormhole structure [i.e., two asymptotically flat regions and a bounce in between], with z = 1 (x = 0) setting the location
of the wormhole throat. Moreover, the implementation of the charge-without-charge
and mass-without-mass mechanisms of the previous section works exactly in the
same way in the present case. The most relevant difference is the change in the
density of lines of force flowing through the wormhole throat, which now becomes
Φ
=
4π rc2 zc2

4σ
1 + 4σ

1/2


c7
.
2(G)2

(8.72)

Here σ = lε2 /lβ2 contains contributions of the modifications of both the gravitational
and electromagnetic fields. The second difference lies in the computation of the total
mass contained in the spacetime, which takes the same form as in Eq. (8.63), but in
the present case the mass, M BI , of those solutions takes the form
M BI =

4σ
1 + 4σ

1/4

MM ,

(8.73)

where M M is the mass in Maxwell’s case. This way, as one departs from the Maxwell
case (corresponding to σ → ∞), the mass of the Born–Infeld objects is decreased. In
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particular, for β 1018 the mass can be lowered down to the order 102 GeV, which
would put these geonic objects within the reach of current particle accelerators.

8.3.3 Born–Infeld Gravity with Electromagnetic Fields
In this section, we are going to consider a different type of gravitational action,
dubbed Born–Infeld gravity [78, 79], which is formally similar in some aspects to
Eddington’s purely affine theory [80]. This theory is described by the action
S=

1
κ 2ε


d4x



√ 
−|gμν + εRμν (Γ )| − λ −g + Sm .

(8.74)

Oddly enough, this is nothing but the gravitational counterpart of Born–Infeld electrodynamics (written in determinantal form), where the field strength tensor Fμν is
replaced by the Ricci tensor Rμν . Alternatively, (8.74) can be seen as the comparison
of volume elements between the metrics qμν ≡ gμν + εRμν and gμν . The meaning
of the parameter λ in the action (8.74) is obtained from the expansion in series of the
new scale ε  1, which yields the result
lim S =

ε→0




√
1
d 4 x −g R − 2Λeff
2
2κ

√ ε −R2
1
+ Q + Sm .
− 2 d 4 x −g
2κ
2
2

(8.75)

The zeroth-order term of this expansion represents GR plus an effective cosmological
, supplemented with higher order terms in the curvature scalars R
term Λeff = λ−1
ε
and Q, and suppressed by inverse powers of the parameter ε which, consistently, has
dimensions of length squared [we shall denote, by convenience, ε = −2lε2 ].
When formulated in the Palatini approach, the field equations from (8.74) follow
as
√
|q|
(8.76)
√ qμν − λg μν = −κ 2 εT μν ,
|g|
√ μν 
∇α qq
=0,
(8.77)
and the usual manipulations of Palatini theories of gravity used in the previous
sections apply here as well.
In particular, the relation between the metric qμν and gμν
√ μν 
= 0] becomes
[for which ∇α
gg
q̂ =


ĝ −1 Σ̂
,
|Σ̂|Σ̂ −1 ĝ , q̂−1 = 
|Σ̂|

(8.78)
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where Σ̂ = λÎ − εκ 2 T̂ , and the field equations for qμν read now
Rμ ν (q) =

κ2
|Σ̂|

1/2



LG δ μ ν + T μ ν ,

(8.79)

1/2

where LG ≡ (|Σ̂| − λ)/(κ 2 ε). It is worth mentioning that, like in the f (R) and
f (R, Q) cases above, all the contributions on the right-hand side of the field equations
(8.79) only depend on the matter sources (and possibly the metric gμν ). Besides,
the recovery of the GR equations plus a cosmological constant in vacuum, and the
second-order and ghost-free character of the field equations, hold as well.
One could go forward and proceed to obtain the electrostatic, spherically symmetric solutions for this theory. At this point, one finds the surprising result that for either
linear or nonlinear electromagnetic fields, which always satisfy T t t = T r r , the field
equations for Born–Infeld gravity (8.74) with ε = −2lε2 and a = 1 exactly coincide
with those of quadratic gravity (8.45), and not only at the perturbative level given
by Eq. (8.75). This is due to the fact that all higher order corrections beyond linear
order in ε exactly cancel out due to the above-mentioned symmetry of the energy–
momentum tensor associated to electromagnetic fields. Consequently, the discussion
of the previous section for both Maxwell and Born–Infeld electrodynamics, and all
the found geonic properties also appear in the case of Born–Infeld gravity exactly
under the same form.

8.3.4 Higher Dimensional Generalizations
Many generalizations can now be found. In particular, one could explore the dynamics of these theories in the context of higher dimensions. This could be particularly
important within the context of the AdS/CFT correspondence [81–84], where exact
solutions in the gravitational side may provide interesting tools on the condensed
matter side. This is due to the fact that the field equations for higher dimensional
f (R) [85], f (R, Q) and Born–Infeld gravity [86] formulated in the Palatini approach
are always second-order, as opposed to the fourth-order equations found in the standard metric formulation of these theories (the exception to this rule being the Lovelock family of Lagrangians [61]). In the case of Born–Infeld gravity, Eq. (8.78) gets
modified as
α

qμν = |Υ̂ | d−2 (Υ −1 )μ gαν ,
1

qμν =

1
1

|Υ̂ | d−2

g μα Υα ν ,

(8.80)

where we have defined Υ̂ ≡ |Ω̂|1/2 Ω̂ −1 ≡ λÎ − εκ 2 T̂ and d is the number of spacetime dimensions, while Eq. (8.79) becomes
Rμ ν (q) =

κ2
|Υ̂ |

1
d−2



LBI δ μ ν + T μ ν ,

(8.81)
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where the gravitational Lagrangian density is written now as
1

|Υ̂ | d−2 − λ
.
κ 2ε

LBI =

(8.82)

We point out that the second-order, ghost-free character of the field equations is
preserved, while Minkowski spacetime is still recovered in vacuum, T μ ν = 0. Like in
the previous cases we couple Born–Infeld gravity in d dimensions to an electrostatic
spherically symmetric Maxwell field, and proceeding in the same way, we arrive at
εκ 2 q2
the result [with X̃ ≡ 8πr(x)
2(d−2) ]
ds2 = −

Ω+
A

A 2
dt +
Ω+

2

dx
Ω+

+ z2 (x)dΩ 2 ,

(8.83)

where
2

Ω− = (λ + X̃) d−2 ,

Ω+ =

⎛

⎞

A(z) = 1 − ⎝

1 + δ1 G(z) ⎠

G z = −z
δ1 ≡

(d

d−3

δ2 Ω−2 zd−3


d−2 Ω− − 1
1/2
Ω−
− 3)rcd−1
,
2M0 lε2

(λ − X̃)

,

d−4

(λ + X̃) d−2

,

(8.85)

λ+

δ2 ≡

(8.84)

1
z2(d−2)

,

(d − 3)rcd−3
.
2M0

(8.86)
(8.87)

Again, the presence of a wormhole structure can be inferred from the behavior
of the radial function, now determined by the equation x 2 = r 2 Ω− , which can be
analytically inverted as (see Fig. 8.5 for its graphic representation)

r d−2 =

|x|d−2 +


|x|2(d−2) + 4rc2(d−2)
2

.

(8.88)

In Fig. 8.5 we see the same features as in the previous models, namely, the recovery of
the GR behavior, r 2 x 2 at large distances, and the bounce at z = 1 (x = 0). It should
be noted that the transition from the GR-like behavior to the wormhole structure
occurs suddenly as the number of dimensions is increased. Properties associated to
the wormholes, like the generation of the charge via topological considerations, and
the computation of the total mass of the spacetime yielding the action of a point-like
particle, also hold in this case. On the other hand, an analysis of the metric and
the curvature invariants reveals that only in the case d = 4 may curvature scalars
become finite around the wormhole throat for some special choice of δ1 (similarly as
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Fig. 8.5 The radial function (8.88) for d = 4 (solid), d = 6 (dashed) and d = 10 (dotted)

in the four-dimensional case). Nonetheless, the corresponding study of the geodesic
behavior in these spacetimes reveals the completeness of all null, time-like, and spacelike geodesics, for all values of mass and charge, and in any dimension. Therefore,
they represent genuine geonic solutions, on equal footing to their four-dimensional
counterparts.

8.4 Conclusions
In this chapter we have shown that, contrary to general wisdom, gravity theories
with nonlinear curvature terms may yield second-order field equations if formulated
à la Palatini. Relaxing the compatibility condition on the connection allows the field
equations to modify the dynamics in a way that avoids higher order derivatives (which
complicate the analytical treatment), and ghost-like instabilities (which spoil the good
perspectives originally posited on such theories as quantum improvements of GR).
The second-order character of the equations allows to find analytical solutions using
strategies borrowed from GR and adapted to a situation in which two geometries are
related by a matter deformation. The examples presented in this work illustrate this
procedure with several models which admit exact analytical solutions.
Our analysis of spherically symmetric solutions puts forward that self-gravitating
free electric fields are possible and naturally lead to the notion of the geon originally
introduced by Wheeler. These geons arise thanks to the nontrivial topology of the
solutions, which turn out to be wormholes. Interestingly, these wormholes arise
naturally out of the matter plus gravity field equations, i.e., they are not designed
a priori as in the usual approach to wormholes, where one hopes that some exotic
matter source may be able to thread the previously designed geometry.
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We have seen that the resulting wormhole structure has a dramatic impact as
far as singularities are concerned. Given that the spacetime is now geodesically
complete, one can conclude that such geometries are nonsingular. This is so even
though curvature divergences typically arise at the wormhole throat. In the case
of f (R) theories, this divergence lies at the asymptotic boundary of the spacetime,
requiring an infinite affine time to reach it. As a result, physical observers cannot
interact with it and one can readily conclude that they are not observable. In the
case of quadratic gravity and the Born–Infeld gravity model, there are situations in
which physical observers can go through the wormhole and, therefore, interact with
the divergent region. In such cases, it has been found that extended objects do not
undergo any pathological effects as the throat is approached or crossed [73]. In the
case of naked configurations, the scattering of scalar waves off the divergence has also
been investigated finding that the propagation is smooth. In fact, transmission and
reflection coefficients can be computed numerically which are in excellent agreement
with analytical approximations.
The bottom line is that Palatini theories of gravity seem very well suited to address
different aspects of the expected phenomenology of quantum gravity, making black
holes, geons, and wormholes to arise all together in the same simple and clean
scenarios. Indeed, such objects arise directly from well-motivated actions and by
integration of the field equations in analytic form, which is in sharp contrast with
the reversed method frequently employed in the context of wormhole physics where
a suitable metric is defined first and then the Einstein equations are driven back to
find the matter source threading the geometry. Because of this strategy, we have been
able to define a well-behaved matter, and let the virtues of the Palatini approach to
flow. The fact that the resulting geometries obtained in this approach are nonsingular,
and that matter waves can propagate smoothly on those backgrounds may lead to
interesting results in the quantum regime. Such aspects will be explored elsewhere.
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Part II

Energy Conditions

Chapter 9

Classical and Semi-classical Energy
Conditions
Prado Martín–Moruno and Matt Visser

9.1 Introduction
The energy conditions, be they classical, semi-classical, or “fully quantum” are at
heart purely phenomenological approaches to deciding what form of stress–energy
is to be considered “physically reasonable”. As Einstein put it, the LHS of his field
equations G ab = 8π G N Tab represents the “purity and nobility” of geometry, while
the RHS represents “dross and uncouth” matter. If one then makes no assumptions
regarding the stress–energy tensor, then the Einstein field equations are simply an
empty tautology. It is only once one makes some assumptions regarding the stress–
energy tensor, (zero for vacuum, “positive” in the presence of matter), that solving
the Einstein equations becomes closely correlated with empirical reality. The energy
conditions are simply various ways in which one can try to implement the idea that
the stress–energy tensor be “positive” in the presence of matter, and that gravity
always attracts. In this chapter, we shall first discuss the standard point-wise energy
conditions, and then move on to their generalizations obtained by averaging along
causal curves, and some nonlinear variants thereof, and finally discuss semi-classical
variants.

9.2 Standard Energy Conditions
General relativity, as well as other metric theories of gravity, proposes a way in which
the matter content affects the curvature of the spacetime. The theory of gravity itself,
however, does not per se tell us anything specific about the kind of matter content
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that we should consider. If we are interested in extracting general features about the
spacetime, independently of the form of the stress–energy tensor of matter fields, we
have to consider purely geometric expressions such as the Raychaudhuri equation.
This equation describes the focussing of a congruence of timelike curves in a given
geometry. Particularized to geodesic motion it can be expressed as [1]
dθ
1
= ωab ωab − σab σ ab − θ 2 − Rab V a V b ,
ds
3

(9.1)

where ωab is the vorticity, σab is the shear, θ is the expansion, and V a is the timelike unit vector tangent to the congruence. Note that for a congruence of time-like
geodesics with zero vorticity, for which Va ∝ ∇a Φ(x) with Φ(x) a scalar field [2],
the only term on the RHS of Eq. (9.1) that can be positive is the last term. Hence,
if Rab V a V b ≥ 0, then the expansion decreases and, as free-falling observers follow
geodesics, observers that only feel the gravitational interaction get closer to each
other. This fact allows one to formulate the following geometric condition:
Time-like convergence condition (TCC): Gravity is always attractive provided
Rab V a V b ≥ 0

for any timelike vector V a .

(9.2)

Note that although the TCC ensures focussing of timelike geodesics the contrary
statement is not necessarily true, that is Rab V a V b < 0 does not automatically imply
geodesics defocusing [3]. As Rab depends on the stress–energy tensor through the
equations of the dynamics, the TCC imposes restrictions on the material content that
depends on the specific theory of gravity.
Analogously, one can take the equation for the focussing of a congruence of null
geodesics with vanishing vorticity, and formulate the null convergence condition1
(NCC). This is a particular limit of the TCC and requires that Rab k a k b ≥ 0 for
any null-vector k a . It should be noted that hypothetical astronomical objects like
wormholes would necessarily violate the NCC [8–10]. Furthermore, this condition
might also be violated during the early universe if one wishes to avoid the big bang
singularity [3, 11, 12].
Following a different spirit, one could consider imposing an assumption on the
form of the stress–energy tensor based on our daily experience through some energy
condition. This can be done restricting attention to a given theory of gravity. Such is
the case for the strong energy condition which is formulated as:

1 There have been interesting attempts to derive the NCC from an underlying fundamental framework

[4–7].
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Strong energy condition (SEC): Gravity is always attractive in GR.



1
Tab − T gab V a V b ≥ 0 for any timelike vector V.
2

(9.3)

This SEC takes into account both the TCC and the Einstein equations in its mathematical formulation. Hence, properly speaking, it only makes sense to refer to the
SEC in a general relativistic framework.
More generally, by looking at the world around us we can also assert certain
properties that any “reasonable” material content should satisfy independently of the
theory of gravity describing the curvature of spacetime. These energy conditions can
be used later to study the geometry once the theory of gravity is fixed. The energy
conditions commonly considered in the literature are [1, 13]:
Dominant energy condition (DEC): The energy density measured by any
observer is non-negative and propagates in a causal way.
T a b Va V b ≥ 0,

F a Fa ≤ 0.

(9.4)

Here, we have defined the flux 4-vector as F a = −T a b V b , and it is understood that
the inequalities contained in expression (9.4) have to be satisfied for any timelike
vector.
Weak energy condition (WEC): The energy density measured by any observer
has to be non-negative.
(9.5)
T a b Va V b ≥ 0.
Therefore, if the WEC is not satisfied, then the DEC has to be violated. However,
the WEC and the SEC are, in principle, completely independent.
Null energy condition (NEC): The SEC and the WEC are satisfied in the limit
of null observers.
T a b ka k b ≥ 0 for any null vector k a .

(9.6)

It should be noted that the NCC is completely equivalent to the NEC within the
framework of GR. By its very definition if the NEC is violated, then the SEC, on one
hand, and the WEC and DEC, on the other hand, cannot be satisfied.
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Historically, there was also a trace energy condition (TEC), the assertion that the
trace of the stress-energy tensor should (in − + ++ signature) be non-positive. While
for several decades in the 50s and 60s this was believed to be a physically reasonable
condition, opinion has now shifted, (specifically with the discovery of stiff equations
of state for neutron star matter), and the TEC has now largely been abandoned [13].
(See also Ref. [14] for uses of the less known subdominant trace energy condition, and
Ref. [15] for the practically unnoticed quasilocal energy conditions.) This cautionary
tale indicates that one should perhaps take the energy conditions as provisional, they
are good ways of qualitatively and quantitatively characterizing the level of weirdness
one is dealing with, but they may not actually be fundamental physics.

9.2.1 The Hawking–Ellis Type I — Type IV Classification
The Hawking–Ellis classification, (more properly called the Segre classification), of
stress–energy tensors is based on the extent to which the orthonormal components
of the stress-energy can be diagonalized by local Lorentz transformations:
T ab = (canonical type)cd L c a L d b .

(9.7)

Equivalently, one is looking at the Lorentz invariant eigenvalue problem


det T ab − ληab = 0, that is,



det T a b − λδ a b = 0.

(9.8)

Here as usual ηab = diag(−1, 1, 1, 1). In Lorentzian signature T a b is not symmetric,
so diagonalization is trickier than one might naively expect. Even the usual Jordan
decomposition is not particularly useful, (since for physical reasons one is interested
in partial diagonalization using Lorentz transformations, rather than the more general
similarity transformations which could lead to non-diagonal unphysical T ab ), and so
it is more traditional to classify stress-energy tensors in terms of the space-like/lightlike/time-like nature of the eigenvectors.
Based on (a minor variant of) the discussion of Hawking and Ellis the four types
(when expressed in an orthonormal basis) are:
• Type I:

⎡

T ab

ρ
⎢0
∼⎢
⎣0
0

0
p1
0
0

0
0
p2
0

⎤
0
0 ⎥
⎥.
0 ⎦
p3

(9.9)

This is the generic case, there is one timelike, and three space-like eigenvectors.
T ab = ρ u a u b + p1 n a1 n b1 + p2 n a2 n b2 + p3 n a3 n b3 ,

(9.10)
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where u a = (−1; 0; 0; 0), n a1 = (0; 1; 0; 0), n a2 = (0; 0; 1; 0), and n a3 =
(0; 0; 0; 1).
The Lorentz invariant eigenvalues of T a b are {−ρ, p1 , p2 , p3 }. Many classical
stress–energy tensors, (for instance, perfect fluids, massive scalar fields, non-null
electromagnetic fields), are of this type I form. Similarly many semi-classical
stress–energy tensors are of this type I form.
For a type I stress tensor the classical energy conditions can be summarized (in
terms of necessary and sufficient constraints) as:
NEC ρ + pi ≥ 0

—

WEC ρ + pi ≥ 0

ρ≥0

SEC ρ + pi ≥ 0 ρ +
DEC
• Type II:

| pi | ≤ ρ

pi ≥ 0

ρ≥0

⎤
0 0
μ+ f
f
⎢ f −μ + f 0 0 ⎥
⎥.
∼⎢
⎣ 0
0
p2 0 ⎦
0 p3
0
0
⎡

T ab

(9.11)

This corresponds to one double-null eigenvector k a = (1; 1; 0; 0), so that:
T ab = + f k a k b − μ η2ab + p2 n a2 n b2 + p3 n a3 n b3 ,

(9.12)

with η2ab = diag(−1, 1, 0, 0).2 The Lorentz invariant eigenvalues of T a b are now
{−μ, −μ, p2 , p3 }. Classically, the chief physically significant observed occurrence of type II stress–energy is when μ = pi = 0, in which case one has
T ab = f k a k b .

(9.13)

This corresponds to classical radiation or null dust.
One could also set pi = −μ in which case
T ab = −μηab + f k a k b .

(9.14)

This corresponds to a superposition of cosmological constant and classical radiation or null dust. Finally, if one sets pi = +μ then one has

2 For

type II Hawking and Ellis choose to set f → ±1, which we find unhelpful.
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⎡

T ab

μ 0
⎢ 0 −μ
∼⎢
⎣0 0
0 0

0
0
μ
0

⎤
0
0⎥
⎥ + f ka kb.
0⎦
μ

(9.15)

This corresponds to a classical electric (or magnetic) field of energy density μ
aligned with classical radiation or null dust.
For a type II stress tensor the classical energy conditions can be summarized as:
NEC

f > 0 μ + pi ≥ 0

WEC f > 0 μ + pi ≥ 0
SEC

f > 0 μ + pi ≥ 0

DEC

f >0

• Type III:

⎡

T ab

| pi | ≤ μ

ρ
⎢0
⎢
∼⎣
f
0

0
−ρ
f
0

f
f
−ρ
0

—
μ≥0
pi ≥ 0
μ≥0
⎤
0
0⎥
⎥.
0⎦
p

(9.16)

This corresponds to one triple-null eigenvector k a = (1; 1; 0; 0).
T ab = −ρ η3ab + f (n a2 k b + k a n b2 ) + p n a3 n b3 ,

(9.17)

with η3ab = diag(−1, 1, 1, 0).3 The Lorentz invariant eigenvalues of T a b are now
{−ρ, −ρ, −ρ, p}. Classically, type III does not seem to occur in nature — the
reason for which becomes “obvious” once we look at the standard energy conditions. Even semi-classically this type III form is forbidden (for instance) by either
spherical symmetry or planar symmetry — we know of no physical situation where
type III stress–energy tensors arise.
For a type III stress tensor the NEC cannot be satisfied for f = 0, and so the
only way that any of the standard energy conditions can be satisfied for a type III
stress–energy tensor is if f = 0, in which case it reduces to type I. So if one ever
encounters a nontrivial type III stress–energy tensor, one immediately knows that
all of the standard energy conditions are violated.
(This of course implies that any classical type III stress tensor, since it would have
to violate all the energy conditions, would likely be grossly unphysical — so it is
3 For

type III Hawking and Ellis choose to set f → 1, which we find unhelpful.
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not too surprising that no classical examples of type III stress–energy have been
encountered.)
• Type IV:
⎤
⎡
ρ f 0 0
⎢ f −ρ 0 0 ⎥
⎥
(9.18)
T ab ∼ ⎢
⎣ 0 0 p1 0 ⎦ .
0 0 0 p2
This corresponds to no timelike or null eigenvectors. The Lorentz invariant eigenvalues of T a b are now {−ρ + i f, −ρ − i f, p1 , p2 }.4
Classically, type IV does not seem to occur in nature. Again, a necessary condition
for the NEC to be satisfied for a type IV stress tensor is f = 0. The only way that
any of the standard energy conditions can be satisfied for a type IV stress–energy
tensor is if f = 0, in which case it reduces to type I. So whenever one encounters
a nontrivial type IV stress-energy tensor, one immediately knows that all of the
standard energy conditions are violated. (Again, this of course implies that any
classical type IV stress tensor, since it would have to violate all the energy conditions, would likely be grossly unphysical — so it is not too surprising that no
classical examples of type IV stress–energy have been encountered.)
Semi-classically, however, vacuum polarization effects do often generate type IV
stress energy [16]. The renormalized stress–energy tensor surrounding an evaporating (Unruh vacuum) black hole will be type IV in the asymptotic region [17],
(with spherical symmetry enforcing p1 = p2 ). As it will be type I close to the
horizon, there will be a finite radius at which it will be type II.
• Euclidean signature:
Since we have seen this point causes some confusion, it is worth pointing out that
when working in Euclidean signature (in an orthonormal basis) the eigenvalue
problem simplifies to the standard case


det T ab − λδ ab = 0.

(9.20)

Since T ab is symmetric it can be diagonalized by ordinary orthogonal 4-matrices.
The symmetry group is now O(4), not O(3, 1). So in Euclidean signature all
stress-energy tensors are of type I.

4 For

type IV Hawking and Ellis choose
⎡
0 f
⎢ f −μ
ab
⎢
T ∼⎣
0 0
0 0

0
0
p1
0

⎤
0
0 ⎥
⎥
0 ⎦
p2

(μ2 < 4 f 2 ).

We have found the version presented in the text to be more useful.

(9.19)
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The other thing that happens in Euclidean signature is that, because one no longer
has the time-like/light-like/space-like distinction, both the NEC and DEC simply
cannot be formulated. In fact it is best to abandon even the WEC, and concentrate
attention on a Euclidean variant of the SEC:
– Euclidean Ricci convergence condition: Rab V a V b ≥ 0 for all vectors.
– Euclidean SEC: (Tab −

1
2

T ηab )V a V b ≥ 0 for all vectors.

• Classifying the Ricci and Einstein tensors:
Instead of applying the Hawking–Ellis type I — type IV classification to the stress–
energy tensor, one could choose to apply these ideas directly to the Ricci tensor
(or Einstein tensor). The type I — type IV classification would now become statements regarding the number of space-like/null/eigenvectors of the Ricci/Einstein
tensor, and the associated eigenvalues would have a direct interpretation in terms
of curvature, (rather than densities, fluxes, and stresses). Formulated in this way,
this directly geometrical approach would then lead to constraints on spacetime
curvature that would be independent of the specific gravity theory one works with.

9.2.2 Alternative Canonical Form
Sometimes it is useful to side-step the Hawking–Ellis classification and, using only
rotations, reduce an arbitrary stress–energy tensor to the alternative canonical form
⎡

T ab

ρ
⎢ f1
∼⎢
⎣ f2
f3

f1
p1
0
0

f2
0
p2
0

⎤
f3
0 ⎥
⎥.
0 ⎦
p3

(9.21)

The advantage of this alternative canonical form is that it covers all of the Hawking–
Ellis types simultaneously. The disadvantage is that it easily provides us with necessary conditions, but does not easily provide us with sufficient conditions for generic
stress tensors. For example, enforcing the NEC requires
βi f i +

ρ±2
i

βi2 pi ≥ 0, with
i

βi2 = 1.

(9.22)

i

By summing over ±β one obtains
βi2 pi ≥ 0, with

ρ+
i

βi2 = 1,
i

(9.23)
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which in turn implies






NEC:

i



 1

βi f i  ≤
ρ+
 2


βi2 pi

βi2 = 1.

≥ 0, with

i

i

(9.24)
These are necessary and sufficient conditions for the NEC to hold — the quadratic
occurrence of the βi makes it difficult to simplify these further. Similarly for the
WEC one finds




 1



βi f i  ≤
βi2 pi ≥ 0, with
βi2 ≤ 1.
WEC:
ρ+

 2

i
i
i
(9.25)
For the SEC one obtains
⎛
⎞⎞
⎛




 1


SEC:
βi f i  ≤ ⎝ ρ +
pi +
βi2 ⎝ρ + pi −
p j ⎠⎠ ≥ 0,


 4
i
i
i
j=i
(9.26)
again with i βi2 ≤ 1. Finally, the DEC is somewhat messier. The DEC amounts to
the WEC plus the relatively complicated constraint
2


βi f i

ρ+
i

−

( f i + βi pi )2 ≥ 0, with
i

βi2 ≤ 1.

(9.27)

i

This can be slightly massaged to yield






i

⎛


 1

βi f i (ρ − pi ) ≤ ⎝ρ 2 +
 2

⎞

2
βi f i
i

( f i2 + βi2 pi2 )⎠ ≥ 0,

−

(9.28)

i

again with i βi2 ≤ 1. Unfortunately this seems to be the best that can generically
be done for the DEC in this alternative canonical form.

9.2.3 Limitations of the Standard Energy Conditions
For practical computations the energy conditions are most often rephrased in terms
of the parameters appearing in the type I — type IV classification, as presented in
Sect. 9.2.1, with type I stress–energy being the most prominent. (The other types are
often quietly neglected.) When expressed in this form, the standard energy conditions can easily be compared with both classical and with published semi-classical
estimates of the renormalized expectation value of the quantum stress–energy tensor.
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Beyond the strong physical intuition in which the energy conditions are based,
there are deep theoretical reasons why one should wish the energy conditions to be
satisfied. It is known that violations of the NEC, which is the weakest energy condition we have presented for the moment, may signal the presence of instabilities and
superluminal propagation5 [21–24]. Moreover, stress–energy tensors violating the
NEC can support hypothetical configurations as wormholes [9] and warp drives [25]
in the framework of general relativity,6 which may lead to pathological situations.
In addition, the energy conditions are central to proving the positivity of mass [49]
and the singularity theorems [1, 3]. In this context, although one might think that
violations of the NEC might always allow us to get rid of uncomfortable singularities, this is not the case [50, 51], and they can instead introduce new kinds of cosmic
singularities instead [52–56]. Nevertheless, it is already well-known that the energy
conditions are violated in realistic situations, where violations of these energy conditions in the presence of semi-classical effects being very common. Among many
situations where one or more of the energy conditions are violated we mention:
• SEC has to be violated in cosmological scenarios during the early phase of inflationary expansion and at the present time [57–61].
• It is easy to find violations of the SEC associated even with quite normal matter
[62, 63].
• Non-minimally coupled scalar fields can easily violate all the energy conditions
even classically [64].
(However, those fields may be more naturally interpreted as modifications of general relativity in some cases.)
• The Casimir vacuum violates all the mentioned energy conditions [16].
• Numerically estimated renormalized vacuum expectation values of test-field quantum stress tensors surrounding Schwarzschild and other black holes [65].
(EC violations occur, to one extent or another, for all of the standard quantum
vacuum states: Boulware [66], Hartle–Hawking [67], and Unruh [68].)
• Explicitly calculable renormalized vacuum expectation values of test-field quantum stress tensors in 1+1 dimensional QFTs [69].
(Again, energy condition violations occur to one extent or another, for all of the
standard quantum vacuum states: Boulware, Hartle–Hawking, and Unruh.)
Finally, it should be emphasized that the DEC, WEC, and NEC impose restrictions
on the form of the stress–energy tensor of the matter fields independently of the theory
of gravity. However, when these conditions are used to extract general features of
the spacetime, (such as, for example the occurrence of singularities), one considers
a particular theory of gravitation. Therefore, although the existence of wormholes
and bouncing cosmologies required violations of the NEC in general relativity, in
modified gravity theories the NCC could be violated by material content satisfying
the NEC. In that case, it is possible to define an effective stress–energy tensor putting
5 Note

that stable violations of the NEC are now known to be possible when the field has a noncanonical kinetic term [18–20].
6 See Refs. [26–48] for interesting research along those lines.
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together the modifications with respect to general relativity that violates the NEC
[64, 70–74]. As this effective tensor is not associated with matter, there is no reason
to require that it had some a priori characteristics. Hence, one may obtain wormhole
solutions supported by matter with “positive” energy [75–77], as in some of the
examples reviewed in the first part of this book.

9.3 Averaged Energy Conditions
The key to the averaged energy conditions is simply to integrate the Raychaudhuri
equation along a timelike geodesic

θ f − θi =
i

f



1 2
ab
ab
a b
ωab ω − σab σ − θ − Rab V V ds.
3

(9.29)

Assuming zero vorticity, and noting that both σab σ ab ≥ 0 and θ 2 ≥ 0 we have

θ f ≤ θi −

f

Rab V a V b ds.

(9.30)

i


That is, a constraint on the integrated timelike convergence condition, Rab V a V b ds,
is sufficient to control the convergence of timelike geodesics. In applications, the
integral generally runs from some base point along a timelike geodesic into the
infinite future. We formulate the ATCC (averaged timelike convergence condition):
Averaged time-like convergence condition (ATCC): Gravity attracts provided


∞

Rab V a V b ds ≥ 0 along any timelike geodesic.

(9.31)

0

In standard general relativity the Einstein equations allow one to reformulate this as
Averaged strong condition (ASEC): Gravity in GR attracts on average.


∞
0




1
Tab − T gab V a V b ds ≥ 0 along any timelike geodesic.
2

(9.32)

Similar logic can be applied to null geodesic congruences and the Raychaudhuri
equation along null geodesics to deduce
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Averaged null convergence condition (ANCC): Gravity attracts provided


∞

Rab k a k b dλ ≥ 0 along any null geodesic.

(9.33)

0

In standard general relativity the Einstein equations allow one to reformulate this as
Averaged null energy condition (ANEC): A necessary requirement for gravity
to attract in GR on average is


∞

Tab k a k b dλ ≥ 0 along any null geodesic.

(9.34)

0

Note that the integral must be performed using an affine parameter — with arbitrary
parameterization these conditions would be vacuous. This ANEC has attracted considerable attention over the years7 to prove singularity theorems [85, 86] and is for
instance the basis of the topological censorship theorem [87, 88] forbidding a large
class of traversable wormholes. However, note that even the ANEC can be violated
by conformal anomalies [89], so to have any hope of a truly general derivation of the
ANEC from more fundamental principles, one would need to enforce some form of
conformal anomaly cancellation.

9.4 Nonlinear Energy Conditions
The idea behind nonlinear energy conditions is inspired to some extent by the qualitative difference between the NEC/WEC/SEC and the DEC. The NEC/WEC/SEC
are strictly linear — any sum of stress–energy tensors satisfying these conditions
will also satisfy the same condition. This linearity fails however for the DEC, which
can be rephrased as the two conditions
Tab V a V b ≥ 0;

(−Tac ηcd Tdb )V a V b ≥ 0;

∀ timelike V.

(9.35)

The second quadratic condition is imply the statement that the flux F be non spacelike. We can further combine these into one quadratic condition
(−[Tac − εηac ]ηcd [Tdb − εηdb ])V a V b ≥ ε2 ; ∀ε > 0; ∀ timelike V. (9.36)

7 Interesting

studies include (but are not limited to) Refs. [78–84].
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That is, the DEC (suitably rephrased) is a nonlinear quadratic constraint on the
stress–energy, and it is this version of the DEC that can naturally be integrated along
timelike geodesics to develop an ADEC. Furthermore this observation opens up the
possibility that other nonlinear constraints on the stress–energy might be physically
interesting. Among such possibilities, we mention the flux energy condition [90, 91],
determinant energy condition, and trace-of-square energy condition [17].
Flux energy condition (FEC): The energy density measured by any observer
propagates in a causal way.
(9.37)
F a Fa ≤ 0.
It has to be emphasized that the FEC does not assume anything about the sign of the
energy density. Moreover, by its very definition the DEC is just the combination of
the WEC and the FEC. For the different types of stress-energy tensor we have
Type I ρ 2 ≥ pi2

—

Type II μ2 ≥ pi2 μf ≥ 0
The FEC cannot be satisfied for genuine (that is f = 0) types III and IV. The FEC
is a weakening of the DEC, and is equivalent to the single quadratic constraint
(Tac ηcd Tdb )V a V b ≤ 0;

∀ timelike V.

(9.38)

Once phrased in this way, it becomes clear how to formulate an averaged version of
the FEC.
Averaged flux energy condition (AFEC):


∞

(Tac ηcd Tdb )V a V b ds ≤ 0; along all timelike geodesics.

(9.39)

0

On the other hand, among other nonlinear combinations of the stress–energy
tensor, we might consider the following energy conditions:
Determinant energy condition (DETEC): The determinant of the stress–energy
tensor is nonnegative.


(9.40)
det T ab ≥ 0.
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In terms of the type decomposition we have
Type I

ρp1 p2 p3 ≥ 0

Type II

−μ2 p1 p2 ≥ 0

Type III
Type IV

ρ3 p ≥ 0

− ρ 2 + f 2 p1 p2 ≥ 0

Alternative

ρp1 p2 p3 − f 12 p2 p3 − f 22 p3 p1 − f 32 p2 p2 ≥ 0



Trace-of-square energy condition (TOSEC): The trace of the squared stress–
energy tensor is nonnegative.
T ab Tab ≥ 0.

(9.41)

In terms of the type decomposition we have
Type I

ρ2 +

pi2 ≥ 0

Type II

2μ2 +

pi2 ≥ 0

Type III
Type IV
Alternative

3ρ 2 + p 2 ≥ 0


pi2 ≥ 0
2 ρ2 − f 2 +
f i2 ≤ 21 (ρ 2 +

i

pi2 )

Since the TOSEC is basically a sum of squares, it is only in Lorentzian signature
that it can possibly be nontrivial — and even in Lorentzian signature only a type IV
stress–energy tensor can violate the TOSEC.
Some comments about the fulfilment of these conditions are in order [17]:
• DETEC is violated in cosmological scenarios during the early inflationary phase
and at the present time in the framework of GR.
• FEC is violated by the Casimir vacuum, but it can be satisfied by the renormalized
stress–energy tensor of the Boulware vacuum of a Schwarzschild spacetime.
• TOSEC can be violated by the Unruh vacuum of a Schwarzschild spacetime.

9.5 Semi-classical Energy Conditions
We now note that when considering semi-classical effects the ECs may be violated,
although the relevant inequalities are typically not satisfied only by a small amount.
This fact led us to formulate the semi-classical energy conditions in a preliminary
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and somewhat vague way, to allow them to quantify the violation of the classical
ECs, before considering a particular more specific formulation [17, 91].
Quantum WEC (QWEC): The energy density measured by any observer should
not be excessively negative.
The QWEC, therefore, allows the energy density to be negative in semi-classical
situations but its value has to be bounded from below. Now, assuming that this bound
depends on characteristics of the system, such as the number of fields N , the system
4-velocity U a , and a characteristic distance L, we can formulate the QWEC as

T a b Va V b ≥ −ζ

N
(Ua V a )2 .
L4

(9.42)

Here ζ is a parameter of order unity. For the QWEC we have:
Type I

ρ ≥ −ζ N /L 4 ρ + pi ≥ −ζ N /L 4

—

Type II μ ≥ −ζ N /L 4

pi ≥ −ζ N /L 4

f ≥ −ζ N /L 4

Type III ρ ≥ −ζ N /L 4

p ≥ −ζ N /L 4

| f | ≤ ζ N /L 4

Type IV ρ ≥ −ζ N /L 4

pi ≥ −ζ N /L 4

| f | ≤ ζ N /L 4

In a similar way, other quantum (semi-classical) energy conditions have been
formulated.
Quantum FEC (QFEC): The energy density measured by any observer either
propagates in a causal way, or does not propagate too badly in an acausal way.

So, the QFEC allows the flux 4-vector to be (somewhat) space-like in semi-classical
situations but its norm has to be bounded from above. It can be written as

F a Fa ≤ ζ

N
L4

2
(Ua V a )2 .

Here ζ is again a parameter of order unity. For the QFEC we have:

(9.43)
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2

ρ 2 − pi2 ≥ −ζ N /L 4
—
—




2
2
4 2
4 2
Type II μ − pi ≥ −ζ N /L
μf ≥ −ζ N /L
—




2
2
Type III ρ 2 − p 2 ≥ −ζ N /L 4 |ρ f | ≤ ζ N /L 4 | f | ≤ ζ N /L 4
2
2


Type IV ρ 2 − pi2 ≥ −ζ N /L 4 |ρ f | ≤ ζ N /L 4 | f | ≤ ζ N /L 4
Type I

Analogously with the classical energy conditions, the quantum DEC (QDEC)
would be satisfied in situations where both the QWEC and QFEC are fulfilled. That
is, the QDEC states the following
Quantum DEC (QDEC): The energy density measured by any observer should
not be excessively negative, and it either propagates in a causal way or does
not propagate too badly in an acausal way. Specifically,
N
T a b Va V b ≥ −ζW 4 (Ua V a )2 ,
L

2

N
a
(Ua V a )2 .
F Fa ≤ ζ F
L4

(9.44)
(9.45)

In order to get the relevant inequalities for the QDEC to be satisfied for types I —
IV stress–energy tensors, one needs just to combine the inequalities of the QWEC
and QFEC tables, taking into account that the two ζ ’s should be kept distinct.
(For a recent rediscovery of a quantum energy condition along the lines investigated in Refs. [17, 91, 92] and presented here see Ref. [93]. For non-local quantum
energy inequalities see Refs. [94, 95].)
Regarding the semi-classical quantum energy conditions it should be noted that:
• QECs are, of course, satisfied in classical situations where their classical counterparts are satisfied.
• The Casimir vacuum satisfies the QECs presented here [17].
• QFEC can be satisfied by the Boulware and Unruh vacuum even in situations
where the QWEC is violated [91].
• The QECs can be used as a way of quantifying/minimizing the violation of the
ECs.
Concerning the last point it should be clarified we are referring to quantifying the
degree of violation of an energy condition for a given amount of matter [92, 96–98],
and not to minimizing the quantity of matter violating the energy condition [99–101].
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9.6 Discussion
As we have seen, the energy conditions (both classical and semi-classical) are numerous and varied, and depending on the context can give one rather distinct flavours of
both qualitative and quantitative information — either concerning the matter content,
or concerning the (attractive) nature of gravity. Variations on the original classical
point-wise energy conditions are still under development and investigation, and the
status of the energy conditions as fundamental physics should still be considered
provisional.
There is no strict ordering on the set of energy conditions, at best a partial ordering,
so there is no strictly “weakest” energy condition. Nonetheless, perhaps the weakest
of the usual energy conditions (in terms of the constraint imposed on the stress
energy) is the ANEC, which makes it the strongest energy condition in terms of
proving theorems. Attempts at developing a general proof of the ANEC are ongoing
— part of the question is exactly what one might mean by “proving an energy
condition” from more fundamental principles. It should be noted, however, that even
the ANEC can be violated by conformal anomalies, so to have any hope of a truly
general derivation of the ANEC from more fundamental principles, one would need
to enforce some form of conformal anomaly cancellation.
On the other hand, it should be emphasized that the FEC is completely independent of the NEC. Hence, there could be in principle realistic situations where the
stress–energy tensor violates the ANEC but satisfies the FEC. Although, as we have
reviewed, the FEC can be violated by semi-classical effects, its quantum counterpart
is satisfied by the renormalized stress–energy tensor of quantum vacuum states.
An alternative approach is to formulate curvature conditions directly on the
Ricci or Einstein tensors, and then use global analysis, (based, for instance, on the
Raychaudhuri equation or its generalized variants) to extract information regarding
curvature singularities and/or the Weyl tensor.
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Chapter 10

Quantum Energy Inequalities
Christopher J. Fewster

10.1 Introduction
Energy conditions are restrictions on the stress–energy tensor, intended to express
generic properties such as the tendency of matter to contract under its own gravity.
A stress–energy tensor Tab is said to obey
• the Weak Energy Condition (WEC) if Tab ua ub ≥ 0 for all timelike ua ;
• the Null Energy Condition (NEC) if Tab ua ub ≥ 0 for all null ua ;
• the Dominant Energy Condition (DEC) if Tab ua vb ≥ 0 for all future-pointing timelike ua and vb ;
1
g ab Tab ≥ 0 for all time• and the Strong Energy Condition (SEC) if Tab ua ub − n−2
a
like unit u where n is the spacetime dimension.
These definitions were presented in the previous chapter, but are included here for
self-completeness and self-consistency. Some of these conditions have direct physical
interpretations: the WEC asserts that every observer perceives a non-negative energy
density, while the DEC states that each observer encounters a causal, future-directed
energy–momentum flux. For others the interpretation is less direct. The Raychaudhuri equation implies that the expansion of any irrotational null geodesic congruence
is non-increasing (and typically decreasing) in any solution to the Einstein equations
with stress–energy tensor obeying the NEC [65, Sect. 4.3]; the same holds for irrotational timelike geodesic congruences if the SEC holds (for vanishing cosmological
constant). These facts underpin the proofs of the singularity theorems [65, 92] and
many other important results in mathematical relativity. See [71] for a review of the
Raychaudhuri equations and variants thereof.
It is therefore a surprise that quantum field theory (QFT), our most successful
fundamental description of matter, is incompatible with the energy conditions. For
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instance, in any QFT on Minkowski spacetime obeying standard assumptions, each
local average of the energy density takes negative expectation values in some physically acceptable states. Worse still, the energy density at a given point can be made
unboundedly negative by varying the state. Similarly, vacuum energy densities in
many curved spacetime situations are negative, and the Casimir effect provides an
experimentally tested phenomenon in which negative energy densities arise. These
facts have often been used to argue that QFT might support spacetime geometries,
such as wormholes [98] or warp drives [2], that would be impossible for matter that
obeys the classical energy conditions. However, the violation of the classical energy
conditions is only one among a number of situations in which sharp classical bounds
become blurred in quantum theory (tunnelling and diffraction are other examples).
A common theme is that the uncertainty principle accounts for both the disease and
its remedy: on one hand, classical limitations cannot be maintained, but on the other,
transgressions are controlled in their scope. In our case, we may seek bounds on the
extent to which a given local average of the energy density can be negative. These
constraints, known as Quantum Energy Inequalities (QEIs) are the subject of this
chapter.
QEIs (also called Quantum Inequalities) have been studied for nearly 40 years,
following the realisation by Ford [52] that unfettered violation of the energy conditions could lead to macroscopic violations of the second law of thermodynamics.
They have been derived, in many cases with full mathematical rigour, for a variety of
free QFT models in both flat and curved spacetimes.1 They are less well developed
for interacting QFTs (and there are some problems in straightforwardly generalising
the type of result that holds in the free case) but QEIs are known for conformal field
theories in two dimensions [33] and for the massive Ising model [4]; it is also known
that related bounds can be found in a general class of Minkowski QFT models in
dimensions of at least 3 [5].
The structure of the chapter is as follows. Section 10.2 shows in detail how negative
energy density states can arise in QFT, giving both general results and specific examples. Section 10.3 presents a QEI obeyed by the real scalar field in four-dimensional
Minkowski spacetime, namely

Tab ua ub (γ (t)) |g(t)|2 dt ≥ −

1
16π 2



∞

−∞

|g  (t)|2 dt,

(10.1)

where γ is an inertial curve with 4-velocity u (a more stringent bound holds for
fields of non-zero mass). Here g is any smooth function vanishing outside a bounded
set. By a scaling argument it can be shown that an energy density below ρ < 0 can
be maintained for a proper time τ only if |ρ|τ 4  3.17 in units where  = c = 1.
This displays the uncertainty principle at work: negative energy densities of large
magnitude can only persist over short timescales. This and other consequences of
the QEI are discussed in Sect. 10.3.2. In particular, the phenomenon of ‘quantum
interest’ is described and it is also shown how QEIs can provide constraints on
1 See

Sect. 10.3.3 for references.
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the Casimir energy density in cavities of arbitrary shape. Section 10.4 explains the
derivation of a QEI valid in a general class of curved spacetimes for averaging along
any smooth timelike curve for any Hadamard state of the free real scalar field. The
argument follows [22] and is fully mathematically rigorous; for ease of reading,
the more technical parts (which use some methods from microlocal analysis) are
explained in an appendix, while Sect. 10.4 focusses on the structure of the proof.
Following that, the resulting QEI bounds are discussed in situations (e.g., stationary
trajectories in stationary spacetimes) where there is a time translation symmetry. Two
specific examples are studied (both in Minkowski spacetime) for averaging along an
inertial curve and a uniformly accelerated curve. The former case yields the bound
studied in Sect. 10.3 while in the latter case, the integrand in (10.1) is modified by
additional terms proportional to |g  |2 and |g|2 depending on the proper acceleration.
The ‘uncertainty principle’ analogue of the QEI becomes the statement that energy
densities below that of the Rindler vacuum state are constrained: |ρ − ρRindler |τ 4 
3.17/τ 4 (for τ α  1).
In Sect. 10.5 we survey some more recent developments in QEIs, focussing on
QEIs for non-free QFTs and also recent work on the probability distribution of
individual measurements of averaged energy densities. Finally, some applications of
the QEIs are described in Sect. 10.6.
Summary of main conventions: We take  = c = G = 1 and adopt (− − −) geometd c
ric conventions: the metric has signature + − − · · · , (∇a ∇b − ∇b ∇a )vd = Rabc
 v,
f (k) = d n x
Rab = Rd adb . Fourier transforms will be defined non-standardly by 
eik·x f (x); and that will sometimes be displaced, e.g. f ∧ (k), for typographical
reasons.

10.2 Violation of the Energy Conditions in QFT
It is helpful to begin with the classical situation. In many cases, classical matter models obey the energy conditions because the left-hand side of the relevant inequality
can be written as a sum of squares of basic fields. For example, the minimally coupled
scalar field obeying ( + m2 )φ = 0 has stress–energy tensor
1
1
Tab = (∇a φ)(∇b φ) − gab g cd (∇c φ)(∇d φ) + gab m2 φ 2 .
2
2
Given any timelike unit vector ua , choose a frame eA (0 ≤ A ≤ n − 1) with e0 = u.
Then
n−1
1
1
Tab ua ub =
(eA · ∇φ)2 + m2 φ 2 ≥ 0
(10.2)
2 A=0
2
so this theory obeys WEC due to the ‘sum of squares’ form; similarly it also obeys
the NEC and DEC for the same reason. However, we also see that
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Tab ua ub −

1
1
T aa = (ua ∇a φ)2 −
m2 φ 2
n−2
n−2

so the SEC can fail even for this model if m > 0. The non-minimally coupled scalar
field, obeying ( + m2 + ξ R)φ = 0, has stress energy tensor
(ξ )

(ξ =0)

Tab = Tab



+ ξ gab g − ∇a ∇b − G ab φ 2 ,

where G ab = Rab − 21 Rgab , the Einstein tensor. As the additional terms are not of the
sum of squares form, even NEC can be violated: at points where ∇φ = 0, for example,
this happens when the second derivative terms outweigh contributions proportional
to φ 2 .
In QFT, however, squares of fields require regularisation, replacing the square
by a Wick square in free theories, for example. The formal square is positive, but
infinite; regularisation restores finiteness at the cost of positivity. Let us see how this
occurs in the theory of a real scalar field in four-dimensional Minkowski space with
mass m ≥ 0,


 −ik·x
d3k
a(k) + eik·x a∗ (k) ,
e
Φ(x) =
√
(2π )3 2ω

where the 4-covector k is kμ = (ω, k), with ω =
k
creation operators obey the commutation relations
[a(k), a(k )] = 0,

2

+ m2 , the annihilation and

[a(k), a∗ (k )] = (2π )3 δ (3) (k − k )11

and the vacuum vector is denoted Ω. We will show that if f ∈ C0∞ (R4 ) is any smooth
function of compact support (i.e., vanishing outside a bounded set) with f ≡ 0 then,
no matter how large is the support of f , there are states in which the smeared Wick
square

:Φ 2 :(f ) =

d 4 x :Φ 2 :(x)f (x),

(with :Φ 2 :(x) defined by normal ordering) has negative expectation value. In particular this holds if f is non-negative, when the corresponding smeared classical field
squared is always non-negative. Noting that

:Φ 2 :(f )Ω =

1 
d 3 k d 3 k
f (k + k  )a∗ (k)a∗ (k )Ω,
√
(2π )3 (2π )3 2 ωω

it is obvious that Ω | :Φ 2 :( f )Ω = 0, and a short calculation gives

:Φ :(f )Ω
2

2

=

f (k + k  )|2
d 3 k d 3 k |
,
(2π )3 (2π )3
2ωω
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which is non-zero unless f vanishes identically.2 Accordingly, the observable :Φ 2 :(f )
has vanishing expectation value but non-zero fluctuation in the state Ω; it must
therefore have some negative spectrum and take on negative expectation values in
suitable states. Indeed, if
ψα = cos α Ω + sin α:Φ 2 :(f )Ω
(assuming f is chosen so :Φ 2 :(f )Ω = 1) then
ψα | :Φ 2 :(f )ψα  = sin(2α) + sin2 αΩ | :Φ 2 :(f )3 Ω = 2α + O(α 2 )
giving negative expectation values for sufficiently small α < 0. By a scaling argument [24] it may be shown that the expectation value of :Φ 2 : at a point is unbounded
from below as the state varies among physically reasonable (Hadamard) states.
The same conclusion may be reached in general QFTs. An argument due to
Epstein, Glaser and Jaffe [18] proves that loss of positivity is unavoidable for Wightman fields with vanishing vacuum expectation values. The main thrust of their argument is the following. Suppose a local observable A, such as a local average of
the energy density, has vanishing vacuum expectation value, Ω | AΩ = 0. If A is
positive, it has a square root, and we have
A1/2 Ω

2

= Ω | AΩ = 0

and therefore A1/2 Ω = 0. Hence AΩ = 0 and thus A = 0, because the Reeh–
Schlieder theorem [64] entails that no non-zero local observable can annihilate the
vacuum. (The Reeh–Schlieder theorem only applies to local observables, which is
why the Hamiltonian can be positive and have vanishing vacuum expectation value.)
Alternatively, one can argue as follows: individual measurements of A in state Ω
constitute a random variable with vanishing expectation value; this implies either
that zero is measured with probability 1, in which case AΩ = 0 (impossible for nonzero local observables by the Reeh–Schlieder theorem) or that there is a non-zero
probability for both positive and negative measurement values, so the spectrum of A
extends into the negative half-line.
There are many physical situations in which negative energy densities arise in
QFT. One of the main examples is provided by the Casimir effect, in which plane
parallel conducting plates in vacuo experience an attractive force. This force can
be predicted from QFT and agrees well with experiment; the same calculations
also predict a violation of the weak energy condition between the plates. Actually,
this conclusion may be reached simply from the existence of the attractive force
and some physical reasoning. In the case of infinite plane plates, separated through
distance L along the z-axis in standard (t, x, y, z) coordinates, one may deduce on
2 As f is compactly supported, fˆ (k) is analytic in each component of k. A necessary condition for
the integral to vanish is that 
f (k + k  ) is identically zero for all k  , k on the mass-shell; as the set of
4-momenta of 2-particle states has non-empty interior, fˆ and hence f vanish identically.
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symmetry grounds and dimensional considerations that the stress–energy tensor of
the electromagnetic field takes the form [7]
Tμν =

C(z)
diag (−1, 1, 1, −3),
L4

where C(z) is dimensionless; here we have also used tracelessness of the stress–
energy tensor. Conservation of the stress–energy tensor entails that C(z) is constant
except at the plates, so C may take different values C0 and C1 inside and outside
the plates (by reflection symmetry the values on the two outer components should
be equal). As there is no other length scale in the problem, C1 and C0 must be
independent of the plate separation L. Now the two limits L → 0 and L → ∞ can
both be regarded as describing a single plate alone in the world (as far as the outer
regions are concerned). In the limit L → ∞ one finds that the energy density must
vanish to either side of the plate; for this also to happen in the limit L → 0, it must be
that C1 = 0. Returning to the case of finite separation, the inward pressure on each
plate is then 3C0 /L 4 , so we may deduce C0 > 0 from an attractive Casimir force.
Therefore, the energy density between the plates, −C0 /L 4 , is negative, violating
WEC. The full computation of the stress–energy tensor in QFT leads to the values
C1 = 0 and C0 = π 2 /720.
A noteworthy feature of the Casimir effect is the small magnitude of the leading
coefficient π 2 /720 = 0.0137... in the stress–energy tensor. This is a typical feature—
violations of the energy conditions are typically either small in magnitude, or shortlived, or when they are not, require disparate scales, highly non-inertial motion, or
large positive energies somewhere in the system. Indeed, it has been argued that the
classical energy conditions might be regarded as holding in an operational sense,
once one takes account of the positive energies present in apparatus used to produce
and detect negative energy densities [66].
Other well-known instances in which negative energy densities occur include
moving mirror models in 1 + 1 dimensions [62], and (portions of) the exterior of
a Schwarzschild black hole in the Hartle–Hawking, Boulware or Unruh states (see
[99–101], and [80] for recent numerical calculations).
It is clear that the pointwise energy conditions are not respected by QFT. To gain
some insight into what conditions might hold instead, it is helpful to consider again
the expectation values of the Wick square in a state

Ψ =N

Ω +λ

d 3 k d 3 k b(k, k )a∗ (k)a∗ (k )Ω ,

where we assume for simplicity that b is real-valued and N is a normalisation
constant. An easy calculation shows that
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Ψ | :Φ 2 :(x)Ψ  ∝


d 3 k d 3 k λb(k, k ) cos((k + k  ) · x)

+ λ2 c(k, k ) cos((k − k  ) · x) ,

where c is given as an integral expression in b. If b(k, k ) = 0 unless both k and k
belong to a small neighbourhood of some k0 , then the same is true of c(k, k ). For
small enough λ, the expectation value is approximately proportional to λ cos(2k0 · x)
and one has an oscillating pattern of positive and negative values. (See [40] for
worked-out examples and plots in the case of energy density.) No worldline can
remain in a negative ‘trough’, because k0 · u > 0 for all timelike u, as k0 is on-shell,
so observers meet alternating positive and negative values. This suggests seeking
constraints on local averages along timelike curves, and that is precisely what we
will do.

10.3 An Example of a QEI and Its Consequences
10.3.1 QEIs Obeyed by a Free Scalar Field in Minkowski
Spacetime
We consider weighted averages of the energy density expectation values for a free
real scalar field in four-dimensional Minkowski spacetime with mass m ≥ 0.
Let Tab  be the expectation value of the stress–energy tensor in an arbitrary
Hadamard state. We will describe Hadamard states in detail later (Sect. 10.4 and the
appendix)—for now it is enough to say that these are states whose two-point function
has the same singularities as that of the Minkowski vacuum; this includes a dense
subset of the Fock space F of the theory but also states that are not given by vectors
in F (e.g., thermal equilibrium states at non-zero temperature). Choose any inertial
curve γ in proper time parametrisation, with four-velocity ua = γ̇ a . It will be shown
in Sect. 10.4.3 that the expected energy density along γ obeys the QEI

Tab ua ub (γ (t)) |g(t)|2 dt ≥ −

1
16π 3



∞

|
g (u)|2 u4 Q (u/m) du,

(10.3)

m

where the averaging weight (or ‘sampling function’) |g(t)|2 is the modulus-squared
of an arbitrary smooth compactly supported test function g and the function Q :
[1, ∞) → R+ is
Q(v) = 1 −

1
v2

1/2

1−

1
2v2

−


1
ln(v
+
v2 − 1),
2v4

which obeys 0 ≤ Q(v) ≤ 1 with Q(v) → 1 as v → ∞.
For massless fields, the bound simplifies to

(10.4)
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Fig. 10.1 The function Q

Q(v)
1

0


Tab ua ub (γ (t)) |g(t)|2 dt ≥ −



1
16π 2

v

1

∞

−∞

|g  (t)|2 dt,

(10.5)

which is also valid (but weaker than (10.3)) for m > 0 as well because Q ≤ 1
(Fig. 10.1).
Note that the quantum energy inequalities (10.3) and (10.5) are valid for arbitrary
(Hadamard) quantum states, and that their right-hand sides are state-independent
in each case. They are not expected to be optimal bounds—in two-dimensions, the
same method applied to the massless field gives a bound that is weaker by a factor
than 3/2 than a bound that is optimal (see Sect. 10.5.1.1), while in four dimensions,
numerical evidence suggests that the bound above could be improved by a factor of
approximately 3 at m = 0, and somewhat more if mτ  1 [13]. The bounds remain
true provided g, g  and g  exist (in the distributional sense) and are square-integrable;
in other words, if g belongs to the Sobolev space W 2,2 (R). However, the bound does
not apply to g with lower regularity, in particular, to discontinuous g. By ‘sharp
switching’, one could in principle trap arbitrarily large negative energy densities—
of course, no physical device is capable of instantaneous switching, as a consequence
of the uncertainty principle. We proceed to study the properties of (10.3).

10.3.2 Properties and Consequences of the QEI
10.3.2.1

Scaling

Putting gτ (t) = τ −1/2 g(t/τ ) in place of g in (10.5), the QEI becomes
1
τ



1
Tab u u (γ (t)) |g(t/τ )| dt ≥ −
16π 2 τ 4
a b

2



∞

−∞

|g  (t)|2 dt = −

const
,
τ4

where the constant depends on g. In the short sampling time limit τ → 0, this bound
is consistent with the fact that the expectation value of energy density at a point is
unbounded below, while in the limit τ → ∞ it gives
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lim inf
τ →∞

Tab ua ub (γ (t)) g(t/τ )2 dt ≥ 0

for any Hadamard state ω, so the WEC holds in this averaged sense (known as
AWEC). In Sect. 10.4.3 we will see how these results are modified for non-inertial
trajectories.

10.3.2.2

Bounds on the Duration of Negative Energy Density

Suppose that Tab ua ub (γ (t)) < ρ for some interval t ∈ [t0 , t0 + τ ] of proper time.
Then, for any g ∈ C0∞ ((t0 , t0 + τ )), one has

ρ


|g(t)|2 dt ≥

Tab ua ub (γ (t)) |g(t)|2 dt ≥ −

1
16π 2



∞

−∞

|g  (t)|2 dt.

Rearranging and integrating by parts twice, this says that
g | g  
≥ −16π 2 ρ,
g | g
where g | h denotes the standard L 2 inner product. As this inequality holds for all
nontrivial g ∈ C0∞ ((t0 , t0 + τ )), we can replace the left-hand side by its infimum over
all such g. This yields the minimum eigenvalue of the operator d 4 /dt 4 on [t0 , t0 + τ ],
with boundary conditions at each end corresponding to vanishing of the function and
its first derivative [45]. The upshot is that
ρ≥−

C
,
τ4

(10.6)

where the numerical constant C ∼ 3.17. Turning this around, in any time interval of
duration τ , the energy density must at some instant exceed −C/τ 4 . Tighter results
may be obtained for massive fields [20]. Inequality (10.6) resembles an uncertainty
principle; note, however, that it is a rigorous consequence of the QEI rather than
being injected as an additional assumption.

10.3.2.3

Quantum Interest

Developing the theme of the previous paragraph, let ρ(t) = Tab ua ub (γ (t)). Then
the QEI can be regarded as asserting the positivity of the differential operator
P=

d4
+ 16π 2 ρ(t),
dt 4
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on any open interval of R, with vanishing of the function and first derivative at
any boundaries.3 Here, positivity means that the operator has no negative spectrum,
equivalently that ψ | Pψ ≥ 0 for all ψ in the domain of P (in particular, ψ obeys
the boundary conditions). This leads to quite substantial restrictions on the possible
form of ρ.
For example, suppose that ρ has an isolated pulse between proper times t1 and t2 .
As the pulse is isolated, we must have ρ(t) = 0 on [t1 − τ1 , t1 ] and [t2 , t2 + τ2 ] with
t1 < t2 and τ1 , τ2 > 0. Choose a test function g ∈ C0∞ ((t1 − τ1 , t2 + τ2 )) that equals
1 on [t1 , t2 ]. Then the quantum inequality gives

16π

t2

2


ρ(t) dt ≥ −





|g (t)| dt = −
2

t1

t1



t1 −τ1



t2 +τ2

|g (t)| dt −
2

|g  (t)|2 dt.

t2

Only the ‘switch on’ and ‘switch off’ intervals contribute and we can independently
optimise over g in these intervals to give


t2
t1

ρ(t) dt ≥ −

A
A
A
−
≥− 2
,
8π min{τ1 , τ2 }3
16π 2 τ13
16π 2 τ23

where


A = inf
g

1

|g  (t)|2 dt

0

with the infimum taken over smooth functions g that are equal to 1 near t = 0
and vanish near t = 1. This amounts to an Euler–Lagrange equation g  = 0 with
g(0) = 1, g  (0) = g(1) = g  (1) = 0. The solution is g(t) = 1 − 3t 2 + 2t 3 and gives
A = 12, so we find
 t2
3
min{τ1 , τ2 }3
ρ(t) dt ≥ − 2 ,
2π
t1
which gives a nontrivial constraint on the extent to which a pulse (of any shape) can
be isolated if the integral is negative, namely
min{τ1 , τ2 } ≤

3

2π 2 |

 t2
t1

ρ(t) dt|

1/3
.

(10.7)

In particular, if ρ is compactly supported, then we may take the τi arbitrarily large and
conclude that ρ can only be compatible with the QEI restrictions if it has nonnegative
integral (another version of AWEC). Abreu and Visser [1] have also shown that if
ρ is the energy density compatible with the quantum inequalities and ρ = 0, then
ρ ≡ 0.
precisely, the Friedrichs extension of P defined on the dense domain C0∞ (I) ⊂ L 2 (I) is
positive for any interval I—the boundary conditions may be deduced from this [45].

3 More
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Fig. 10.2 Spacetime
diagram of the Casimir
plates and inertial trajectory

2

L

Ford and Roman [59] first described this type of behaviour and gave a financial
analogy: nature allows you to ‘borrow’ negative energy density, but you must ‘repay’
it within a maximum loan term set by constraints such as (10.7). Moreover, excluding
the case ρ ≡ 0, the amount repaid must always exceed the amount borrowed. This is
the so-called quantum interest effect—one may also show in various ways that the
interest rate diverges if one delays payment towards the maximum loan term. The
argument above (which is new) is based on [45], further developments of which can
be found in [1, 96]. A slightly earlier proof of some aspects of Ford and Roman’s
Quantum Interest Conjecture can be found in [88], but this is not as quantitative in
nature as the bounds given here.

10.3.2.4

A Priori Bounds on Casimir Energy Densities

Experiments conducted in a causally convex4 spacetime region ought not to yield
any information regarding the geometry outside the region. This insight has been
used to analyse the Casimir effect for a long time [72] and has also been at the root of
much recent progress in QFT in CST following the work of Brunetti, Fredenhagen
and Verch [9]. Here, we combine it with the quantum inequalities; what follows is
based on [39] (see also [25]).
Consider a region between Casimir plates at z = ±L/2 in otherwise flat spacetime
and an inertial trajectory parallel to the plates, as illustrated in Fig. 10.2. Let  be
the distance from this trajectory to the nearest plate in the t = 0 surface. Then no
experiment conducted along the trajectory in a time interval of less than 2 can
possibly know about the existence of the plates (and, a fortiori, what boundary
conditions apply there); it should be as if the experiment was conducted in Minkowski
space. In particular the quantum energy inequalities apply, and [as the energy density
is supposed constant along the trajectory] (10.6) gives an a priori bound
4A

set S is causally convex if every causal curve with endpoints in S lies completely within it.

226

C.J. Fewster

T00 ≥ −

C
3.17
0.20
∼−
=− 4 .
4
4
(2)
(2)


(10.8)

By comparison, the known value of the Casimir energy density for the massless
minimally coupled scalar field between parallel plates with Dirichlet conditions is
[17, Sect. 2]
π2
π 2 3 − 2 cos2 (π z/L)
−
T00 = −
,
1140L 4
48L 4
cos4 π z/L
which ranges between 3 and 7% of the bound (10.8) as z varies in [−L/2, L/2].
Inequality (10.8) is valid for the Casimir effect in a cavity of any (timeindependent) geometry, with  as the minimum distance from the trajectory to
any boundary. Clearly this includes situations where the exact calculation of the
Casimir energy density would be difficult or impossible; it also applies to all stationary (Hadamard) states of the system and to all possible boundary conditions at the
plates.

10.3.3 Some History and References
The study of QEIs began with a 1978 paper of Ford [52], in which he argued that
a beam of negative energy (described by a pure quantum state) could be used to
cool a hot body and decrease its entropy. Ford argued from the macroscopic validity of the second law of thermodynamics that violations of the energy conditions
must be governed by bounds of uncertainty principle type. That was borne out in
subsequent derivations of quantum inequalities by Ford in a series of papers written in conjunction with Roman and Pfenning [53, 55, 56, 58, 85, 87], concerning
Minkowski space and some static spacetimes. These papers established lower bounds
on weighted averages of the energy density5 of the scalar and electromagnetic quantum fields along a static trajectory, where the weight is given by the Lorentzian
function f (t) = τ/(π(t 2 + τ 2 )). Here τ sets the timescale for the averaging. For
example, the massless scalar field in 4-dimensions obeys a bound


3
τ T00 (t, x)
dt ≥ −
2
2
π(t + τ )
32π 2 τ 4

for all sufficiently nice states and any τ > 0.
The first QEI for general weighted averages was derived by Flanagan [48] for the
special case of massless quantum fields in two-dimensional Minkowski space. His
argument forms the basis of a general argument for two-dimensional conformal field
theories [33] that will be discussed in Sect. 10.5.1.1.
5 In fact, the earliest papers consider negative energy-momentum fluxes, but the energy density soon

became the main object of interest.
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The QEI (10.3) was derived in [27] for the scalar field of mass m ≥ 0 in Minkowski
space for averaging along inertial curves with general weight functions of sufficiently
rapid decay. Analogous results were derived in arbitrary spacetime dimension. This
was generalised to some static spacetimes [44] for averaging along static trajectories. With some modification, the method also applies to the electromagnetic [84],
Dirac [14, 34] and Rarita–Schwinger fields [105]. The general approach of [27]
(somewhat rephrased) formed the basis for the first fully rigorous QEI [22] for the
scalar field, which was also much more general than the previously known results.
We will discuss that argument in Sect. 10.4.2. Generalisations to the Dirac and electromagnetic fields are also known [15, 38, 46].
Some applications of the QEIs will be discussed in Sect. 10.6. To round off the
present historical discussion, it is worth noting that the link between QEIs and thermodynamics, which originally motivated Ford [52], can be pursued abstractly (in a
setting that includes the scalar field) [47]. It turns out that QEIs are part of a chain of
links between stability conditions at three scales: the microscopic (conditions on the
field in the ultraviolet such as the restriction to Hadamard states), mesocopic (QEIs)
and macroscopic (thermodynamic stability expressed via the second law).

10.4 Derivation of a QEI
This section will give, in outline, the proof of a general QEI for the free real scalar
field in a general globally hyperbolic spacetime (M, g) of dimension n ≥ 2. The
resulting bound will be computed in various situations. The derivation presented in
this section contains most of the core ideas but is incomplete in important respects,
which will be resolved in the appendix to this chapter.

10.4.1 Background and Preliminaries on QFT in Curved
Spacetimes
Recall that a time-oriented Lorentzian spacetime is globally hyperbolic if it contains no closed-timelike curves and every intersection J + (p) ∩ J − (q) is compact,
where J +/− (p) is the causal future/past of p. Equivalently the spacetime is globally
hyperbolic if and only if it has a (global) Cauchy surface.
We consider the real scalar field on (M, g), with field equation ( + m2 )φ = 0.
The quantum field theory can be described elegantly using algebraic quantum field
theory (see [8, 68] for recent surveys). Here, however, we only need some basic facts
concerning the two-point function W2 (x, x  ) = Φ(x)Φ(y) of a quantum state:
• W2 is a distribution on M × M, and the distributional action W2 (f , h) on a pair of
test functions f , h ∈ C0∞ (M), written formally as
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W2 (f , h) =

W2 (x, y)f (x)h(y)dvol(x) dvol(y),
M×M

is the expectation value of the product of smeared fields Φ(f )Φ(h).
• W2 is a (distributional) solution to the field equation in each of its variables
(x + m2 )W2 (x, y) = 0 = (y + m2 )W2 (x, y).
• W2 obeys the hermiticity condition W2 (f , h) = W2 (h, f ) for all test functions f , h.
• The antisymmetric part of the two-point function is
W2 (x, y) − W2 (y, x) = iE(x, y),
where E(x, y) = E − (x, y) − E + (x, y) is the difference of the advanced and retarded
Green functions. Here,

±
E ± (x, y)f (y)dvol(y)
φ (x) =
M

is the unique solution to ( + m2 )φ ± = f that vanishes outside the causal future
(+) or past (−) of the support of f – the closure of the set of points on which f is
non-zero.
• W2 has positive type, which means that W2 (f , f ) ≥ 0 for every test function f .
The positive type and hermiticity conditions can be understood easily by reference to
a Hilbert space representation (or, more abstractly, to the algebra of smeared fields)
in which the state of interest has state vector Ω and one has
W2 (f , h) = Φ(f )Φ(h) = Ω | Φ(f )Φ(h)Ω.
For a real scalar field one has Φ(f )∗ = Φ(f ) and correspondingly
W2 (f , h) = Φ(f )Φ(h)Ω | Ω = Ω | Φ(h)Φ(f )Ω = W2 (h, f ).
Similarly,
W2 (f , f ) = Φ(f )Φ(f ) = Φ(f )Ω | Φ(f )Ω ≥ 0.
We emphasise that these properties hold for all states and not just states that are
vacua in some sense. In order to construct a stress–energy tensor or other Wick
powers it is necessary to restrict further to the class of Hadamard states, whose
2-point functions take a specific form for near-coincident points.
The Hadamard class was precisely described in [73] in the four-dimensional case.
Briefly, near the diagonal {(x, x) : x ∈ M} in M × M one may define a sequence of
distributions H (r) taking the form
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U (x, y)
+ V (r) (x, y) log(σ+ (x, y)/2 ) + W (r) (x, y),
4π 2 σ+ (x, y)

where  is a fixed length scale and σ (x, y) is the signed squared geodesic separation
of x and y, with a positive sign for spacelike separation.6 The functions U , V (r) and
W (r) are smooth; V (r) and W (r) take the form
V (r) (x, y) =

r

k=0

vk (x, y)σ (x, y)k ,

W (r) (x, y) =

r


wk (x, y)σ (x, y)k

k=0

where the coefficients vk and wk are recursively determined by the requirement that
Px H (r) = (Px wr )σ r + (Px vr )σ r log σ+ together with U (x, x) = 1 and the convention that w0 = 0.7 Here, the subscript + indicates a distributional regularisation,
f (σ+ (x, y)) = limε→0+ f (σ (x, y) + 2iε(T (x) − T (y)) + ε2 ), where T increases to
the future. With these definitions in place, we describe W2 as being Hadamard if and
only if W2 − H (r) is r-times continuously differentiable in the neighbourhood of the
diagonal where it is defined, for all r ≥ 0. It is an important result that the difference
of two Hadamard 2-point functions is smooth on M × M, even though the Hadamard
condition is stated only for nearby points. This was proved by Radzikowski [89, 90]
using a much cleaner definition of the Hadamard condition based on microlocal
analysis. This formulation is described briefly in the Appendix to this chapter, as it
will be required in the rigorous proof of the QEI.
Quantities like the Wick square and stress–energy tensor can be defined using
point-splitting (see, e.g. [104]). In general, let P be a r’th order partial differential
operator on M with smooth real coefficients and consider a Hadamard state with
two-point function W2 . By the Hadamard condition, the difference W2 − H (2r) is
2r-times continuously differentiable near the diagonal in M × M, so (P ⊗ P)(W2 −
H (2r) )(x, y) (i.e., the result of acting with P in each variable) is continuous and we
may take the points together to define
(PΦ)2 (x) = (P ⊗ P)(W2 − H (2r) )(x, x).
There are residual finite renormalisation freedoms but we will neglect them for now.
As the Hadamard series is cumbersome to work with directly, it is useful to
consider quantities that are normal ordered with respect to a reference state, with
2-point function W2,R , say. Here, we define
:(PΦ)2 :R (x) = (P ⊗ P)(W2 − W2,R )(x, x).

function σ is well-defined and smooth in a neighbourhood of the diagonal in M × M.
satisfy the field equation in x to ever-increasing order in σ ; however, the limit r → ∞
does not necessarily exist, except in analytic spacetimes.
6 The

7 Thus the H (r)
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As (PΦ)2 (x) = :(PΦ)2 :R (x) + (PΦ)2 (x)R , where the last term is the expectation value in the reference state, a lower bound on the normal ordered quantity will
imply the existence of a lower bound on (PΦ)2 .

10.4.2 The QEI Derivation
Let (M, g) be any globally hyperbolic spacetime of dimension n ≥ 2 and let γ :
R → M be a smooth timelike curve, with proper time parametrisation. Let P be any
partial differential operator with smooth real coefficients. We consider the quantity
:(PΦ)2 :R , and seek a lower bound on

dτ |g(τ )|2 :(PΦ)2 :R (γ (τ ))
for g ∈ C0∞ (R) where the expectation value is taken in an arbitrary Hadamard state
and normal ordering is performed relative to a reference Hadamard state with twopoint function W2,R .
To start, we introduce a point-split quantity
G(τ, τ  ) = PΦ(γ (τ ))PΦ(γ (τ  )) = ((P ⊗ P)W2 )(γ (τ ), γ (τ  ))
and write G R for the same quantity computed using W2,R . There are immediate
questions to address about whether these quantities are well-defined,8 but we defer
these for the moment. Both G and G R are distributions, but their difference F =
G − G R is a smooth function,
F(τ, τ  ) = ((P ⊗ P)(W2 − W2,R ))(γ (τ ), γ (τ  ))
because W2 − W2,R is the difference of Hadamard 2-point functions and therefore
smooth. Furthermore, F is symmetric in its arguments, because W2 − W2,R is (recall
that all two-point functions have the same antisymmetric part) and one has
F(τ, τ ) = :(PΦ)2 :R (γ (τ )).
For any real-valued g ∈ C0∞ (R) we now compute



dτ |g(τ )|2 :(PΦ)2 :R (γ (τ )) =

dτ |g(τ )|2 F(τ, τ )
 ∞

dα

=
dτ dτ  g(τ )g(τ  )e−iα(τ −τ ) F(τ, τ  )
−∞ 2π

8 For example, one cannot make sense of an expression like u(f (t)) if u(x, y) = δ(x)δ(y) and f (t) =
(0, t), because u(f (t)) = δ(0)δ(t).
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(inserting the Fourier representation of a δ-function to ‘unsplit’ the points)

=

∞

dα
F(g−α ⊗ gα )
2π

−∞

(regarding F as a distribution and writing gα (τ ) = g(τ )eiατ )


∞

=
0

dα
F(g−α ⊗ gα )
π

(10.9)

using the symmetry of F, and hence F(g−α ⊗ gα ) = F(gα ⊗ g−α ) to make the final
step. As g is real-valued, g−α (τ ) = gα (τ ) and so one may compute




∞

dα
F(gα ⊗ gα )
π
0 ∞
 ∞
dα
dα
G(gα ⊗ gα ) −
G R (gα ⊗ gα )
=
π
π
0
0
 ∞
dα
≥−
G R (gα ⊗ gα ),
π
0

dτ |g(τ )|2 :(PΦ)2 :R (γ (τ )) =

where we have used F = G − G R and the positive type property G(h, h) ≥ 0 of G,
which it inherits from W2 . Similarly, G R is of positive type, so the integrand in the
final expression is pointwise positive in α.
We summarise with a theorem (although there are some important points left to
resolve—see below).
Theorem 10.1 Let (M, g) be any globally hyperbolic spacetime of dimension n ≥ 2,
P be any partial differential operator with smooth real coefficients, γ be any smooth
timelike curve in a proper-time parameterisation. For normal ordering performed
relative to a Hadamard reference state with two-point function W2,R , the inequality




∞

dτ |g(τ )|2 :(PΦ)2 :R (γ (τ )) ≥ −
0

dα (P)
G (gα ⊗ gα ),
π R

(10.10)

holds for any Hadamard state of the real scalar field and all real-valued g ∈ C0∞ (R),
where


G (P)
R (τ, τ ) = ((P ⊗ P)W2,R )(γ (τ ), γ (τ )).
The lower bound bound in (10.10) depends only on the reference two-point function
together with P, γ and g.
This derivation provides a quantum inequality on :(PΦ)2 : and hence on any other
quantity that can be expressed as a finite sum of such quantities, recalling that P is
any partial differential operator with smooth real coefficients. For example:
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• Taking P to be a multiplication operator (i.e., a zeroth order partial differential
operator) we obtain bounds on averages of the Wick square :Φ 2 :R .
• Taking P = va ∇a where v is any smooth vector field gives bounds on :(va ∇a Φ)2 :R .
• Combining these ideas and using the decomposition in (10.2) we have a QEI on the
energy density :Tab :R ua ub by summing the bounds for P = eaA ∇a (0 ≤ A ≤ n − 1)
and P = m:
 ∞

dα
(10.11)
dτ |g(τ )|2 :ua ub Tab :R (γ (τ )) ≥ −
TR (gα ⊗ gα ),
π
0
where

1 (m)
1  (eA ·∇)
G
(τ, τ  )
G R (τ, τ  ) +
2
2 A=0 R
n−1

TR (τ, τ  ) =

is the point-split energy density in the reference state [22]. This QEI can be called
a Quantum Weak Energy Inequality (QWEI).
• Taking P = k a ∇a where k is any smooth null vector field, we note that :
Tab :R k a k b = :(PΦ)2 :R and thereby obtain a Quantum Null Energy Inequality
(QNEI) [40]




∞

dτ |g(τ )|2 :k a k b Tab :R (γ (τ )) ≥ −
0

dα (k·∇)
G
(gα ⊗ gα ).
π R

(10.12)

• Similarly, one could obtain a Quantum Dominated Energy Inequality (QDEI); the
classical field obeys the DEC precisely because ua vb Tab is a sum of squares, in the
case that u and v are future-pointing causal vectors.
Two important questions must be resolved to complete the proof of Theorem 10.1.
First, is it legitimate to restrict the differentiated two-point function to the worldline,
as we did in defining Gand G R ? Second, is the final integral in (10.10) finite? If not,
the bound would be true, but useless! The (affirmative) answers to these questions are
briefly explained in the Appendix (see also [22]), making use of microlocal analysis to
provide the necessary deeper understanding of Hadamard states.9 However, the reader
who does not wish to delve into the details should at least note that neither is simply a
matter of fine precision. For instance, the first question would be answered negatively
for a null trajectory (and indeed there is no QEI bound in this case [40]). Regarding
the second, had we restricted to the negative half-line in (10.9), the argument would
have yielded a bound in which the final integral diverges—this does not contradict
our theorem above, but simply provides no useful information.
Further remarks and extensions
1. Variants of Theorem 10.1 exist for averages over suitable Lorentzian submanifolds, instead of timelike curves (see, e.g. [43]). However, no such bounds can
9 Indeed,

it is far from obvious in the derivation above where the Hadamard condition enters at all.
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exist for averages over spacelike surfaces (certainly above 2-dimensions) [54] or,
as already mentioned, along null curves [40].
2. The argument above relies on ‘classical positivity’ of the quantity in question. This
permits a number of related bounds to be proven by similar methods, e.g. see [38]
for spin-1 fields. Nonetheless, there are also QEIs for the free Dirac field [15, 46,
94] despite the fact that the ‘classical’ Dirac energy density is symmetrical about
zero and unbounded from below. It turns out that the analogue of the Hadamard
condition also functions as a local version of the Dirac sea, and restores positivity
[modulo a finite QEI lower bound] as well as renormalising the energy density.
See Sect. 10.5.1 for discussion of nonminimally coupled scalar fields and the case
of interacting QFT.
3. The expectation value in (10.10) may be written as (PΦ)2  − (PΦ)2 R and
for this reason a bound of this type is sometimes called a ‘difference quantum
inequality’. It can be rewritten as



dτ |g(τ )|2 (PΦ)2 (γ (τ )) ≥

dτ |g(τ )|2 (PΦ)2 R (γ (τ ))
 ∞
dα
−
G R (gα ⊗ gα ).
π
0

Schematically, (PΦ)2 R (γ (τ )) is the diagonal of a function Fren (τ, τ  ) = G R −
G ren , where G ren is formed from the distribution H (k) (for sufficiently large k) and
the operator P. So the dependence on the reference state actually cancels, and we
obtain the ‘absolute quantum inequality’




∞

dτ |g(τ )| (PΦ) (γ (τ )) ≥ −
2

2

0

dα
G ren (gα ⊗ gα )
π

on the Hadamard-renormalised square (PΦ)2 . Making this precise and quantitative takes a bit of work [43] and leads to a QEI expressed in terms of H (5)
for averaging along timelike curves. (See [94] for similar analysis of the Dirac
case.) Recently, Kontou and Olum have evaluated the resulting bounds to first
order in the Ricci tensor and its derivatives [up to third order] in spacetimes with
small curvature [79] for massless fields, averaging along timelike geodesics. In
so doing, they showed that the QEI bounds of [43] could be simplified to require
fewer terms of the Hadamard series (only H (1) is needed although the advancedminus-retarded bi-distribution E must be computed separately). The resulting QEI
takes the form (10.5) at leading order and involves other terms which are given
as integral expressions bilinear in g and its derivatives (up to the second order),
and involving the Ricci tensor and derivatives. Under rescaling, these additional
terms are at worst of order τ −2 as τ → 0.
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10.4.3 Specific Examples
We illustrate the quantum inequality bound (10.11) in some specific situations.

10.4.3.1

Stationary Trajectories in Stationary Spacetimes

Suppose that γ is an orbit of a timelike Killing vector field, defined at least in an
open neighbourhood of γ . In particular this holds if (M, g) is stationary, and γ is
a stationary trajectory. Choose a frame near γ with e0 = γ̇ and eA invariant under
the Killing flow. We also suppose that (M, g) admits Hadamard reference state with
two-point function WR that is also invariant under the flow near γ (for example,
a stationary state). In this case, the point-split energy density TR is translationally
invariant
TR (τ, τ  ) = TR (τ − τ  )
and, writing TR in terms of its Fourier transform, (10.11) becomes





dα ∞ dv 
g (α + v)|2
TR (v)|
π
2π
0
−∞
 ∞
du
|
g (u)|2 Q(u),
≥−
(10.13)
−∞ π

dτ |g(τ )|2 :ua ub Tab :R (γ (τ )) ≥ −



where
Q(u) =

(−∞,u)

∞

dv 
TR (v).
2π

R
Via the Bochner–Schwartz theorem, the positive type property of WR implies that T
is a polynomially bounded positive measure (cf. the appendix of [22]) so Q grows
at most polynomially. Further, if WR is the two-point function of a stationary ground
R (v) = 0 for v < 0 [22]. We note that (10.13) extends to complexstate, then the T
valued g ∈ C0∞ (R) simply by applying the above argument to the real and imaginary
parts separately. It is clear that a number of the general properties discussed in
Sect. 10.3.2 will transfer
√mutatis mutandis to the present case. In particular, replacing
g by gλ (τ ) = g(τ/λ)/ λ, one may show that

lim inf
λ→+∞



dτ |g(τ/λ)|2 :ua ub Tab :R (γ (τ )) + Q(0+) + Q(0−) ≥ 0

(10.14)

which gives a ‘difference AWEC’ relative to the reference state (a ‘difference
AWEC’) if Q(0+) = limu→0+ Q(u) = 0 (which implies that Q(0−) = 0 given the
R ), which would be expected if WR is a ground-state two-point funcproperties of T
tion with respect to the Killing flow. Section 10.4.3.3 gives an example in which these
additional terms are nonzero.
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Various examples have been worked out in detail; we give some instances here
and refer to [44] for others.

10.4.3.2

Inertial Trajectory in Minkowski Space

Let γ be an inertial trajectory in n-dimensional Minkowski spacetime, choosing
coordinates so that γ (τ ) = (τ, x) for fixed x. Let P be a partial differential operator
with constant real coefficients, so that Peik·x = p(k)eik·x for some polynomial p (which
necessarily obeys p(−k) = p(k)) and adopt the Minkowski vacuum as the reference
state, with corresponding two-point function






d n−1 k e−ik·(x−x )
,
(2π )n−1
2ω

W2,R (x, x ) =


where kμ = (ω, k), ω = |k|2 + m2 . With this choice, the normal ordering is precisely the conventional normal ordering of Minkowski space QFT (and indeed, one
would normally adjust the full renormalised quantity to coincide with this as well).
Then

d n−1 k |p(k)|2 −iω(τ −τ  )
(P)

e
G R (τ, τ ) =
(2π )n−1 2ω
from which the quantum inequality on :(PΦ)2 : can be computed. In particular, for
the point-split energy density one has




d n−1 k ω2 + k · k + m2 −iω(τ −τ  )
e
(2π )n−1
4ω

vol(Sn−2 ) ∞

=
dω ω2 (ω2 − m2 )(n−3)/2 e−iω(τ −τ )
n−1
2(2π )
m

TR (τ, τ ) =

leading ultimately to the QWEI

dτ |g(τ )|2 :ua ub Tab :R (γ (τ )) ≥ −
where
Qn−1 (x) = nx −n



vol(Sn−2 )
n(2π )n

∞



∞

du |
g (u)|2 un Qn−1 (u/m),

m

dy y2 (y2 − 1)(n−3)/2 .

1

Normalisation has been chosen so that Qn−1 (x) → 1 as x → +∞; in the massless
case, one may thus replace Qn−1 (u/m) by 1. The above bounds were originally
derived in a purely momentum-space framework in [27]—the case n = 4 corresponds
to the bound stated as (10.3), with Q = Q3 .
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10.4.3.3

Uniformly Accelerated Trajectory in n = 4 Minkowski
for m = 0

Again we use the vacuum state as the reference, W2,R (x, x  ) = 1/(4π 2 σ+ (x, x  )).
We consider the trajectory with uniform proper acceleration α0 > 0, given in inertial
coordinates by γ (τ ) = (ξ0 sinh(τ/ξ0 ), ξ0 cosh(τ/ξ0 ), 0, 0) in proper time parametrisation, where ξ0 = α0−1 . In this case one may show [39] that
3
TR (τ ) = lim
cosech4
ε→0+ 32π 2 ξ 4
0

τ − iεξ0
2ξ0

1
, with T(u) =
2π

u3 + uξ0−2
1 − e−2πξ0 u



and similar calculations to those above give


1
dτ |g(τ )| γ̇ γ̇ :Tab :(γ (τ )) ≥ −
16π 3
2

a

b



∞
−∞

du |
g (u)|2 Υ (ξ0 , u)

(10.15)

for any Hadamard state, where Υ (ξ0 , u) = (4π )2 Q(u) in our previous notation. As
|
g (u)|2 is even, we may replace Υ (ξ0 , u) by 21 (Υ (ξ0 , u) + Υ (ξ0 , −u)) in (10.15).
Using the identity
Υ (ξ0 , u) + Υ (ξ0 , −u) = u4 + 2

u2
11
+
,
2
ξ0
30ξ04

(10.16)

the following QEI holds for all Hadamard states and all g ∈ C0∞ (R):

dτ |g(τ )|2 γ̇ a γ̇ b :Tab :(γ (τ ))
 ∞
1
11α04

2
2 
2
≥−
|g(τ )|2 .
dτ
|g
(τ
)|
+
2α
|g
(τ
)|
+
0
16π 2 −∞
30

(10.17)

Comparing with (10.5), we see that the acceleration leads to modifications to the
QEI bound that are lower order in the number of derivatives applied to g.
In particular, the scaling behaviour discussed in Sect. 10.3 is modified; we have
1
τ


γ̇ a γ̇ b :Tab :(γ (t))|g(t/τ )|2 dt ≥ −

g  2
g  2 α02
11 g 2 α04
−
−
,
16π 2 τ 4
8π 2 τ 2
480π 2

where the norm · is that of L 2 (R). For α0 τ  1 the previous result is recovered
to good approximation; however, for α0 τ  1 it is the last term that dominates and,
indeed, the AWEC fails—multiplied by τ , the right-hand side diverges to −∞ as
τ → ∞. By subtracting this troublesome term we can deduce that

lim inf
τ →∞

γ̇ a γ̇ b :Tab :(γ (t)) +

11α04
480π 2

|g(t/τ )|2 dt ≥ 0
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holds for any Hadamard state. This is precisely an example of (10.14), noting that
Q(0+) = Q(0−) = 11/(960ξ04 π 2 ) by (10.16). At first sight it is remarkable that the
integrand vanishes identically in the Rindler vacuum state, which has energy density
ρ = −11α04 /(480π 2 ) along γ [67, Sect. 3]. From another viewpoint, however, it is
just the difference AWEC that one would have obtained using the Rindler vacuum
as the reference state on the right wedge x > |t|; even though our calculation was
conducted entirely in Minkowski space. This is local covariance [9] in action—
physics along the accelerated curve can know of nothing outside the wedge!
This example might suggest that a good way to experience long-lasting negative
energy densities is to follow a uniformly accelerated trajectory. It is worth noting that
the work required to maintain this motion grows exponentially with the proper time,
and therefore the ‘cost’ in work done is growing much more rapidly than the ‘benefit’
of negative energy ‘seen’. An alternative, studied by Ford and Roman [61] is for the
observer to follow an oscillatory trajectory with the field in a suitably prepared state.
They were able to find examples in which the integrated negative energy density
‘seen’ grows linearly with the sampling time just as we have at leading order in
the accelerated case. This is not in contradiction with the QEIs; it simply shows
that the bounds can become quite weak for long sampling times along non-inertial
trajectories. The examples given in [61] avoid unphysically large velocities, but of
course it remains the case that work must be done to maintain non-inertial motion.

10.5 Further Developments
10.5.1 Quantum Energy Inequalities Beyond Free QFT
10.5.1.1

Conformal Fields in 1 + 1 Dimensions

QEIs have been derived for a general class of conformal field theories (CFTs) in
1 + 1 dimensions.10 The basic idea was given by Flanagan [48] for massless scalar
fields and was generalised to massless Dirac fields [102] before being turned into a
general and rigorous argument in [33].
Recall that the stress tensor T ab in CFT is traceless, and that
T 00 (t, x) = TR (t − x) + TL (t + x),

T 01 (t, x) = TR (t − x) − TL (t + x),

where the left- and right-moving chiral components TL and TR commute and obey
the spectrum condition

PL,R =

10 See

TL,R (v) dv ≥ 0.

[63] for a general reference on CFT in 1 + 1 Minkowski space.
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An important feature of CFTs is that suitable reparametrisations of null coordinates v = t − x, u = t + x are unitarily implemented in the vacuum Hilbert space.
Under the correspondence v → z(v) := (i − v)/(i + v), the real-line is mapped to
T \ {−1}, where T ∼
= S 1 is the unit circle in C. If a reparametrisation v → V (v) lifts
to an orientation preserving diffeomorphism of S 1 , then there is a unitary UR (V )
such that
UR (V )TR (v)UR (V )−1 = V  (v)2 TR (V (v)) −

cR
{V, v}1,
24π

where cR is the central charge (for right-movers) and

1
d2
{V, v} = −2 V  (v) 2 √ 
dv
V (v)
is the Schwarzian derivative. The same is true for TL and the UL , UR commute.
Consider one of the stress-tensor components, say, T (v) and let f be a smooth
compactly supported positive real-valued function. We define

T (f ) =

T (v)f (v) dv

and aim to show that there is a lower bound on the expectation values T (f )ψ .
The idea is to define v → V (v) by V  (v) = 1/f (v) and set ψ  = U (V )ψ. Then
f (v)T (v)ψ = f (v)U (V )T (v)U (V )−1 ψ 
c
{V, v}f (v)
= V  (v)T (V (v))ψ  −
24π
so





c
T (V )ψ  dV −
{V, v}f (v) dv
24π

c
= Pψ  −
{V, v}f (v) dv.
24π

T (v)ψ f (v) dv =

Using the spectrum condition, and rearranging, we find


c
T (v)ψ f (v) dv ≥ −
12π



d 
f (v)
dv

2

dv

for all ‘reasonable’ ψ. The only problem is that the map v → V (v) does not lift to a
diffeomorphism of S 1 , but this can be resolved by an approximation argument [33],
in which all the above manipulations are justified and the class of ‘reasonable’ ψ
is specified. The necessary assumptions on the theory are shown to hold for CFTs
constructed from unitary, positive energy Virasoro representations. It was also proved
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that the bound is sharp if the theory has a conformally invariant vacuum. Any nonnegative f ∈ S (R) can be used for smearing. Combining the results from left- and
right- movers, one has

T00 (t, 0)ψ f (t) dt ≥ −



c
6π

d
f (t)
dt

2

dt

(10.18)

for an average along a timelike inertial curve (assuming the central charges of left- and
right movers take a common value c). The QEIs derived by Flanagan and Vollick for
massless scalars and Dirac fields respectively [48, 102] correspond to c = 1, while
the massless Majorana field, for example, has c = 1/2 and a tighter bound.
This argument is notable, partly as the first examples of QEIs for non-free fields,
but also because it does not depend on a ‘sum of squares’ form of the energy density.
It is also model-independent, applying to all unitary positive energy CFTs in one go.
Further developments of these and related ideas can be found in [12]. These bounds
have also been derived by holographic arguments [81] (based on a holographic proof
of ANEC [74]).

10.5.1.2

The Ising Model and Other Integrable Theories

The massive Ising model is a very simple integrable QFT in 1 + 1-dimensional
Minkowski space.11 It is a theory of massive bosons, but differs in essential ways from
the free massive free field. In particular, it has nontrivial scattering (albeit simple: the
two-particle S-matrix is minus the identity) and there are single particle states with
negative energy density.12 Moreover, the energy density of a multi-particle combination of such states is not the sum of their individual energy densities. A simplifying
feature is that the Fock space of the theory also supports an auxiliary free Majorana
field, whose stress–energy tensor generates the energy momentum operators (which
are determined by the translation symmetry). Therefore the Majorana stress–energy
tensor can be identified as the stress–energy tensor of the Ising model.13 However, as
the latter obeys a state-independent QEI, it follows that the Ising model does too, as
was shown in [4]. One has, for any inertial curve γ with proper time parametrisation
and 2-velocity ua ,

Tab ua ub (γ (t)) |g(t)|2 dt ≥ −

1
4π 2



∞

|
g (u)|2 u2 QIsing (u/m) du,

m

where the expectation value is taken in any sufficiently regular state of the theory
and g ∈ C0∞ (R) as usual. Here, m is the boson mass and
11 By Wick rotation it is related to a continuum limit of the statistical mechanical Ising model above
the critical temperature.
12 This cannot happen in the free scalar field, because the classical field obeys WEC.
13 Note however that the Ising model is not equivalent to the Majorana theory.
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QIsing (v) =



1 − v−2 − v−2 log(v +



v2 − 1).

This is the first example of a truly interacting theory in which QEIs have been
established. One might wonder whether the same is true of other integrable QFTs
and an investigation has been begun in [3] for a class of theories including the sinhGordon model. Generically, these models admit single-particle states with locally
negative energy densities (an effect that become more pronounced as the interaction
strength increases). In fact, there is some freedom in determining the stress–energy
tensor of these models, which is constrained if QEIs are required to hold, in some
cases leading to a unique stress–energy tensor. To date, the analysis of [3] is restricted
to single-particle states, but it provides a basis for a full investigation of QEIs in
integrable QFT.

10.5.1.3

Nonminimal Coupling

As already emphasised, the classical minimally coupled scalar field obeys the WEC
by virtue of a decomposition of the energy density as a sum of squares. This is not
true for the nonminimally coupled field, and indeed the energy density can be made
arbitrarily negative at any given point (see, e.g. [60] for a discussion). It turns out
that this behaviour is, nonetheless, constrained by locally averaged energy conditions
reminiscent of the QEIs [36]. In spacetime dimensions n ≥ 2, for example, let φ be
any solution to the nonminimally coupled field equation ( + m2 + ξ R)φ = 0 with
ξ ∈ [0, 1/4]. Then, if γ is any complete causal geodesic with affine parameter λ, the
corresponding stress–energy tensor obeys
γ






dλ Tab γ̇ a γ̇ b |g|2 ≥ −2ξ

γ

dλ

1
|∂λ g|2 + Rab γ̇ a γ̇ b |g|2 −
2


1
− ξ Rγ̇ 2 |g|2 φ 2
4

for any g ∈ C0∞ (R). In particular this result includes the case of conformal coupling.
Note that the left-hand side involves both the field and its derivatives (up to second
order), while the right-hand side only involves the field: the bound exhibits a ‘gain
in derivatives’.
The corresponding quantum theory was discussed in [37], where it was shown
that (in Minkowski space) the nonminimally coupled field can violate WEC very
badly indeed. The argument is the following: the failure of classical WEC allows
the existence of one-particle states with negative energy density near the origin, say.
By a scaling argument these can be taken to have any desired spacetime extent; as
tensoring N such states together multiplies the energy density by N, we see that
states of arbitrarily negative energy density can be sustained over arbitrarily large
spacetime volumes. However, there is a cost. The overall energy of these states is
positive, and grows more rapidly than the scales characterising the negative energy
density: the production of negative energy density is highly inefficient.
By modifying the argument in Sect. 10.4.2, one can establish QEI bounds for
the nonminimally coupled field in general globally hyperbolic spacetimes that are
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state-dependent [37]. In these bounds the averaged energy density is bounded below
by state-independent terms together with terms that involve averages of the expectation value of the Wick square of the field in the state of interest—again demonstrating
a ‘gain in derivatives’ phenomenon. One way of understanding this bound is to regard
the Wick square as a thermal observable, specifically as a square of the local temperature. Similarly, the energy density could be regarded as a measure of the fourth power
of the local temperature. This again shows how the lower bound is more stringent
than any upper bound could be. The thermal interpretation makes best sense in the
context of states of ‘local thermal equilibrium’ (LTE); Schlemmer and Verch have
shown that one may also prove QEI-like results directly for such states, valid for any
coupling constant and mass—see [91] for this and references to the LTE literature.

10.5.1.4

Interacting Fields

There is now a fairly complete theory of quantum energy inequalities for free fields
in globally hyperbolic spacetimes of any dimension (although optimal bounds are
lacking in general). As we have seen, similar results hold in a large class of conformal
field theories in two dimensions. The situation for more general interacting QFTs is
more complicated, of course, and less is known. The following remarks summarise
the state of knowledge:
• One cannot expect state-independent QEIs to hold for worldline averaging; as
mentioned, these can even fail in the nonminimally coupled theory. They also
fail for theories with infinitely many minimally coupled fields, if the number of
fields with mass below m grows exponentially in m [26]. Moreover, on physical
grounds, we can expect that long-lasting negative energy densities can be sustained
by quantum fields as shown by the example of the Casimir effect, modelling the
plates as certain states of a full interacting theory. A computation along these lines
was undertaken by Olum and Graham [83]; although there is a net positive energy
density near the ‘plates’, their set-up maintains a negative energy density near the
mid-point between them.
However, it is possible that modified QEIs hold; for example, that suitable spacetime averages of the energy density can be bounded below when the scale of spatial
averaging is comparable with that of temporal averaging (thus removing the objection posed by the Casimir example). This suggestion appears in [19, p. 176] and
has been proposed as a spacetime averaged weak energy condition (SAWEC) in
[21].
The example of the nonminimally coupled scalar field shows that SAWEC cannot
hold unconditionally. However, if there are interactions, the trick of tensoring
together large numbers of single particle states to multiply up the energy density
no longer works. Similarly, in the case of infinitely many fields, the mass spectra
for which QEIs fail are essentially those for which other properties (nuclearity and
the split property) also fail [26]. It is thus conceivable that well-behaved interacting
models obey SAWEC or a similar condition.
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• In terms of positive results, the averaged null energy condition is known to hold
in general two-dimensional quantum field theories [97]. In spacetime dimension
of 3 or more, it has been proved that for a wide class of theories obeying the
‘microscopic phase space condition’ there are (generally state-dependent) lower
bounds on results on quantities that are ‘classically positive’, i.e. arise as composite
fields in the operator product expansion of (sums of) squares [5]. For instance, one
can obtain a bound on averages of the Wick square :Φ 2 : because it is a composite
field in the OPE of Φ(x)Φ(y).14 As yet, it is not known whether there are interacting
theories in which the energy density can be
• A completely different and new direction is provided by the Quantum Null Energy
Condition (QNEC) which asserts a state-dependent bound on the expectation
value of the null-projected stress–energy tensor Tab k a k b at a point. The lower
bound is provided by a second derivative of an entropy (non-uniquely) associated
with the state and the null vector k. Such results have been established for superrenormalizable interacting theories [6] and also by holographic means for large-N
(deformed) CFTs in Minkowski spacetime of general dimension [77].

10.5.2 Higher Moments and Probability Distributions
The discussion so far concerns the expectation value of the smeared stress–energy
tensor or other similar quantities in arbitrary (physically reasonable) states. Here, we
discuss what information can be gleaned concerning the underlying probability distribution of individual measurements of such quantities when the system is prepared
in some specific state.
This has been worked out in detail for CFT in 1 + 1 dimensions [30]. The idea is
to study the probability distribution through its moment generating function
M[μf ] =

∞

μn Ω | T (f )n Ω
,
n!
n=0

where Ω is the vacuum state and T (f ) is one of the chiral components of the stress–
energy tensor
√ averaged against test function f . In the special case where f (u) =
2
2
e−u /τ /(τ π) it was shown that

M[μf ] =

e−μ/(πτ )
1 − μ/(π τ 2 )
2

c/24
.

Inverting a Laplace transform, the probability density for measurement values of
T (f ) taken in the vacuum state is
14 The fact that there is a state-independent lower bound in this case can be attributed to the fact that
the only singular term in the OPE is a multiple of the identity.
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Fig. 10.3 The probability
density P(ω) plotted for
c=1

P(ω)

−ω 0

P(ω) = ϑ(ω + ω0 )

0

ω

β α (ω + ω0 )α−1
exp(−β(ω + ω0 )),
Γ (α)

(a shifted Gamma distribution) with parameters
ω0 =

c
,
24π τ 2

α=

c
,
24

β = π τ 2,

which has an integrable singularity at lower limit for c < 24—see Fig. 10.3. Using the
Hamburger uniqueness theorem [93] it may be shown that this is the only probability
distribution corresponding to the moments Ω | T (f )n Ω.
The probability distribution is clearly highly skewed. We see that the lower bound
of the support coincides precisely with the sharp lower bound on the expectation values of T (f ) for the Gaussian f , i.e. −c/(24π τ 2 )—as it should for general reasons [30].
Thus the QEI bound, originally conceived as a constraint on the expectation value
of the smeared energy density, is also a constraint on the minimum value that can be
achieved in an individual measurement of this quantity.
The probability of obtaining a negative value is given in terms of incomplete
Γ -functions:
 0
Γ (c/24, c/24)
.
P(ω)dω = 1 −
Prob(ω < 0) =
Γ (c/24)
−∞
For c = 1, this results in a value 0.89—an overwhelming likelihood of obtaining a
negative value from a measurement in the vacuum state. This computation refers to
just one of the chiral components of Tab , and for averaging along the corresponding
light-ray. For Gaussian averages of the energy density along an inertial curve and
c = 1, as for the massless scalar field, the probability of obtaining a negative value
is 0.84.
It is striking that negative energy densities occur with such high probability in
individual measurements made in the vacuum state. It is not known with what probability negative energy densities occur in any other state, or for test functions other
than a Gaussian, but it would be of interest to extend the CFT analysis further.

244

C.J. Fewster

In four dimensions, similar questions have been studied in massless free field
theory for averaging against Lorentzian sampling functions [31] (many of the results
immediately transfer with slight modification to the electromagnetic field). Here,
closed form results could not be obtained but strong numerical evidence was presented that the probability distribution for Lorentzian-smeared Wick square is again a
shifted Gamma distribution): suitably normalised, all the moments turn out to be integers, and coincide with those of the fitted distribution exactly up to the 65th moment
(calculations up to this level required some novel combinatorics [42]). The situation
for the energy density is more complicated. The moments grow very rapidly ∼(3n)!
putting them beyond the scope of theorems on unique solution to the moment problem [93]. Nonetheless, every probability distribution consistent with the moments
has a long tail
A(υ/c)−7/6 e−(υ/c)

1/3

 Prob(ω > υ)  B(υ/c)−4/3 e−(υ/c)

1/3

for constants A, B and c. Interestingly, this means that large positive QFT energy
density fluctuations are more likely than comparable fluctuations from thermal noise,
which may have implications for spontaneous nucleation of black holes [31].
What happens if the Lorentzian is replaced by a compactly supported function?
The answer turns out to depends sensitively on the details of the sampling function
as it switches on and off [29]. Averaging along the worldline results in even faster
growth of the moments for the energy density on the order of (3n/α)!, where the
α
parameter α is associated with the fall-off in of the transform fˆ (ω) ∼ e−β|ω| (the
previous result for Lorentzian sampling is consistent with the limiting case α = 1).
In the time domain, the switch-on is f (t) ∼ At −μ exp(−Bt −ν ) for constants A, B > 0
where ν = α/(1 − α), μ = (2 − α)/(2(1 − α)) and we have supposed that the sampling function switches on at t = 0 for simplicity. The corresponding probability
distribution must have an even more slowly decaying tail than before. On the other
hand, averaging over spacetime volumes, rather than worldlines, results in moments
that grow much more slowly, and might come within the scope of the Stieltjes uniqueness theorem in some cases [28] (see [70, Sect. II.D] for a summary). Even in these
cases, the vacuum fluctuations dominate thermal fluctuations at high enough energy
scale.

10.6 Applications of the QEIs
We have concentrated to a large extent on the QEI bounds themselves and their
properties. By way of outlook, we briefly describe some of their applications.
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10.6.1 Exotic Spacetimes
Any sufficiently smooth Lorentzian metric is a solution to the Einstein equations for
some stress–energy tensor. Many exotic spacetime models (wormholes, warp drives,
etc.) require stress–energy tensors that violate the classical energy conditions, and
thus cannot be supported by for example a perfect fluid with positive energy density
and pressure. Given that the energy conditions no longer hold in all circumstances
in QFT, it is natural to consider whether exotic spacetimes can be supported by the
expected stress–energy tensor in some quantum state.15
The QEIs can be used to provide strong constraints on the spacetime geometry
in these scenarios (see, e.g. [41, 57, 86]): if the stress–energy tensor is supposed
to be provided by a QFT, then it must obey the constraints that this entails. Of
course this assumes that the QFTs involved obey QEIs at all. As described above,
this is true for many free models, even in general curved spacetimes, and there is
encouraging evidence that general interacting theories should obey related bounds
with some caveats—almost certainly they do not obey state-independent worldline
bounds, but a reasonable expectation is that they satisfy state-dependent QEIs (or
possibly spacetime averaged conditions such as SAWEC), which make the longterm presence of large-magnitudes of negative energy density disproportionately
expensive (in terms of the positive energy required overall).
A second problem is to determine the QEI bound. In principle the calculations can
be done exactly, even in curved spacetimes [43] but tractable closed form expressions
are not easily come by in general (except in weakly curved spacetimes [79] in a
leading approximation). However, as one is typically interested only in order-ofmagnitude estimates for the feasible parameters of the exotic spacetime (for example,
the wormhole throat radius) one can be satisfied with approximations to the QEIs.
The typical assumption made is that on sufficiently small scales, the spacetime can
be assumed approximately Minkowskian and therefore the Minkowski QEIs apply
for averages over sufficiently small scales. Therefore one can expect a results such
as those of Sect. 10.3.2.2 to apply to the energy density along a timelike geodesic γ
in a proper time parametrisation: that is, one has
max γ̇ a γ̇ b Tab ≥ −

C
,
τ4

where the maximum is taken over a proper time interval of duration τ and the constant
C ∼ 3.17. Alternatively, one can apply similar considerations to a QNEI (see (10.12))
to obtain
C  (γ̇ a ka )2
,
max k a k b Tab ≥ −
τ4

15

This sets important questions relating to fluctuations and back-reaction to the side but is at least
a first step to understanding whether such spacetimes might be permitted in quantum gravity.
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where γ is a timelike geodesic as before and k is a smooth null vector field so that
γ̇ · k is approximately constant over the proper time interval in question. In this case,
C  ∼ 4.23—see [41, Sect. IV].
Via the Einstein equations, these bounds become geometric constraints and produce significant restrictions on wormhole geometry [41, 57] and on the Alcubierre
warp drive spacetime [2, 86]. The reader is referred to these references for the
specifics. An important aspect is to clarify what values of τ should be considered
‘sufficiently small’ for Minkowski bounds to apply. This can be worked out in detail
for massless fields in two-dimensions [23] (based on the QEI derived in [49]) and it
was shown that along an arbitrary timelike trajectory in proper time parametrisation
with 2-velocity ua one has

Tab ua ub |g(τ )|2 dτ ≥ −

1
6π


|ġ(τ )|2 dτ −

1
24π


|g(τ )|2 (R − ac ac ) dτ,

where R is the Ricci scalar and ac = ua ∇a uc is the acceleration of the trajectory.
This bound holds provided that the region of γ where g is non-zero is contained in
a single coordinate patch that can be conformally mapped to Minkowski space. The
first term on the right-hand side is what would be expected for an inertial trajectory in
Minkowski space, by the c = 1 case of (10.18). One sees that acceleration and positive Ricci scalar tend to weaken the bound (recall that ac ac ≤ 0 in our conventions),
but the Minkowski bound will be approximately valid provided that the sampling
time is small in relation to both max{R, 0}−1/2 and max |ac ac |−1/2 over the sampling
region (and so that the sampling fits inside a coordinate patch as described above).
In four dimensions, the rule of thumb used is that the sampling duration should be
small in relation to the length scales set by suitable frame components of the Riemann
tensor (and acceleration scales), but a rigorous proof that this suffices has not been
given. At least in some cases, however, the rule of thumb is overconservative: for
static wormholes one can consider QEIs relative to a static Hadamard ground state
(assuming one exists) which are valid for sampling on arbitrarily large time scales.
See [41, Sect. VIII], where the resulting bounds on Morris–Thorne wormholes were
found to be more stringent by 5 orders of magnitude than those obtained by referring
to Minkowski bounds in the small.

10.6.2 States of Low Energy
The QEIs show that local averages energy density of the free scalar field are bounded
below on Hadamard states. Olbermann has turned this statement around in an interesting way [82]. In a Robertson–Walker spacetime, fix a local time average of the
energy density along an isotropic worldline and minimise it over all homogeneous
isotropic pure quasifree states. The minimising state is then called a state of low
energy (SLE) and, crucially, is shown to be Hadamard. Of course, this state depends
on the choice of the averaging function used. By contrast, adiabatic states, which
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minimise instantaneous particle production, are not Hadamard in general. SLEs are
of interest, because they provide a direct construction of Hadamard states, equipped
with a good physical interpretation, in nonstationary backgrounds. They have been
used as reference states to study particle production in cosmological models [16].

10.6.3 Averaged Null Energy Condition
We have already mentioned that the QEIs can be used to establish the ‘difference’
averaged weak energy condition (AWEC) in stationary situations—see (10.14). The
situation for the averaged null energy condition (ANEC) is different, because of the
lack of QEIs for averaging along null lines [40]. Direct proofs of (difference) ANEC
exist in Minkowski space [50, 76, 97] and for suitable null geodesics in certain
curved spacetimes [103, 106, 107]. Alternatively, one may consider QNEIs on a
sequence of timelike curves that approach the given null.16 This provides a proof of
ANEC in spacetimes where the null geodesic is complete, achronal and surrounded
by a tubular neighbourhood in which the metric is flat [35]. In fact, what is shown
is that ANEC cannot be violated on a continuous family of timelike separated null
geodesics in the tube. Finally, Kontou and Olum have combined their work on QEIs
in spacetimes of small curvature [79] with the methodology of [35] to prove the
ANEC on achronal geodesics in such spacetimes, under the additional assumption
that the background satisfies the null convergence condition (i.e., the NEC holds for
the background stress–energy tensor) [78]. Being based on the absolute QEI [43],
this result is an absolute (rather than ‘difference’) form of ANEC.

10.6.4 Singularity Theorems
The energy conditions were originally introduced in GR to guarantee the focussing
behaviour needed in the proofs of the singularity theorems. An important question is
whether or not the QEI results provide sufficient control to guarantee that quantised
matter also obeys singularity theorems.
Although this question is far from resolved, the hypotheses of the singularity
theorems can be weakened to accommodate bounds motivated by the QEIs [32].
Unfortunately there is still a bit of a gap, because Hawking-style singularity theorems,
concerning congruences of timelike geodesics, require the SEC (for which there is not
a state-independent QEI) and Penrose-type results involve null geodesic congruences
(which are not suitable for QEI bounds). Nonetheless, this is encouraging, and one
can hope for more progress. For previous results along these lines see references
in [32].
16 One could also regard ANEC as a limiting case of AWEC [56], but only if the states and spacetime

satisfy quite strong conditions at infinity.
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10.6.5 Applications of the Probability Distribution
It has already been mentioned that the probability distribution of energy-density
fluctuations appears to have a very slowly decaying tail for very large positive fluctuations. Therefore there is a possibility for vacuum fluctuation effects to stand out
against a background of thermal or other relatively suppressed fluctuations. Recently,
Ford and Huang have applied this idea to consider enhancements to quantum tunnelling [70]—the idea is that a rare vacuum pressure fluctuation might push a charged
particle over a potential barrier thereby increasing the likelihood that it reaches the
other side. In certain regimes these effects may be observable and might have interesting implications: simple calculations of nuclear fusion rates yield underestimates,
and it is argued in [70] that the vacuum fluctuations are of a sufficient magnitude
to account for the observed enhanced rate. It is also worth mentioning that, while
negative energy densities themselves are difficult to observe directly, the related phenomenon of vacuum fluctuation suppression affects decay rates of excited atomic
states [51].
In a different direction, Carlip, Mosna and Pitelli [11] argued that if the energy
density fluctuations in two-dimensional dilaton quantum gravity are similar to those
in CFT then the positive energy tail causes strong focussing of light cones near the
Planck scale (outweighing the defocussing effects of negative energy densities) and
resulting in ‘asymptotic silence’ – the inability of nearby regions to communicate.
This may cast light on the physical mechanism for the dimensional reduction of
quantum gravity at short distance scales; see also [10] for further discussion and
references.
Acknowledgements This chapter is partly based on lectures given at the Albert Einstein Institute,
Golm (March 2012) for graduate students enrolled in the IMPRS programme. I am grateful to the
organisers and participants in those lectures for their interest and comments. I also thank Ko Sanders
for detailed remarks on the lecture notes as written up in arXiv:1208.5399.

Appendix: Microlocal Analysis and the Proof
of Theorem 10.1
As mentioned earlier, the rigorous proof of Theorem 10.1 requires techniques drawn
from microlocal analysis [69], which provides detailed information on the singularities of distributions in a phase space perspective. We briefly summarise the main
points as they apply to QEIs (see also [22], and the recent review of the Hadamard
condition [75]).
Let u ∈ D  (X) be a distribution on a smooth n-dimensional manifold X. The
wavefront set WF (u) of u is a subset of the cotangent bundle T ∗ X defined as follows.
An element (x, k) ∈ T ∗ X is called a regular direction for u if there exists a test
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function φ ∈ C0∞ (X) with φ(x) = 0 and a conic neighbourhood17 V of k in Tx∗ X so
that for each N ≥ 1, the quantity
(1 + 

N

u()|
)|φ

is bounded on V . Here, · is an auxiliary norm on Tx∗ X and the Fourier transform
is taken with respect to a choice of coordinates x α , so that
u() =
φ



α

eiα x φ(x)u(x)d n x.

(one requires that the support of φ is contained in the coordinate patch). It is a
fundamental observation of the theory that this definition is independent of the choice
of norm and coordinates. The wavefront set is then defined as
WF (u) = {(x, k) ∈ T ∗ X : k = 0 and (x, k) is not a regular direction}.
Now suppose that (M, g) is a globally hyperbolic spacetime. The two-point function W2 of a quantum state is a distribution on M × M and so WF (W2 ) ⊂ T ∗ M × M.
The remarkable fact is
Theorem 10.2 ([90, 95]) The two-point function W2 is Hadamard if and only if
WF (W2 ) ⊂ N
where N

+/−

+

×N

−

is the bundle of future/past directed null covectors on (M, g).

This neatly coincides with the idea that the two-point function W2 (x, y) should be
positive frequency in x and negative frequency in y. In fact, the wavefront set of a
Hadamard two-point function can be given exactly [90], but this will not be needed
here.
We can now resolve the remaining loose ends in the proof of Theorem 10.1.
Suppose that W2 is Hadamard, and let P be a partial differential operator on M with
smooth coefficients. Then the wavefront set of (P ⊗ P)W2 obeys
WF ((P ⊗ P)W2 ) ⊂ N

+

×N

−

because, in general, one has WF (Qu) ⊂ WF (u) whenever Q is a partial differential operator with smooth coefficients (see [69, Chap. 8] for this and other general
properties of wavefront sets stated below).
Next, we want to form the restriction G (P) (τ, τ  ) = (P ⊗ P)W2 (γ (τ ), γ (τ  ))
where γ is a smooth timelike curve. This amounts to taking a pull-back (γ × γ )∗ (P ⊗
P)W2 . Microlocal analysis provides a sufficient criterion under which a pull-back
ϕ ∗ u can be defined, where ϕ : X → Y is smooth and u ∈ D  (Y ). Namely, ϕ ∗ u exists
17 That

is, V contains an open set around k and is a cone, i.e. if  ∈ V then λ ∈ V for all λ > 0.
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if there is no (y, k) ∈ WF (u) with the property that y = ϕ(x) for some x ∈ X and
ϕ ∗ k = 0 (equivalently, that k annihilates the tangent space to ϕ(X) at x). If this condition is met then ϕ ∗ u can be defined (by extending the definition for pullbacks of
smooth functions) so that
WF (ϕ ∗ u) ⊂ ϕ ∗ WF (u) := {(x, ϕ ∗ k) ∈ T ∗ X : (ϕ(x), k) ∈ WF (u)}.
In our case of interest, ϕ : R × R → M × M by ϕ(τ, τ  ) = (γ (τ ), γ (τ  )) and the
tangent space to ϕ(R2 ) at (τ, τ  ) consists of all tangent vectors of the form
(μγ̇ (τ ), ν γ̇ (τ  )) ∈ T(γ (τ ),γ (τ  )) M × M,
where μ, ν ∈ R. The crucial point is that no (γ (τ ), k; γ (τ  ), k  ) ∈ N
simultaneously annihilate all such vectors, because this would entail

+

×N

−

can

μk · γ̇ (τ ) + νk  · γ̇ (τ  ) = 0
for all μ, ν ∈ R and hence k · γ̇ (τ ) = k  · γ̇ (τ  ) = 0. But as k, k  are null (and nonzero) and γ̇ is timelike this is impossible. Therefore the required pull-back G (P)
exists, and one can compute further that
WF (ϕ ∗ (P ⊗ P)W2 ) ⊂ {(τ, ζ ; τ  , ζ  ) ∈ T ∗ R × R : ζ > 0, ζ  < 0}

(10.19)

simply because k and γ̇ are future-pointing, while k  is past-pointing. All this holds
both for our state of interest and for the reference state.
The second unresolved issue is to establish the finiteness of the bound in (10.10).
For real-valued g ∈ C0∞ (R), note that
G (P)
R (gα , gα ) =




 −iατ iατ
dτ dτ  G (P)
e
R (τ, τ )g(τ )g(τ )e


∧
= (g ⊗ g)G (P)
(−α, α)
R

(10.20)
(10.21)

according to our convention for the Fourier transform. A general result states that if u
is a compactly supported distribution on Rn , then the set Σ(u) = {k ∈ Rn : (x, k) ∈
WF (u) for some x ∈ Rn } has the property that every non-zero k in its complement has
a conic neighbourhood on which (1 +  N )|û()| is bounded for every N. Applying
this result to (g ⊗ g)G (P)
R and using (10.19) we find


⊂ R+ × R−
Σ (g ⊗ g)G (P)
R
(P) ∧
In particular, (−1, 1) ∈
/ Σ((g ⊗ g)G (P)
R ), and ((g ⊗ g)G R ) (−α, α) decays rapidly
as α → +∞. By virtue of (10.21), the bound in (10.10) is therefore finite and the
proof of Theorem 10.1 is complete.

10 Quantum Energy Inequalities

251

References
1. Abreu G, Visser M. Quantum interest in (3 + 1)-dimensional Minkowski space. Phys Rev D.
2009;79:065004.
2. Alcubierre M. The warp drive: hyper-fast travel within general relativity. Class Quantum
Gravity. 1994;11:L73–7.
3. Bostelmann H, Cadamuro D. Negative energy densities in integrable quantum field theories
at one-particle level. Phys Rev D. 2016;93:065001.
4. Bostelmann H, Cadamuro D, Fewster CJ. Quantum energy inequality for the massive Ising
model. Phys Rev D. 2013;88:025019.
5. Bostelmann H, Fewster CJ. Quantum inequalities from operator product expansions. Commun
Math Phys. 2009;292:761–95.
6. Bousso R, Fisher Z, Koeller J, Leichenauer S, Wall AC. Proof of the quantum null energy
condition. Phys Rev D. 2016;93:024017.
7. Brown LS, Maclay GJ. Vacuum stress between conducting plates: an image solution. Phys
Rev. 1969;184:1272–9.
8. Brunetti R, Dappiaggi C, Fredenhagen K, Yngvason J, editors. Advances in algebraic quantum
field theory. Mathematical physics studies. Cham: Springer; 2015.
9. Brunetti R, Fredenhagen K, Verch R. The generally covariant locality principle: a new paradigm for local quantum physics. Commun Math Phys. 2003;237:31–68.
10. Carlip S. Spontaneous dimensional reduction in quantum gravity. Int J Mod Phys D.
2016;25:1643003.
11. Carlip S, Mosna RA, Pitelli JPM. Vacuum fluctuations and the small scale structure of spacetime. Phys Rev Lett. 2011;107:021303.
12. Carpi S., Weiner M. Local energy bounds and representations of conformal nets. In preparation.
13. Dawson SP. Bounds on negative energy densities in quantum field theories on flat and curved
space-times. PhD thesis, University of York (2006).
14. Dawson SP. A quantum weak energy inequality for the Dirac field in two-dimensional flat
spacetime. Class Quantum Gravity. 2006;23:287–93.
15. Dawson SP, Fewster CJ. An explicit quantum weak energy inequality for Dirac fields in curved
spacetimes. Class Quantum Gravity. 2006;23:6659–81.
16. Degner A, Verch R. Cosmological particle creation in states of low energy. J Math Phys.
2010;51:022302.
17. DeWitt BS. Quantum field theory in curved spacetime. Phys Rep. 1975;19:295–357.
18. Epstein H, Glaser V, Jaffe A. Nonpositivity of the energy density in quantized field theories.
Il Nuovo Cim. 1965;36:1016–22.
19. Everett A, Roman T. Time travel and warp drives. Chicago: University of Chicago Press;
2012.
20. Eveson SP, Fewster CJ. Mass dependence of quantum energy inequality bounds. J Math Phys.
2007;48:093506.
21. Farnsworth K, Luty MA, Prilepina V. Positive energy conditions in 4d conformal field theory.
J High Energy Phys. 2016;2016(10):1.
22. Fewster CJ. A general worldline quantum inequality. Class Quantum Gravity. 2000;17:1897–
911.
23. Fewster CJ. Quantum energy inequalities in two dimensions. Phys Rev D. 2004;70:127501.
24. Fewster CJ. Energy inequalities in quantum field theory. In: Zambrini JC, editor. XIVth international congress on mathematical physics. Singapore: World Scientific; 2005. An expanded
and updated version is available as arXiv:math-ph/0501073.
25. Fewster CJ. Quantum energy inequalities and local covariance. II. Categorical formulation.
Gen Relativ Gravitat. 2007;39:1855–90.
26. Fewster CJ. The split property for quantum field theories in flat and curved spacetimes. Abh
Math Semin Univ Hambg. 2016;86:153–75.

252

C.J. Fewster

27. Fewster CJ, Eveson SP. Bounds on negative energy densities in flat spacetime. Phys Rev D.
1998;58:084010.
28. Fewster CJ, Ford LH. In preparation.
29. Fewster CJ., Ford LH. Probability distributions for quantum stress tensors measured in a finite
time interval. Phys Rev D. 2015;92:105008.
30. Fewster CJ, Ford LH, Roman TA. Probability distributions of smeared quantum stress tensors.
Phys Rev D. 2010;81:121901.
31. Fewster CJ, Ford LH, Roman TA. Probability distributions for quantum stress tensors in four
dimensions. Phys Rev D. 2012;85:125038.
32. Fewster CJ, Galloway GJ. Singularity theorems from weakened energy conditions. Class
Quantum Gravity. 2011;28:125009.
33. Fewster CJ, Hollands S. Quantum energy inequalities in two-dimensional conformal field
theory. Rev Math Phys. 2005;17:577–612.
34. Fewster CJ, Mistry B. Quantum weak energy inequalities for the Dirac field in flat spacetime.
Phys Rev D. 2003;68:105010.
35. Fewster CJ, Olum KD, Pfenning MJ. Averaged null energy condition in spacetimes with
boundaries. Phys Rev D. 2007;75:025007.
36. Fewster CJ, Osterbrink LW. Averaged energy inequalities for the nonminimally coupled classical scalar field. Phys Rev D. 2006;74:044021.
37. Fewster CJ, Osterbrink LW. Quantum energy inequalities for the non-minimally coupled
scalar field. J Phys A. 2008;41:025402.
38. Fewster CJ, Pfenning MJ. A quantum weak energy inequality for spin-one fields in curved
spacetime. J Math Phys. 2003;44:4480–513.
39. Fewster CJ, Pfenning MJ. Quantum energy inequalities and local covariance. I: globally
hyperbolic spacetimes. J Math Phys. 2006;47:082303.
40. Fewster CJ, Roman TA. Null energy conditions in quantum field theory. Phys Rev D.
2003;67:044003.
41. Fewster CJ, Roman TA. On wormholes with arbitrarily small quantities of exotic matter. Phys
Rev D. 2005;72:044023.
42. Fewster CJ, Siemssen D. Enumerating permutations by their run structure. Electron J Combin.
2014;21(4.18):19.
43. Fewster CJ, Smith CJ. Absolute quantum energy inequalities in curved spacetime. Annales
Henri Poincaré. 2008;9:425–55.
44. Fewster CJ, Teo E. Bounds on negative energy densities in static space-times. Phys Rev D.
1999;59:104016.
45. Fewster CJ, Teo E. Quantum inequalities and “quantum interest” as eigenvalue problems.
Phys Rev D. 2000;61:084012.
46. Fewster CJ, Verch R. A quantum weak energy inequality for Dirac fields in curved spacetime.
Commun Math Phys. 2002;225:331–59.
47. Fewster CJ, Verch R. Stability of quantum systems at three scales: passivity, quantum
weak energy inequalities and the microlocal spectrum condition. Commun Math Phys.
2003;240:329–75.
48. Flanagan ÉÉ. Quantum inequalities in two-dimensional Minkowski spacetime. Phys Rev D.
1997;56:4922–6.
49. Flanagan ÉÉ. Quantum inequalities in two dimensional curved spacetimes. Phys Rev D.
2002;66:104007.
50. Folacci A. Averaged-null-energy condition for electromagnetism in Minkowski spacetime.
Phys Rev D. 1992;46:2726–9.
51. Ford L, Roman TA. Effects of vacuum fluctuation suppression on atomic decay rates. Ann
Phys. 2011;326:2294–306.
52. Ford LH. Quantum coherence effects and the second law of thermodynamics. Proc R Soc
Lond A. 1978;364:227–36.
53. Ford LH. Constraints on negative-energy fluxes. Phys Rev D. 1991;43:3972–8.

10 Quantum Energy Inequalities

253

54. Ford LH, Helfer AD, Roman TA. Spatially averaged quantum inequalities do not exist in
four-dimensional spacetime. Phys Rev D. 2002;66:124012.
55. Ford LH, Pfenning MJ, Roman TA. Quantum inequalities and singular negative energy densities. Phys Rev D. 1998;57:4839–46.
56. Ford LH, Roman TA. Averaged energy conditions and quantum inequalities. Phys Rev D.
1995;51:4277–86.
57. Ford LH, Roman TA. Quantum field theory constrains traversable wormhole geometries. Phys
Rev D. 1996;53:5496–507.
58. Ford LH, Roman TA. Restrictions on negative energy density in flat spacetime. Phys Rev D.
1997;55:2082–9.
59. Ford LH, Roman TA. The quantum interest conjecture. Phys Rev D. 1999;60:104018.
60. Ford LH, Roman TA. Classical scalar fields and the generalized second law. Phys Rev D.
2001;64:024023.
61. Ford LH, Roman TA. Negative energy seen by accelerated observers. Phys Rev D.
2013;87:085001.
62. Fulling SA, Davies PCW. Radiation from a moving mirror in two dimensional space-time:
conformal anomaly. Proc R Soc Lond Ser A. 1976;348:393–414.
63. Furlan P, Sotkov GM, Todorov IT. Two-dimensional conformal quantum field theory. Riv
Nuovo Cimento. 1989;12:1–202.
64. Haag R. Local quantum physics: fields, particles algebras. Berlin: Springer; 1992.
65. Hawking SW, Ellis GFR. The large scale structure of space-time. London: Cambridge University Press; 1973.
66. Helfer AD. “Operational” energy conditions. Class Quantum Gravity. 1998;15:1169–83.
67. Hill CT. One-loop operator matrix elements in the Unruh vacuum. Nucl Phys B.
1986;277:547–74.
68. Hollands S, Wald RM. Quantum fields in curved spacetime. Phys Rep. 2015;574:1–35.
69. Hörmander L. The analysis of linear partial differential operators I. Berlin: Springer; 1983.
70. Huang H, Ford LH. Vacuum radiation pressure fluctuations and barrier penetration. 2016.
arXiv:1610.01252.
71. Kar S, Sengupta S. The Raychaudhuri equations: a brief review. Pramana. 2007;69:49–76.
72. Kay BS. Casimir effect in quantum field theory. Phys Rev D. 1979;20:3052–62.
73. Kay BS, Wald RM. Theorems on the uniqueness and thermal properties of stationary, nonsingular, quasifree states on space-times with a bifurcate Killing horizon. Phys Rep. 1991;207:49–
136.
74. Kelly WR, Wall AC. Holographic proof of the averaged null energy condition. Phys Rev D.
2015;90:106003 Erratum, Phys Rev D 91, 069902 (2015).
75. Khavkine I, Moretti V. Algebraic QFT in curved spacetime and quasifree Hadamard states: an
introduction. In: Advances in algebraic quantum field theory. Mathematical physics studies.
Cham: Springer; 2015. pp. 191–251
76. Klinkhammer G. Averaged energy conditions for free scalar fields in flat spacetime. Phys Rev
D. 1991;43:2542–8.
77. Koeller J, Leichenauer S. Holographic proof of the quantum null energy condition. Phys Rev
D. 2016;94:024026.
78. Kontou EA, Olum KD. Proof of the averaged null energy condition in a classical curved
spacetime using a null-projected quantum inequality. Phys Rev D. 2015;92:124009.
79. Kontou EA, Olum KD. Quantum inequality in spacetimes with small curvature. Phys Rev D.
2015;91:104005.
80. Levi A, Ori A. Versatile method for renormalized stress-energy computation in black-hole
spacetimes. 2016. arXiv:1608.03806.
81. Levine AR. A holographic dual of the quantum inequalities. 2016. arXiv:1605.05751.
82. Olbermann H. States of low energy on Robertson-Walker spacetimes. Class Quantum Gravity.
2007;24:5011–30.
83. Olum KD, Graham N. Static negative energies near a domain wall. Phys Lett B. 2003;554:175–
9.

254

C.J. Fewster

84. Pfenning MJ. Quantum inequalities for the electromagnetic field. Phys Rev D.
2001;65:024009.
85. Pfenning MJ, Ford LH. Quantum inequalities on the energy density in static Robertson-Walker
spacetimes. Phys Rev D. 1997;55:4813–21.
86. Pfenning MJ, Ford LH. The unphysical nature of ‘warp drive’. Class Quantum Gravity.
1997;14:1743–51.
87. Pfenning MJ, Ford LH. Scalar field quantum inequalities in static spacetimes. Phys Rev D.
1998;57:3489–502.
88. Pretorius F. Quantum interest for scalar fields in Minkowski spacetime. Phys Rev D.
2000;61:064005.
89. Radzikowski MJ. A local-to-global singularity theorem for quantum field theory on curved
space-time. Commun Math Phys. 1996;180:1–22. (With an appendix by Rainer Verch).
90. Radzikowski MJ. Micro-local approach to the Hadamard condition in quantum field theory
on curved space-time. Commun Math Phys. 1996;179:529–53.
91. Schlemmer J, Verch R. Local thermal equilibrium states and quantum energy inequalities.
Ann Henri Poincaré. 2008;9:945–78.
92. Senovilla JMM. Singularity theorems and their consequences. Gen Relat Grav. 1998;30:701–
848.
93. Simon B. The classical moment problem as a self-adjoint finite difference operator. Adv Math.
1998;137:82–203.
94. Smith CJ. An absolute quantum energy inequality for the Dirac field in curved spacetime.
Class Quantum Gravity. 2007;24:4733–50.
95. Strohmaier A, Verch R, Wollenberg M. Microlocal analysis of quantum fields on curved spacetimes: analytic wavefront sets and Reeh-Schlieder theorems. J Math Phys. 2002;43:5514–30.
96. Teo E, Wong KF. Quantum interest in two dimensions. Phys Rev D. 2002;66:064007.
97. Verch R. The averaged null energy condition for general quantum field theories in two dimensions. J Math Phys. 2000;41:206–17.
98. Visser M. Lorentzian wormholes: from Einstein to Hawking. AIP Series in Computational
and Applied Mathematical Physics. AIP Press, American Institute of Physics; 1995.
99. Visser M. Gravitational vacuum polarization. I. Energy conditions in the Hartle-Hawking
vacuum. Phys Rev D. 1996;54:5103–15.
100. Visser M. Gravitational vacuum polarization. II. Energy conditions in the Boulware vacuum.
Phys Rev D. 1996;54:5116–22.
101. Visser M. Gravitational vacuum polarization. IV. Energy conditions in the Unruh vacuum.
Phys Rev D. 1997;56:936–52.
102. Vollick DN. Quantum inequalities in curved two-dimensional spacetimes. Phys Rev D.
2000;61:084022.
103. Wald R, Yurtsever U. General proof of the averaged null energy condition for a massless
scalar field in two-dimensional curved spacetime. Phys Rev D. 1991;44:403–16.
104. Wald RM. Quantum field theory in curved spacetime and black hole thermodynamics.
Chicago: University of Chicago Press; 1994.
105. Yu H, Wu P. Quantum inequalities for the free Rarita-Schwinger fields in flat spacetime. Phys
Rev D. 2004;69:064008.
106. Yurtsever U. Averaged null energy condition and difference inequalities in quantum field
theory. Phys Rev D. 1995;51:5797–805.
107. Yurtsever U. Remarks on the averaged null energy condition in quantum field theory. Phys
Rev D. 1995;52:R564–8.

Part III

Warp Drive

Chapter 11

Warp Drive Basics
Miguel Alcubierre and Francisco S.N. Lobo

11.1 Introduction
Recently much interest has been revived in superluminal travel, due to the research in
wormhole geometries [1, 2] and superluminal warp drive spacetimes [3]. However,
despite the use of the term superluminal, it is not possible to locally achieve faster
than light travel. In fact, the point to note is that one can make a round trip, between
two points separated by a distance D, in an arbitrarily short time as measured by
an observer that remained at rest at the starting point, by varying one’s speed or
by changing the distance one is to cover. It is a highly nontrivial issue to provide a
general global definition of superluminal travel [4, 5], but it has been shown that the
spacetimes that permit “effective” superluminal travel generically suffer from several
severe drawbacks. In particular, superluminal effects are associated with the presence
of exotic matter, that is, matter that violates the null energy condition (NEC).
In fact, it has been shown that superluminal spacetimes violate all the known
energy conditions and, in particular, it was shown that negative energy densities
and superluminal travel are intimately related [6]. Although it is thought that most
classical forms of matter obey the energy conditions, they are violated by certain
quantum fields [7]. Additionally, specific classical systems (such as non-minimally
coupled scalar fields) have been found that violate the null and the weak energy
conditions [8, 9]. It is also interesting to note that recent observations in cosmology,
such as the late-time cosmic speed-up [10], strongly suggest that the cosmological
fluid violates the strong energy condition (SEC), and provides tantalizing hints that
the NEC is violated in a classical regime [10–12].
In addition to wormhole geometries [1, 2], other spacetimes that allow superluminal travel are the Alcubierre warp drive [3] and the Krasnikov tube [13, 14],
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which will be presented in detail below. Indeed, it was shown theoretically that the
Alcubierre warp drive entails the possibility to attain arbitrarily large velocities [3],
within the framework of general relativity. As will be demonstrated below, a warp
bubble is driven by a local expansion of space behind the bubble, and an opposite
contraction ahead of it. However, by introducing a slightly more complicated metric,
Natário [15] dispensed with the need for expansion of the volume elements. In the
Natário warp drive, the expansion (contraction) of the distances along the direction
of motion is compensated by a contraction (expansion) of area elements in the perpendicular direction, so that the volume elements are preserved. Thus, the essential
property of the warp drive is revealed to be the change in distances along the direction
of motion, and not the expansion/contraction of space. Thus, the Natário version of
the warp drive can be thought of as a bubble sliding through space.
However, an interesting aspect of the Alcubierre warp drive is that an observer
on a spaceship, within the warp bubble, cannot create nor control on demand a
superluminal Alcubierre bubble surrounding the ship [13]. This is due to the fact
that points on the outside front edge of the bubble are always spacelike separated
from the centre of the bubble. Note that, in principle, causality considerations do
not prevent the crew of a spaceship from altering the metric along the path of their
outbound trip, by their own actions, in order to complete a round trip from the Earth
to a distant star and back in an arbitrarily short time, as measured by clocks on
the Earth. To this effect, an interesting solution was introduced by Krasnikov, that
consists of a two-dimensional metric with the property that although the time for a
one-way trip to a distant destination cannot be shortened, the time for a round trip, as
measured by clocks at the starting point (e.g. Earth), can be made arbitrarily short.
Soon after, Everett and Roman generalized the Krasnikov two-dimensional analysis
to four dimensions, denoting the solution as the Krasnikov tube [14]. Interesting
features were analysed, such as the effective superluminal nature of the solution,
the energy condition violations, the appearance of closed timelike curves and the
application of the Quantum Inequality (QI) deduced by Ford and Roman [16].
Using the QI in the context of warp drive spacetimes, it was soon verified that
enormous amounts of energy are needed to sustain superluminal warp drive spacetimes [17, 18]. However, one should note the fact that the quantum inequalities might
not necessarily be fundamental, and anyway they are violated in the Casimir effect.
To reduce the enormous amounts of exotic matter needed in the superluminal warp
drive, van den Broeck proposed a slight modification of the Alcubierre metric that
considerably improves the conditions of the solution [19]. It was also shown that
using the QI, enormous quantities of negative energy densities are needed to support
the superluminal Krasnikov tube [14]. This problem was surpassed by Gravel and
Plante [20, 21], who in similar manner to the van den Broeck analysis, showed that
it is theoretically possible to lower significantly the mass of the Krasnikov tube.
However, applying the linearized approach to the warp drive spacetime [22], where
no a priori assumptions as to the ultimate source of the energy condition violations are
required, the QI are not used nor needed. This means that the linearized restrictions
derived on warp drive spacetimes are more generic than those derived using the
quantum inequalities, where the restrictions derived in [22] hold regardless of whether
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the warp drive is assumed to be classical or quantum in its operation. It was not meant
to suggest that such a reactionless drive is achievable with current technology, as
indeed extremely stringent conditions on the warp bubble were obtained, in the weakfield limit. These conditions are so stringent that it appears unlikely that the warp
drive will ever prove technologically useful.
This chapter is organized in the following manner: In Sect. 11.2, we present the
basics of the warp drive spacetime, showing the explicit violations of the energy
conditions, and a brief application of the QI. In Sect. 11.3, using linearized theory,
we show that significant constraints in the weak-field regime arise, so that the analysis
implies additional difficulties for developing a “strong field” warp drive. In Sect. 11.4,
we consider further interesting aspects of the warp drive spacetime, such as the
“horizon problem”, in which an observer on a spaceship cannot create nor control
on demand a superluminal Alcubierre bubble. In Sect. 11.5, we consider the physical
properties of the Krasnikov tube, that consists of a metric in which the time for a
round trip, as measured by clocks at the starting point, can be made arbitrarily short.
In Sect. 11.6, we consider the possibility of closed timelike curves in the superluminal
warp drive and the Krasnikov tube, and in Sect. 11.7, we conclude.

11.2 Warp Drive Spacetime
Alcubierre proved that it is, in principle, possible to warp spacetime in a small bubblelike region, within the framework of general relativity, in a manner that the bubble
may attain arbitrarily large velocities. The enormous speed arises from the expansion
of spacetime itself, analogously to the inflationary phase of the early universe. More
specifically, the hyper-fast travel is induced by creating a local distortion of spacetime,
producing a contraction ahead of the bubble, and an opposite expansion behind it.

11.2.1 Alcubierre Warp Drive
In Cartesian coordinates, the Alcubierre warp drive spacetime metric is given by
(with G = c = 1)
ds 2 = −dt 2 + d x 2 + dy 2 + [dz − v(t) f (x, y, z − z 0 (t)) dt]2 ,

(11.1)

where v(t) = dz 0 (t)/dt is the velocity of the warp bubble, moving along the positive z-axis. The form function f (x, y, z) possesses the general features of having the value f = 0 in the exterior and f = 1 in the interior of the bubble. The
general class of form functions,
f (x, y, z), chosen by Alcubierre was spherically

symmetric: f (r ) with r = x 2 + y 2 + z 2 . Then f (x, y, z − z 0 (t)) = f (r (t)) with
1/2

.
r (t) = [(z − z 0 (t)]2 + x 2 + y 2
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We consider the specific case given by
f (r ) =

tanh [σ (r + R)] − tanh [σ (r − R)]
,
2 tanh(σ R)

(11.2)

where R > 0 and σ > 0 are two arbitrary parameters. R is the radius of the warp
bubble, and σ can be interpreted as being inversely proportional to the bubble wall
thickness. If σ is sufficiently large, the form function rapidly approaches a top hat
function, i.e. f (r ) = 1 if r ∈ [0, R], and f (r ) = 0 if r ∈ (R, ∞), for σ → ∞.
It can be shown that observers with the four velocity
U μ = (1, 0, 0, v f ) ,

(11.3)

and Uμ = (−1, 0, 0, 0) move along geodesics, as their 4-acceleration is zero, i.e.
a μ = U ν U μ ;ν = 0. These observers are usually called “Eulerian observers” in the
3+1 formalism, as they move along the normal directions to the spatial slices [3].
The spaceship, which in the original formulation is treated as a test particle which
moves along the curve z = z 0 (t), can easily be seen to always move along a timelike
curve, regardless of the value of v(t). One can also verify that the proper time along
this curve equals the coordinate time, by simply substituting z = z 0 (t) in Eq. (11.1).
This reduces to dτ = dt, taking into account d x = dy = 0 and f (0) = 1.
Consider a spaceship placed within the Alcubierre warp bubble. The expansion
of the volume elements, θ = U μ ;μ , is given by θ = v (∂ f /∂z). Taking into account
Eq. (11.2), we have
z − z 0 d f (r )
θ =v
.
(11.4)
r
dr
The centre of the perturbation corresponds to the spaceship’s position z 0 (t). The
volume elements are expanding behind the spaceship, and contracting in front of it,
as shown in Fig. 11.1.

11.2.2 Superluminal Travel in the Warp Drive
To demonstrate that it is possible to travel to a distant point and back in an arbitrary
short time interval, consider two distant stars, A and B, separated by a distance D in
flat spacetime. Suppose that, at the instant t0 , a spaceship moves away from A, using
its engines, with a velocity v < 1, and finally comes to rest at a distance d from A. We
shall, for simplicity, assume that R  d  D. Now, at this instant the perturbation
of spacetime appears, centred around the spaceship’s position, and pushing it away
from A, and rapidly attains a constant acceleration, a. Consider that now at halfway between A and B, the perturbation is modified, so that the acceleration rapidly
varies from a to −a. The spaceship finally comes to rest at a distance, d, from B, at
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Fig. 11.1 The plot depicts the expansion of the volume elements of an Alcubierre warp bubble
moving along the positive z-axis, with an arbitrary velocity v(t). Note that the volume elements are
expanding behind the spaceship, and contracting in front of it. See the text for more details

which point the perturbation disappears. The spaceship then moves to B at a constant
velocity in flat spacetime. The return trip to A is analogous.
Consider that the variations of the acceleration are extremely rapid, so that the
total coordinate time, T , in a one-way trip will be


d
+
T =2
v



D − 2d
a


.

(11.5)

The proper time of an observer, in the exterior of the warp bubble, is equal to the
coordinate time, as both are immersed in flat spacetime. The proper time measured
by observers within the spaceship is given by:


d
+
τ =2
γv



D − 2d
a


.

(11.6)

with γ = (1 − v2 )−1/2 . The time dilation only appears in the absence of the perturbation, in which the spaceship is moving with a velocity v, using only its engines in
flat spacetime.
√Using R  d  D, we can then obtain the following approximation τ ≈ T ≈
2 D/a, which can be made arbitrarily short, by increasing the value of a. This
implies that the spaceship may travel faster than the speed of light, however, it
moves along a spacetime temporal trajectory, contained within its light cone, as light
suffers the same distortion of spacetime [3].
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11.2.3 The Violation of the Energy Conditions
11.2.3.1

The Violation of the WEC

As mentioned in the previous chapters, the weak energy condition (WEC) states
Tμν U μ U ν ≥ 0, in which U μ is a timelike vector and Tμν is the stress–energy tensor.
As mentioned in Chaps. 9 and 10, its physical interpretation is that the local energy
density is positive, and by continuity it implies the NEC. Now, one verifies that the
WEC is violated for the warp drive metric, i.e.
Tμν

v2
U U =−
32π
μ

ν



∂f
∂x

2

∂f
∂y

+

2

< 0,

(11.7)

and by taking into account the Alcubierre form function (11.2), we have
Tμν U μ U ν = −

1 v2 (x 2 + y 2 )
32π
r2

df
dr

2

< 0.

(11.8)

By considering an orthonormal basis, we verify that the energy density of the warp
drive spacetime is given by Ttˆtˆ = Tμ̂ν̂ U μ̂ U ν̂ , which is precisely given by Eq. (11.8).
It is easy to verify that the energy density is distributed in a toroidal region around
the z-axis, in the direction of travel of the warp bubble [18], as may be verified from
Fig. 11.2. It is perhaps instructive to point out that the energy density for this class
of spacetimes is nowhere positive.1
In analogy with the definitions in [25, 26], one may quantify the “total amount”
of energy condition violating matter in the warp bubble, by defining the “volume
integral quantifier”2
Mwarp =

ρwarp d 3 x =

Tμν U μ U ν d 3 x = −

v2
12

df
dr

1 It is also interesting to note that the inclusion of a generic lapse function α(x,

decreases the negative energy density, which is now given by

∂f
∂f 2
v2
Ttˆtˆ = −
+
2
32π α
∂x
∂y

2

r 2 dr.

(11.10)

y, z, t), in the metric,

2

.

(11.9)

One may impose that α may be taken as unity in the exterior and interior of the warp bubble, so that
proper time equals coordinate time. In order to significantly decrease the negative energy density
in the bubble walls, one may impose an extremely large value for the lapse function. However,
the inclusion of the lapse function suffers from an extremely severe drawback, as proper time as
measured in the bubble walls becomes absurdly large, dτ = α dt, for α
1.
2 We refer the reader to [25, 26] for details.
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Fig. 11.2 The energy density is distributed in a toroidal region perpendicular to the direction of
travel of the spaceship, which is situated at z 0 (t). We have considered the following values, v = 2
and R = 6, with σ = 1 and σ = 4 in the left and right plots, respectively. See the text for more
details

This is not the total mass of the spacetime, but it characterizes how much (negative)
energy one needs to localize in the walls of the warp bubble. For the specific shape
function (11.2) we can estimate
Mwarp ≈ −v2 R 2 σ,

(11.11)

so that one can readily verify that the energy requirements for the warp bubble scale
quadratically with bubble velocity and with bubble size, and inversely as the thickness
of the bubble wall [22].

11.2.3.2

The Violation of the NEC

As mentioned before in the previous chapters, the NEC states that Tμν k μ k ν ≥ 0,
where k μ is any arbitrary null vector and Tμν is the stress–energy tensor. The NEC
for a null vector oriented along the ±ẑ directions takes the following form
Tμν

v2
k k =−
8π
μ

ν



∂f
∂x

2

+

∂f
∂y

2

±

v
8π

∂2 f
∂2 f
+
∂x2
∂ y2

.

(11.12)

Note that if we average over the ±ẑ directions we have the following relation

1
v2
μ
μ
ν
ν
Tμν k+ẑ k+ẑ
=−
+ Tμν k−ẑ k−ẑ
2
8π



∂f
∂x

2

+

∂f
∂y

2

,

(11.13)

which is manifestly negative, and implies that the NEC is violated for all v. Furthermore, note that even if we do not average, the coefficient of the term linear in v
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must be nonzero somewhere in the spacetime. Then at low velocities, this term will
dominate and at low velocities the un-averaged NEC will be violated in either the
+ẑ or −ẑ directions.

11.2.4 The Quantum Inequality Applied to the Warp Drive
It is of interest to apply the QI to the warp drive spacetimes [18], rather than deduce
the QI in this section, we refer the reader to the chapter on the quantum energy
inequalities. By inserting the energy density, Eq. (11.8), into the QI, one arrives at
the following inequality
+∞

t0

−∞

v(t)2
r2

df
dr

2

t2

dt
3
≤ 2 4,
2
+ t0
ρ t0

(11.14)

1/2

is defined for notational convenience.
where the quantity ρ = x 2 + y 2
One may consider that the warp bubble’s velocity is roughly constant, i.e.
vs (t) ≈ vb , by assuming that the time scale of the sampling is sufficiently small
compared to the time scale over which the bubble’s velocity is varying. Now, taking into account the small sampling time, the (t 2 + t02 )−1 term becomes strongly
peaked, so that only a small portion of the geodesic is sampled by the QI integral.
Consider also that the observer is situated at the equator of the warp bubble at t = 0
[18], so that the geodesic is approximated by x(t) ≈ f (ρ)vb t, and consequently
1/2
.
r (t) = (vb t)2 ( f (ρ) − 1)2 + ρ 2
For simplicity, without a significant loss of generality, and instead of taking into
account the Alcubierre form function (11.2), one may consider a piece-wise continuous form of the shape function given by
f p.c. (r ) =

⎧
⎨

− 1 (r
⎩ Δ

1
−R−
0

Δ
)
2

r < R − Δ2
R − Δ2 < r < R +
r > R + Δ2

Δ
2

,

(11.15)

where R is the radius of the bubble, and Δ the bubble wall thickness [18]. Note
that Δ is related to the Alcubierre parameter σ by setting the slopes of the functions
f (r ) and f p.c. (r ) to be equal at r = R, which provides the following relationship
2
Δ = 1 + tanh2 (σ R) /[2 σ tanh(σ R)].
Note that in the limit of large σ R one obtains the approximation Δ 2/σ , so
that the QI-bound simplifies to
+∞

t0

−∞

dt
3Δ2
≤
,
(t 2 + β̄ 2 )(t 2 + t02 )
vb2 t04 β̄ 2

(11.16)
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where β̄ = ρ/ [vb (1 − f (ρ))]. Now, evaluating the integral in the left-hand side
yields the following inequality
π
Δ2
≤ 2 4
3
vb t0




vb t0
(1 − f (ρ)) + 1 .
ρ

(11.17)

It is perhaps important to note that the above inequality is only valid for sampling
times on which the spacetime may be considered approximately flat. Considering the
Riemann tensor components in an orthonormal frame [18], the largest component is
given by


3v2 y 2 d f (ρ) 2
,
(11.18)
|Rtˆŷ tˆŷ | = b 2
4ρ
dρ

√

which yields rmin ≡ 1/ |Rtˆŷ tˆŷ | ∼ 2Δ/
3 vb , considering y = ρ and the piecewise continuous form of the shape function. The sampling
√timemust be smaller than
this length scale, so that one may define t0 = 2α Δ/
3 vb . Assuming Δ/ρ ∼
vb t0 /ρ  1, the term involving 1 − f (ρ) in Eq. (11.17) may be neglected, which
provides

3 3 vb
Δ≤
.
(11.19)
4 π α2
Taking a specific value for α, for instance, considering α = 1/10, one obtains
Δ ≤ 102 vb L Planck ,

(11.20)

where L Planck is the Planck length. Thus, unless vb is extremely large, the wall thickness cannot be much above the Planck scale.
It is also interesting to find an estimate of the total amount of negative energy that
is necessary to maintain a warp metric. It was found that the energy required for a
warp bubble is on the order of
E ≤ −3 × 1020 Mgalaxy vb ,

(11.21)

which is an absurdly enormous amount of negative energy,3 roughly ten orders of
magnitude greater than the total mass of the entire visible universe [18].

3 Due to these results, one may tentatively conclude that the existence of these spacetimes is improb-

able. But, there are a series of considerations that can be applied to the QI. First, the QI is only of
interest if one is relying on quantum field theory to provide the exotic matter to support the Alcubierre warp bubble. However, there are classical systems (non-minimally coupled scalar fields) that
violate the null and the weak energy conditions, whilst presenting plausible results when applying
the QI (See Chap. 10). Second, even if one relies on quantum field theory to provide exotic matter,
the QI does not rule out the existence of warp drive spacetimes, although they do place serious
constraints on the geometry.
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11.3 Linearized Warp Drive
In this section, we show that there are significant problems that arise in the warp drive
spacetime, even in the weak-field regime, and long before strong field effects come
into play. Indeed, to ever bring a warp drive into a strong field regime, any highly
advanced civilization would first have to take it through the weak-field regime [22].
We now construct a more realistic model of a warp drive spacetime where the warp
bubble interacts with a finite mass spaceship. To this effect, consider the linearized
theory applied to warp drive spacetimes, for non-relativistic velocities, v  1.
Consider now a spaceship in the interior of an Alcubierre warp bubble, which is
moving along the positive z axis with a non-relativistic constant velocity [22], i.e.
v  1. The metric is given by
ds 2 = −dt 2 + d x 2 + dy 2 + [dz − v f (x, y, z − vt) dt]2


− 2Φ(x, y, z − vt) dt 2 + d x 2 + dy 2 + (dz − v f (x, y, z − vt) dt)2 ,
(11.22)

where Φ is the gravitational field of the spaceship. If Φ = 0, the metric (11.22)
reduces to the warp drive spacetime of Eq. (11.1). If v = 0, we have the metric
representing the gravitational field of a static source.
We consider now the approximation by linearizing in the gravitational field of the
spaceship Φ, but keeping the exact v dependence. For this case, the WEC is given
by
Tμ̂ν̂

v2
U U =ρ−
32π
μ̂

ν̂



∂f
∂x

2

+

2

∂f
∂y

+ O(Φ 2 ) ,

(11.23)

and assuming the Alcubierre form function, we have
Tμν U μ U ν = ρ −

1 v2 (x 2 + y 2 )
32π
r2

df
dr

2

+ O(Φ 2 ) .

(11.24)

Using the “volume integral quantifier”, as before, we find the following estimate
Tμν U μ U ν d 3 x = Mship − v2 R 2 σ +

O(Φ 2 ) d 3 x ,

(11.25)

which can be recast in the following form
MADM = Mship + Mwarp +

O(Φ 2 ) d 3 x .

(11.26)

Now, demanding that the volume integral of the WEC be positive, then we have
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v2 R 2 σ ≤ Mship ,

(11.27)

which reflects the quite reasonable condition that the net total energy stored in the
warp field be less than the total mass–energy of the spaceship itself. Note that this
inequality places a powerful constraint on the velocity of the warp bubble. Rewriting
this constraint in terms of the size of the spaceship Rship and the thickness of the
warp bubble walls Δ = 1/σ , we arrive at the following condition
v2 ≤

Mship Rship Δ
.
Rship
R2

(11.28)

For any reasonable spaceship this gives extremely low bounds on the warp bubble
velocity.
One may analyse the NEC in a similar manner. Thus, the quantity Tμν k μ k ν is
given by
Tμν

v
k k =ρ±
8π
μ ν

∂2 f
∂2 f
+
∂x2
∂ y2

v2
−
8π



∂f
∂x

2

+

∂f
∂y

2

+ O(Φ 2 ) .
(11.29)

Considering the “volume integral quantifier”, we may estimate that
Tμν k μ k ν d 3 x = Mship − v2 R 2 σ +

O(Φ 2 ) d 3 x .

(11.30)

which is [to order O(Φ 2 )] the same integral we encountered when dealing with the
WEC. In order to avoid that the total NEC violations in the warp field exceed the
mass of the spaceship itself, we again demand that
v2 R 2 σ ≤ Mship .

(11.31)

More specifically, it reflects that for all conceivably interesting situations the
bubble velocity should be absurdly low, and it therefore appears unlikely that, by
using this analysis, the warp drive will ever prove to be technologically useful.
Finally, we emphasize that any attempt at building up a “strong-field” warp drive
starting from an approximately Minkowski spacetime will inevitably have to pass
through a weak-field regime. Taking into account the analysis presented above, we
verify that the weak-field warp drives are already very tightly constrained, which
implies additional difficulties for developing a “strong field” warp drive.4

4 See

Ref. [22] for more details.
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11.4 The Horizon Problem
Shortly after the discovery of the Alcubierre warp drive solution [3], an interesting
feature of the spacetime was found. Namely, an observer on a spaceship cannot create
nor control on demand an Alcubierre bubble, with v > c, around the ship [13]. It is
easy to understand this, by noting that an observer at the origin (with t = 0), cannot
alter events outside of his future light cone, |r | ≤ t, with r = (x 2 + y 2 + z 2 )1/2 . In
fact, applied to the warp drive, it is a trivial matter to show points on the outside front
edge of the bubble are always spacelike separated from the centre of the bubble.
The analysis is simplified in the proper reference frame of an observer at the centre
of the bubble, so that using the transformation z  = z − z 0 (t), the metric is given by
ds 2 = −dt 2 + d x 2 + dy 2 + dz  + (1 − f )vdt

2

.

(11.32)

Now, consider a photon emitted along the +z axis (with ds 2 = d x = dy = 0), so
that the above metric provides dz  /dt = 1 − (1 − f )v. If the spaceship is at rest at
the centre of the bubble, then initially the photon has dz/dt = v + 1 or dz  /dt = 1
(recall that f = 1 in the interior of the bubble). However, at a specific point z  = z c ,
with f = 1 − 1/v, we have dz  /dt = 0 [14]. Once photons reach z c , they remain
at rest relative to the bubble and are simply carried along with it. This implies that
photons emitted in the forward direction by the spaceship never reach the outside
edge of the bubble wall, which therefore lies outside the forward light cone of the
spaceship. This behaviour is reminiscent of an event horizon. Thus, the bubble cannot
be created, or controlled, by any action of the spaceship crew, which does not mean
that Alcubierre bubbles, if it were possible to create them, could not be used as a
means of superluminal travel. It only implies that the actions required to change the
metric and create the bubble must be taken beforehand by some observer whose
forward light cone contains the entire trajectory of the bubble.
The appearance of an event horizon becomes evident in the two-dimensional
model of the Alcubierre spacetime [27–29]. Consider that the axis of symmetry
coincides with the line element of the spaceship, so that the metric (11.1), reduces to
ds 2 = −(1 − v2 f 2 )dt 2 − 2v f dzdt + dz 2 .

(11.33)

For simplicity, we consider a constant bubble velocity, v(t) = vb , and r = [(z −
vb t)2 ]1/2 . Note that the metric components of Eq. (11.33) only depend on r , which
may be adopted as a coordinate, so if z > vb t, we consider the transformation r =
(z − vb t). Using this transformation, dz = dr + vb dt, the metric (11.33) takes the
following form:
2

vb (1 − f (r ))
dr 2
dr +
,
ds 2 = −A(r ) dt −
A(r )
A(r )

(11.34)
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where A(r ), denoted by the Hiscock function, is defined by A(r ) = 1 − vb2
[1 − f (r )]2 .
Now, it is possible to represent the metric (11.34) in a diagonal form, using a new
time coordinate
vb [1 − f (r )]
dr ,
(11.35)
dτ = dt −
A(r )
so that the metric (11.34) reduces to a manifestly static form, given by
ds 2 = −A(r ) dτ 2 +

dr 2
.
A(r )

(11.36)

The τ coordinate has an immediate interpretation in terms of an observer on board
of a spaceship, namely, τ is the proper time of the observer, taking into account that
A(r ) → 1 in the limit r → 0. We verify that the coordinate system is valid for any
value of r , if vb < 1. If vb > 1, we have a coordinate singularity and an event horizon
at the point r0 in which f (r0 ) = 1 − 1/vb and A(r0 ) = 0.

11.5 Superluminal Subway: The Krasnikov Tube
It was pointed out above, that an interesting aspect of the warp drive resides in
the fact that points on the outside front edge of a superluminal bubble are always
spacelike separated from the centre of the bubble. This implies that an observer in
a spaceship cannot create nor control on demand an Alcubierre bubble. However,
causality considerations do not prevent the crew of a spaceship from arranging, by
their own actions, to complete a round trip from the Earth to a distant star and back in
an arbitrarily short time, as measured by clocks on the Earth, by altering the metric
along the path of their outbound trip. Thus, Krasnikov introduced a metric with an
interesting property that although the time for a one-way trip to a distant destination
cannot be shortened [13], the time for a round trip, as measured by clocks at the
starting point (e.g. Earth), can be made arbitrarily short, as will be demonstrated
below.

11.5.1 The Two-Dimensional Krasnikov Solution
The two-dimensional Krasnikov metric is given by
ds 2 = −(dt − d x)(dt + k(t, x)d x)
= −dt 2 + [1 − k(x, t)] d x dt + k(x, t) d x 2 ,
where the form function k(x, t) is defined by

(11.37)
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k(t, x) = 1 − (2 − δ)θε (t − x) [θε (x) − θε (x + ε − D)] ,

(11.38)

with δ and ε are arbitrarily small positive parameters. θε denotes a smooth monotone
function

1, if ξ > ε ,
θε (ξ ) =
0, if ξ < 0 .
One may identify essentially three distinct regions in the Krasnikov twodimensional spacetime, which is summarized in the following manner:
The outer region:

The outer region is given by the following set:
{x < 0} ∪ {x > D} ∪ {x > t} .

(11.39)

The two time-independent θε -functions between the square brackets in Eq. (11.38)
vanish for x < 0 and cancel for x > D, ensuring k = 1 for all t except between
x = 0 and x = D. When this behaviour is combined with the effect of the factor θε (t − x), one sees that the metric (11.37) is flat, i.e. k = 1, and reduces
to Minkowski spacetime everywhere for t < 0 and at all times outside the
range 0 < x < D. Future light cones are generated by the following vectors:
r O = ∂t + ∂x and l O = ∂t − ∂x .
The inner region:

The inner region is given by the following set:
{x < t − ε} ∩ {ε < x < D − ε} ,

(11.40)

so that the first two θε -functions in Eq. (11.38) both equal 1, while θε (x + ε −
D) = 0, giving k = δ − 1 everywhere within this region. This region is also flat,
but the light cones are more open, being generated by the following vectors:
r I = ∂t + ∂x and l I = −(1 − δ)∂t − ∂x .
The transition region: The transition region is a narrow curved strip in spacetime,
with width ∼ε. Two spatial boundaries exist between the inner and outer regions.
The first lies between x = 0 and x = ε, for t > 0. The second lies between x =
D − ε and x = D, for t > D. It is possible to view this metric as being produced
by the crew of a spaceship, departing from point A (x = 0), at t = 0, travelling
along the x-axis to point B (x = D) at a speed, for simplicity, infinitesimally close
to the speed of light, therefore arriving at B with t ≈ D.
Thus, the metric is modified by changing k from 1 to δ − 1 along the x-axis, in
between x = 0 and x = D, leaving a transition region of width ∼ε at each end for
continuity. However, as the boundary of the forward light cone of the spaceship at
t = 0 is |x| = t, it is not possible for the crew to modify the metric at an arbitrary point
x before t = x. This fact accounts for the factor θε (t − x) in the metric, ensuring a
transition region in time between the inner and outer region, with a duration of ∼ ε,
lying along the wordline of the spaceship, x ≈ t. The geometry is shown in the (x, t)
plane in Fig. 11.3.
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Fig. 11.3 The plot depicts
the Krasnikov spacetime in
the (x, t) plane, where the
vertical lines A and B are the
world lines of the stars A and
B, respectively. The world
line of the spaceship is
approximately represented
by the line segment AB. See
the text for more details

k=1
k = - 1
k=1

B

k=1

A

x

D

11.5.2 Superluminal Travel Within the Krasnikov Tube
The factored form of the metric (11.37), for ds 2 = 0, provides some interesting
properties of the spacetime with δ − 1 ≤ k ≤ 1. Note that the two branches of the
forward light cone in the (t, x) plane are given by d x/dt = 1 and d x/dt = −k. As
k becomes smaller and then negative, the slope of the left-hand branch of the light
cone becomes less negative and then changes sign. This implies that the light cone
along the negative x-axis opens out, as depicted in Fig. 11.4.
The inner region, with k = δ − 1, is flat because the metric (11.37) may be cast
into the Minkowski form, applying the following coordinate transformations
dt  = dt +

δ
− 1 dx ,
2

dx =

δ
dx ,
2

(11.41)

and one verifies that the transformation is singular at δ = 0, i.e. k = −1. Note that
the left branch of the region is given by d x  /dt  = −1.
From the above analysis, one may easily deduce the following expression:
dt
=1+
dt 

2−δ
δ

dx
.
dt 

(11.42)
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Fig. 11.4 Forward light cones in the two-dimensional Krasnikov spacetime for k = 1, k = 0 and
k =δ−1

For an observer moving along the positive x  and x directions, with d x  /dt  < 1,
we have dt  > 0 and consequently dt > 0, if 0 < δ ≤ 2. However, if the observer is
moving sufficiently close to the left branch of the light cone, given by d x  /dt  = −1,
Eq. (11.42) provides us with dt/dt  < 0, for δ < 1. Therefore we have dt < 0, which
means that the observer traverses backward in time, as measured by observers in the
outer region, with k = 1.
The superluminal travel analysis is as follows. Consider a spaceship departing
from star A and arriving at star B, at the instant t ≈ D. Along this journey, the
crew of the spaceship modify the metric, so that k ≈ −1, for simplicity, along the
trajectory. Now imagine that the spaceship returns to star A, travelling with a velocity
arbitrarily close to the speed of light, i.e. d x  /dt  ≈ −1. Therefore, from Eq. (11.41),
one obtains the following relation
vreturn =

1
1
dx
≈− =
≈1
dt
k
1−δ

(11.43)

and dt < 0, for d x < 0. The return trip from star B to A is done in an interval of
Δtreturn = −D/vreturn = D/(δ − 1). Note that the total interval of time, measured at
A, is given by T A = D + Δtreturn = Dδ. For simplicity, consider ε negligible, so that
superluminal travel is implicit, as |Δtreturn | < D, if 0 < δ < 1, i.e. we have a spatial
spacetime interval between A and B. Now, T A is always positive, but may attain a
value arbitrarily close to zero, for an appropriate choice of δ.
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Note that for the case δ < 1, it is always possible to choose an allowed value of
d x  /dt  for which dt/dt  = 0, meaning that the return trip is instantaneous as seen by
observers in the external region. This follows easily from Eq. (11.42), which implies
that dt/dt  = 0 when d x  /dt  satisfies d x  /dt  = −δ/(2 − δ), which lies between 0
and −1 for 0 < δ < 1.

11.5.3 The Four-Dimensional Generalization
Shortly after the Krasnikov two-dimensional solution, the analysis was generalized
to four dimensions by Everett and Roman [14], who denoted the solution as the
Krasnikov tube. The latter four-dimensional modification of the metric begins along
the path of the spaceship, which is moving along the x-axis, and occurs at the position
x, at time t ≈ x, which is the time of passage of the spaceship. Everett and Roman
also assumed that the disturbance in the metric propagated radially outward from
the x-axis, so that causality guarantees that at time t the region in which the metric
1/2
has been modified cannot extend beyond ρ = t − x, where ρ = (y 2 + z 2 ) . The
modification in the metric was also assumed to not extend beyond some maximum
radial distance ρmax  D from the x-axis.
Thus, the metric in the four-dimensional spacetime, written in cylindrical coordinates, is given by [14]
ds 2 = −dt 2 + [1 − k(t, x, ρ)] d x dt + k(t, x, ρ)d x 2 + dρ 2 + ρ 2 dφ 2 ,

(11.44)

where the four-dimensional generalization of the Krasnikov form function is given
by
k(t, x, ρ) = 1 − (2 − δ)θε (ρmax − ρ)θε (t − x − ρ)[θε (x) − θε (x + ε − D)] .
(11.45)
For t
D + ρmax one has a tube of radius ρmax centred on the x-axis, within which
the metric has been modified. It is this structure that is denoted by the Krasnikov
tube, and contrary to the Alcubierre spacetime metric, the metric of the Krasnikov
tube is static, once it has been created.
The stress–energy tensor element Ttt given by

∂k
1
4(1 + k) ∂k
+3
Ttt =
−
2
32π(1 + k)
ρ
∂ρ
∂ρ

2

− 4(1 + k)

∂ 2k
∂ρ 2

,

(11.46)

can be shown to be the energy density measured by a static observer [14], and violates
the WEC in a certain range of ρ, i.e. Tμν U μ U ν < 0. To this effect, consider the energy
density in the middle of the tube and at a time long after its formation, i.e. x = D/2
and t
x + ρ + ε, respectively. In this region we have θε (x) = 1, θε (x + ε − D) =
0 and θε (t − x − ρ) = 1. With this simplification the form function (11.45) reduces to
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Fig. 11.5 Graph of the
energy density, Ttt , as a
function of ρ at the middle of
the Krasnikov tube,
x = D/2, and long after its
formation, t
x + ρ + ε.
We consider the following
values for the parameters:
δ = 0.1, ε = 1 and
ρmax = 100ε = 100. See the
text for details
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k(t, x, ρ) = 1 − (2 − δ)θε (ρmax − ρ) .

(11.47)

A useful form for θε (ξ ) [14] is given by




2ξ
1
tanh 2
−1 +1 ,
θε (ξ ) =
2
ε

(11.48)

so that the form function (11.47) yields
k =1− 1−

δ
2





2ξ
tanh 2
−1 +1 .
ε

(11.49)

Choosing the following values for the parameters: δ = 0.1, ε = 1 and ρmax =
100ε = 100, the negative character of the energy density is manifest in the immediate
inner vicinity of the tube wall, as shown in Fig. 11.5.

11.6 Closed Timelike Curves
11.6.1 The Warp Drive
Consider a hypothetical spaceship immersed within a warp bubble, moving along a
timelike curve, with an arbitrary value of v(t). Due to the latter, the metric of the
warp drive permits superluminal travel, which raises the possibility of the existence
of CTCs. Although the solution deduced by Alcubierre by itself does not possess
CTCs, Everett demonstrated that these are created by a simple modification of the
Alcubierre metric [14], by applying a similar analysis as is carried out using tachyons.
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The modified metric takes the form
ds 2 = −dt 2 + d x 2 + dy 2 + (dz − v f dt)2 ,

(11.50)

with v(t) = dz 0 (t)/dt and r (t) = [(z − z 0 (t))2 + (y − y0 )2 + z 2 ]1/2 . As in
Sect. 11.2.1 spacetime is flat in the exterior of a warp bubble with radius R, which
now is centred in (0, y0 , z 0 (t)). The bubble moves with a velocity v, on a trajectory parallel to the z-axis. Consider, for simplicity, the form function given by Eq.
R, so that the form function is negligible, i.e.
(11.2). We shall also impose that y0
f (y0 ) ≈ 0.
Now, consider two stars, S1 and S2 , at rest in the coordinate system of the metric
(11.50), and located on the z-axis at t = 0 and t = D, respectively. The metric along
R. Therefore, a light beam emitted at S1 , at t = 0,
the z-axis is Minkowskian as y0
moving along the z-axis with dz/dt = 1, arrives at S2 at t = D. Suppose that the
spaceship initially starts off from S1 , with v = 0, moving off to a distance y0 along
the y−axis and neglecting the time it needs to cover y = 0 to y = y0 . At y0 , it is then
subject to a uniform acceleration, a, along the z−axis for 0 < z < D/2, and −a for
D/2 < z < D. The
√ spaceship will arrive at the spacetime event S2 with coordinates
z = D and t = 2 D/a ≡ T . Once again, the time required to travel from y = y0 to
y = 0 is negligible.
The separation between the two events, departure and arrival, is D 2 − T 2 =
2
D (1 − 4/(a D)) and will be spatial if a > 4/D is verified. In this case, the spaceship
will arrive at S2 before the light beam, if the latter’s trajectory is a straight line, and
both departures are simultaneous from S1 . Inertial observers situated in the exterior
of the spaceship, at S1 and S2 , will consider the spaceship’s movement as superluminal, since the distance D is covered in an interval T < D. However, the spaceship’s
wordline is contained within its light cone. The worldline of the spaceship is given
by z = vt, while its future light cone is given by z = (v ± 1)t. The latter relation can
easily be inferred from the null condition, ds 2 = 0.
Since the quadri-vector with components (T, 0, 0, D) is spatial, the temporal order
of the events, departure and arrival, is not well defined. Introducing new coordinates,
(t  , x  , y  , z  ), obtained by a Lorentz transformation, with a boost β along the z-axis,
the arrival at S2 in the (t  , x  , y  , z  ) coordinates correspond to

T  = γ (2 D/a − β D) ,


Z  = γ (D − 2 D/a) ,

(11.51)

with γ = (1 − β 2 )−1/2 . The events, departure and arrival, will be simultaneous if
a = 4/(β 2 D). The arrival will occur before the departure if T  < 0, i.e.
a>

4
β2 D

.

(11.52)

The fact that the spaceship arrives at S2 with t  < 0, does not by itself generate
CTCs. Consider the metric (11.50), substituting z and t by Δz  = z  − Z  and Δt  =
t  − T  , respectively; v(t) by −v(t); a by −a; and y0 by −y0 . This new metric
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describes a spacetime in which an Alcubierre bubble is created at t  = T  , which
moves along y = −y0 and x = 0, from S1 to S2 with a velocity v (t  ), and subject
to an acceleration a  . For observers at rest relatively to the coordinates (t  , x  , y  , z  ),
situated in the exterior of the second bubble, it is identical to the bubble defined by
the metric (11.50), as it is seen by inertial observers at rest at S1 and S2 . The only
differences reside in a change of the origin, direction of movement and possibly of
the value of acceleration. The stars, S1 and S2 , are at rest in the coordinate system of
the metric (11.50), and in movement along the negative direction of the z-axis with
velocity β, relatively to the coordinates (t  , x  , y  , z  ). The two coordinate systems are
equivalent due to the Lorentz invariance, so if the first is physically realizable, then
so is the second. In the new metric, by analogy with Eq. (11.50), we have dτ = dt  ,
i.e. the proper time of the observer, on board of the spaceship, travelling in the centre
of the second bubble, is equal to the time coordinate, t  . The spaceship will arrive at
S1 in the temporal and spatial intervals given by Δt  > 0 and Δz  < 0, respectively.
As in the analysis of the first bubble, the separation between the departure, at S2 , and
the arrival S1 , will be spatial if the analogous relationship of Eq. (11.52) is verified.
Therefore, the temporal order between arrival and departure is also not well defined.
As will be verified below, when z and z  decrease and t  increases, t will decrease
and a spaceship will arrive at S1 at t < T . In fact, one may prove that it may arrive
at t < 0.
Since the objective is to verify the appearance of CTCs, in principle, one may
proceed with some approximations. For simplicity, consider that a and a  , and consequently v and v are enormous, so that T  D and Δt   −Δz  . In this limit,
we obtain the approximation T ≈ 0, i.e. the journey of the first bubble from S1 to
S2 is approximately instantaneous. Consequently, taking into account the Lorentz
transformation, we have Z  ≈ γ D and T  ≈ −γβ D. To determine T1 , which corresponds to the second bubble at S1 , consider the following considerations: since
the acceleration is enormous, we have Δt  ≈ 0 and Δt = T1 − T ≈ T1 , therefore
Δz = −D ≈ γ Δz  and Δt ≈ γβΔz  , from which one concludes that
T1 ≈ −β D < 0 .

(11.53)

11.6.2 The Krasnikov Tube
As mentioned above, for superluminal speeds the warp drive metric has a horizon so
that an observer in the centre of the bubble is causally separated from the front edge
of the bubble. Therefore he/she cannot control the Alcubierre bubble on demand. In
order to address this problem, Krasnikov proposed a two-dimensional metric [13],
which was later extended to a four-dimensional model [14], as outlined in Sect. 11.5.
A two-dimensional Krasnikov tube does not generate CTCs. But the situation is quite
different in the four-dimensional generalization. Using two such tubes it is a simple
matter, in principle, to generate CTCs [30]. The analysis is similar to that of the warp
drive, so that it will be treated in summary.
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Imagine a spaceship travelling along the x-axis, departing from a star, S1 , at t = 0,
and arriving at a distant star, S2 , at t = D. An observer on board of the spaceship
constructs a Krasnikov tube along the trajectory. It is possible for the observer to
return to S1 , travelling along a parallel line to the x-axis, situated at a distance
ρ0
2ρmax , in the exterior of the first tube. On the return trip, the
ρ0 , so that D
observer constructs a second tube, analogous to the first, but in the opposite direction,
i.e. the metric of the second tube is obtained substituting x and t, for X = D − x
and T = t − D, respectively in Eq. (11.44). The fundamental point to note is that in
three spatial dimensions, it is possible to construct a system of two non-overlapping
tubes separated by a distance ρ0 .
After the construction of the system, an observer may initiate a journey, departing
from S1 , at x = 0 and t = 2D. One is only interested in the appearance of CTCs in
principle, therefore the following simplifications are imposed: δ and ε are infinitesimal, and the time to travel between the tubes is negligible. For simplicity, consider the
velocity of propagation close to that of light speed. Using the second tube, arriving at
S2 at x = D and t = D, then travelling through the first tube, the observer arrives at
S1 at t = 0. The spaceship has completed a CTC, arriving at S1 before its departure.

11.7 Summary and Conclusion
In this chapter, we have seen how warp drive spacetimes can be used as gedankenexperiments to probe the foundations of general relativity. Though they are useful
toy models for theoretical investigations, we emphasize that as potential technology
they are greatly lacking. We have verified that exact solutions of the warp drive
spacetimes necessarily violate the classical energy conditions, and continue to do so
for an arbitrarily low warp bubble velocity. Thus, the energy condition violations in
this class of spacetimes are generic to the form of the geometry under consideration
and are not simply a side effect of the superluminal properties. Furthermore, by taking
into account the notion of the “volume integral quantifier”, we have also verified that
the “total amount” of energy condition violating matter in the warp bubble is negative.
Using linearized theory, a more realistic model of the warp drive spacetime was
constructed where the warp bubble interacts with a finite mass spaceship. The energy
conditions were determined to first and second order of the warp bubble velocity,
which safely ignores the causality problems associated with “superluminal” motion.
A fascinating feature of these solutions resides in the fact that such a spacetime
appear to be examples of a “reactionless” drives, where the warp bubble moves
by interacting with the geometry of spacetime instead of expending reaction mass,
and the spaceship is simply carried along with it. Note that in linearized theory, the
spaceship can be treated as a finite mass object placed within the warp bubble. It was
verified that in this case, the “total amount” of energy condition violating matter, the
“net” negative energy of the warp field, must be an appreciable fraction of the positive
mass of the spaceship carried along by the warp bubble. This places an extremely
stringent condition on the warp drive spacetime, in that the bubble velocity should
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be absurdly low. Finally, we point out that any attempt at building up a “strong-field”
warp drive starting from an approximately Minkowski spacetime will inevitably have
to pass through a weak-field regime. Since the weak-field warp drives are already
so tightly constrained, the analysis of the linearized warp drive implies additional
difficulties for developing a “strong field” warp drive.
Furthermore, we have shown that shortly after the discovery of the Alcubierre warp
drive solution it was found that an observer on a spaceship cannot create nor control
on demand a superluminal Alcubierre bubble, due to a feature that is reminiscent of
an event horizon. Thus, the bubble cannot be created, nor controlled, by any action
of the spaceship crew. We emphasize that this does not mean that Alcubierre bubbles
could not be theoretically used as a means of superluminal travel, but that the actions
required to change the metric and create the bubble must be taken beforehand by an
observer whose forward light cone contains the entire trajectory of the bubble. To
counter this difficulty, Krasnikov introduced a two-dimensional metric in which the
time for a round trip, as measured by clocks at the starting point (e.g. Earth), can
be made arbitrarily short. This metric was generalized to four dimensions, denoting
the solution as the Krasnikov tube. It was also shown that this solution violates the
energy conditions is specific regions of spacetime. Finally, it was shown that these
spacetimes induce closed timelike curves.
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Chapter 12

Probing Faster than Light Travel
and Chronology Protection
with Superluminal Warp Drives
Carlos Barceló and Stefano Liberati

12.1 Introduction
The possibility of “faster than light” (FTL) travel and time machines (TM) have been
a fascinating theme for human beings since the dawn of storytelling and they are at
the centre of many science fiction novels and movies. What is less known to the
broad pubic is that these tantalising phenomena are definitely an open possibility in
Einstein’s general relativity (GR) theory. The very same “plasticity” of spacetime
that is at the core of the Einstein’s grand construction allows at the same time for
extremely warped spacetimes where the causal structure can be subverted and realise
these extreme features. In this chapter, we are going to see how FTL and TM are
related and why they are so relevant in assessing the viability of GR as a fundamental
theory of reality. We shall consider explicit examples allowing for these features,
explain why the latter are so problematic for our understanding of reality, and focus
on those spacetimes that seems so far not forbidden or evidently unphysical. In
particular, we shall discuss a class of spacetimes called “warp drives”, presented in
the previous chapter—which allow for FTL travel and can be used to built a TM—
and show that they will generically present a semiclassical instability just for the fact
of allowing faster than light propagation.
The structure of this contribution will be the following. We shall first provide some
technical definitions about what we mean by time travel. We shall then review some
spacetimes which allow for TM and FTL travel. We shall then discuss in the next
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section why FTL travel can be easily manipulated for building TMs. In Sect. 12.5,
we shall consider why TM are paradoxical and which solutions have been devised
to come out of these paradoxes and explain why so far it seems that for reaching
a definitive conclusion one should go beyond the realm of semiclassical gravity.
Finally, in Sect. 12.6 we shall consider the specific case of warp drives and show that
a generic prediction about their instability can be reached by a quantum field theory
calculation in curved spacetime. We shall argue that this result seems to strongly
hint that structures allowing for FTL travel and hence TM building are intrinsically
unstable even within the well-known framework of semiclassical gravity.

12.2 Time Machines: Basic Technical Definitions
Worldlines of observers/particles in spacetime are typically timelike curves if they
have mass, and null curves if the particles are massless (respectively inside and on
the border of light cones). A causal curve is defined to be a curve which is nowhere
spacelike (i.e. lying outside of a light cone). A chronological curve is a curve which
is everywhere timelike. So in layman language, the first kind of curves characterises
the propagation of signals via massive or massless mediators while the second class
pertains to massive objects/observers.
Time travelling notoriously requires a time machine (exactly like in the H.G.
Well novel). A time machine is defined as some device able to provide closed
causal or chronological curves, loops in propagation of signals or massive objects.
Albeit closed timelike/chronological curves (CTC) imply automatically closed causal
curves (CCC) the reverse is of course not true, i.e. one might have a spacetime where
only massless particles can form loops but massive objects cannot. Of course this last
case is also not seriously dangerous as it does not lead to the aforementioned paradoxes. So, the culprit of our search, the smoking gun of time travel, is the presence
of a CTC in a given spacetime.
However we can imagine, and indeed we have many examples of spacetime which
are almost everywhere “sane” except for regions where time travel is allowed, or
alternatively spacetimes which in the past look globally hyperbolic but later develop
a region with CTC and hence do not admit a well-posed Cauchy evolution. In order
to describe precisely these situations, a first step is to characterise points within a
chronology-violating region (a region with CTC). There are events p belonging to a
chronology-violating region I p0 if
I p0 ≡ I + ( p)



I − ( p) = ∅,

in words, if the intersection of the chronological past and future for this set of events
(i.e. the interiors of the past and future light cone stemming from these events) is not
an empty set. As usual, we shall then define the total chronology-violating region in
a given manifold M as the union of all these I p0 , i.e.
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I p0 .

p∈M

Of course in the same way we can define causality violating regions by just replacing
in the above formulas chronological future and past I ± with causal future and past J ± .
We can now define the onset of a time machine region, its border, as the future
chronological horizon which is technically characterised as
 

H + (I ) ≡ ∂ I + I 0 (M ) .
Of course we can also straightforwardly define a past chronological horizon (the border in the past of a time machine region) by the same definition replacing the chronological future with the chronological past. Similarly, the definition for a past/future
causal horizon can be obtained replacing the chronological past/future with their
causal counterparts.
It is worth stressing that chronological horizons are always generated by null
geodesics [33] and that while they do not need to coincide mathematically with causal
horizons, they do so in many cases. Finally, it is easy to see that chronological horizons
are just a special case of Cauchy horizons as they also characterise a breakdown of
the Cauchy evolution of data and a lack of global hyperbolicity of the spacetime (the
other typical case of Cauchy horizons being those associated to missing points in
spacetime e.g. due to timelike singularities).

12.3 Causality Challenging Spacetimes
The list of spacetimes in GR which are problematic from the point of view of the
causal structure is quite long and basically splits in two big families. The first family is
made by what we might call “time machine rotating solutions”. For all these solutions
rotation is the key ingredient as the swirling of spacetime and frame dragging tilts the
light cones till they eventually include closed orbits around the rotation axis. These
are spacetimes which self-evidently include regions with CTC and hence TMs. The
second family of spacetimes is in a sense milder. These spacetimes do not per se
entail CTCs but, as we shall see in the following sections, can be easily manipulated
so to form them.

12.3.1 Time Machine Rotating Solutions
A succinct (incomplete) list of this kind of solutions includes (see [33] for a more
complete treatment)
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• van Stockum spacetimes: Infinitely long cylinders of spinning dust with density
increasing with radii. Tipler cylinders are included in this family (with a massive
cylinder replacing the cylindrical distribution of dust).
• Gott’s spacetimes: these are spacetimes, e.g. with two infinitely long, parallel,
cosmic strings longitudinally spinning around each other.
• Gödel universe: this is the famous solution found by Kurt Gödel in 1949 which
describes a globally rotating spacetime filled with (homogeneously distributed)
dust and a (positive) cosmological constant fine-tuned to match the energy density
of the dust. The solution is not isotropic due to the rotation, however the homogeneity implied by the matter distribution requires that the direction but not the
position of the rotation “axis” is determined. Indeed, any event in the spacetime
can be considered at the origin of the rotating frame and lies on some CTCs.
• Kerr–Newman black holes: Rotating (neutral or charged) black holes are endowed
with a region, inside the Cauchy horizon, where the Killing vector associated to
invariance under rotations about the spin axis becomes timelike. Given that the
orbits of this vector are necessarily closed curves this implies the presence of
CTCs.
The first three items of this list are often (somewhat irreverently) characterised
as GIGO, i.e. as solutions “garbage in-garbage out”, which means that these are
solutions characterised by somewhat unphysical matter/energy distributions (e.g.
infinitely long cylinders or strings) and/or global rotation (e.g. Gödel universe). In
the case of the rotating black hole solutions, the common objection is instead that
the chronology-violating region is located well within the inner/Cauchy horizon. The
well-known instability associated to this global structure (infinite blueshift) is per se
a warning bell that this (classical) instability might lead to an internal geometry very
different from the one predicted by the Kerr family of solutions. There is however a
second class of dangerous spacetimes that are not as easily dismissed because they
“per se” do not posses CTC and can be grouped under the name of “superluminal
travel allowing” spacetimes.

12.3.2 Faster than Light Travel Spacetimes
There are two well-known kinds of spacetimes in general relativity which allow
for faster than light travel, these are warp drives and traversable wormholes. Let us
summarise their main features here.
Warp drives: Warp drives (where the most known declination is the Alcubierre
warp drive (see the previous chapter) discovered in 1994 [1]) are a different sort of
spacetimes where a spherical region with flat (or almost flat) geometry, a bubble,
can move at arbitrary speed thanks to the simultaneous contraction and expansion
of spacetime respectively at its front and rear. Of course such a geometry does
not violate local Lorentz invariance as this still holds locally around each point of
spacetime. However, geometrically speaking general relativity does not pose any
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bound on the relative motion of different regions of spacetime. Noticeably, these
geometries need exotic matter for being realised, i.e. matter which violates some
energy condition (typically the null one).
Traversable wormholes: The concept of a “spacetime shortcut”, a sort of tunnel connecting points of spacetime which might be otherwise separated by long
distances arose several times in the literature. The first to be discovered was the
so-called Schwarzschild wormhole often called Einstein–Rosen bridge (after the
name of the authors of the 1935 paper [12] that brought it to the general attention
albeit it was already discovered in 1916 by Flamm [14]). The latter connects two
asymptotically flat regions in an eternal black hole spacetime. Unfortunately this
class of wormholes is not traversable. Indeed if they connect two parts of the same
universe, it was shown [16] that they will pinch off too quickly for light (or any
massive particle) to travel from one exterior region to the other. However, traversable wormhole solutions were found in 1988 by Morris and Thorne [26, 27]
(and later developed by several authors, see e.g. [33, 34] and references therein).
These are wormhole structures whose throat is held open by variably large amounts
of exotic matter.
Let us consider more in detail one solution for each of these classes.

12.3.2.1

The Alcubierre Warp Drive in a Nutshell

The Alcubierre warp drive geometry was introduced by Miguel Alcubierre in 1994
(see Ref. [1]) and represents a bubble containing an almost flat region, moving at
arbitrary speed within an asymptotically flat spacetime. Mathematically its metric
can be written as
ds 2 = −c2 dt 2 + [d x − v(r )dt]2 + dy 2 + dz 2 ,

(12.1)


where r ≡ [x − xc (t)]2 + y 2 + z 2 is the distance from the centre of the bubble,
{xc (t), 0, 0}, which is moving in the x direction with arbitrary speed vc = d xc /dt.
Here v(r ) = vc f (r ) and f is a suitable smooth function satisfying f (0) = 1 and
f (r ) → 0 for r → ∞. To make the warp drive travel at the speed vc (t), the spacetime
has to contract in front of the warp drive bubble and expand behind it. It is easy to see
that the worldline {xc (t), 0, 0} is a geodesic for the above metric. Roughly speaking,
if one places a spaceship at {xc (t), 0, 0}, it is not subject to any acceleration, while
moving faster than light with respect to someone living outside of the bubble (here
the spaceship is basically treated as a test particle, see Ref. [23] for a more general
treatment). The spaceship inside the warp drive bubble is, as a matter of fact, isolated
from the spacetime surroundings and cannot interact with them, however one could
in principle conceive to build a sort of “interstellar railway” running from Earth to
a distant planet which by a coordinated generation of energy violating matter could

286

C. Barceló and S. Liberati

locally produce and move a warp drive, with a spaceship inside, at superluminal
speeds.
A curious characteristic of the Alcubierre warp drive geometry, which is seldom
mentioned, is that in a superluminal travel between two events in spacetime A and
B, the proper time as measured by the traveller inside the bubble is not subject to
the standard relativistic time slowdown. This is due to the fact that the observer
inside the warp drive finds itself at rest in a basically flat portion of spacetime and
(classically) does not perceive the bubble motion. Indeed, observers at rest outside,
as well as internal travellers, will measure essentially the same amount of travel
duration in terms of their proper times (see Eq. (12.1)). This contrasts with what
normally happens in standard special relativity. From the traveller’s point of view
if one approaches the speed of light, the proper time duration to go from A to B
becomes arbitrarily short. Instead, using a warp drive to shorten this time duration
one would need to increase the warp drive velocity to larger and larger speeds which
will not affect the relation between the proper time of the warp drive traveller and
that of some observer outside at rest.

12.3.2.2

Traversable Morris–Thorne Wormholes in a Nutshell

Traversable Morris–Thorne wormholes [26, 27] are time independent, non-rotating
and spherically symmetric solutions of general relativity describing a bridge/passage
between two asymptotically flat regions (not necessarily in the same universe albeit
this is the case we are interested in here). They are described by a simple metric


ds 2 = −e2Φ() dt 2 + d2 + r 2 () dθ 2 + sin2 θ dφ 2 ,

(12.2)

where one requires  ∈ (−∞, +∞), absence of event horizons and metric components at least C 2 in . Furthermore asymptotic flatness for  → ±∞ is imposed by
requiring
lim

→±∞

r ()
||

=1

i.e.

r () = || + O(1) for  → ±∞

(12.3)

for space asymptotic flatness and
lim Φ() = Φ± = constant and finite

→±∞

(12.4)

for spacetime asymptotic flatness. The radius at the wormhole throat is r0 ≡
min {r ()} which can always be chosen to be at  = 0.
This metric is a solution of the Einstein equations but requires a stress–energy
tensor (SET) T μ ν = diag(−ρ(r ), τ (r ), pθ (r ), pφ (r )) with radial tension τ (r ) =
− pr (r ) which violates the null energy condition (NEC) which states the positivity of the product Tμν k μ k ν for any null-like vector k μ . More precisely there is always
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some r∗ such that for any r ∈ (r0 , r∗ ) one has ρ(r ) − τ (r ) < 0 which is tantamount
to NEC violation (which also implies the violation of the weak, strong and dominant
energy conditions, see e.g. [33]). Of course this implies that also at the throat the
NEC is violated and specifically one finds
τ (r0 ) =

1
≈ 5 · 1036
8π Gr02

10 m
r0

2

N
,
cm2

(12.5)

so that as anticipated a huge tension is required for keeping a macroscopic wormhole
open.

12.3.2.3

Objections and Answers

The common objections against these spacetimes are twofold. One consists in noticing that this “superluminal travel allowing” spacetimes generically require large
amounts of exotic (energy violating) matter (e.g. for a traversable wormhole with a
throat of about one metre one would need about one Jupiter of matter with negative
energy density), at least within GR (in alternative theories of gravity this does not
need to be the case). The other objection has to do with the way such structures could
be formed in the first place. For example, forming from nowhere a wormhole would
imply a change in topology which is forbidden in classical GR and anyway is known
to lead to unacceptable large particle production from the vacuum [2, 25]. However,
such objections could be seen as engineering challenges, in the sense that no no-go
theorem tells us that we cannot generate exotic matter in a given region (indeed we
can do so, in small quantities, e.g. with the Casimir effect) or that in principle one
cannot “grow” macroscopic wormholes from those expected to be spontaneously
produced at the Planck scale in the so-called Wheeler spacetime foam.
So in conclusion, within GR nothing seems to prevent, at least in principle, the
possibility of superluminal travel at the moderate cost to solve few (daunting) engineering problems and to produce and control sufficiently large amounts of exotic
matter. Of course this sounds pretty exciting but on second thoughts also very worrisome. Indeed, it is quite easy to transform any superluminal travel capable structure
into a time machine. This is what we shall analyse in the following section.

12.4 Time Machines from Faster than Light Travel
Wormholes and warp drives are two ways in which one could travel faster than light
(FTL). As we shall see, within the GR framework the existence of CTCs is strongly
linked with the seemingly milder concept of FTL travel.
Probably the question that lay public asked more frequently to specialists in relativity is “why is it not possible to travel faster than light”. We do not know why
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but, leaving aside for the moment the cosmological realm, we have not observed any
counterexample. Moreover, the theory of special relativity was born out of requiring this as a postulate and after one hundred years of development we can say with
confidence that the number of predictions and verifications of this theory are quite
robust (at least at currently explored energies, see e.g. [21] for a recent review).
In special relativity, the proper time of an observer freezes out when the observer
approaches the speed of light. Beyond that, travelling in a spacelike trajectory
amounts to having your proper time running backwards in time, the seed of time
travel. But these trajectories are precisely the ones not allowed for real massive particles. By allowing the deformation of the light-cone structure, general relativity opens
new venues into the connection between CTC and FTL travel.
As we already mentioned general relativity is constructed so that locally nothing
can travel outside the light cone, so locally nothing can travel faster than light. However, somewhat surprisingly general relativity can indeed accommodate FTL travel.
The cleanest situation one can think of is the following. Consider an asymptotically
flat spacetime. In the asymptotic limit a light ray will traverse this spacetime in a
straight line and at the speed of light. However, geometrically the light-cone structure
deep in the spacetime can be such that a light ray could traverse this region faster
than it would be done by his homologous at infinity.
This is possible because there is a tight connection between this sort of formulation
of FTL travel and the existence of violations of the energy conditions. While the
presence of positive distributions of energy results in Shapiro time delays, when
light rays traverse negative energy distributions they are advanced. For instance,
K. Olum [28] proved that to produce a FTL configuration one needs to violate the
Weak Energy Condition. Related investigations were carried over in [35] dealing
with weak fields. This association between ray advancement and negative energy
has also been used to produce a slightly different formulation and proof of a positive
mass theorem [29].
From this perspective, the problem of FTL travel is transmuted in general relativity
into the problem of understanding the nature of the possible sources of gravity. In fact,
without restricting the possible matter content general relativity allows in principle
all imaginable Lorentzian geometries.
Leaving aside the energy-condition-violations issue, how can one manipulate FTL
configurations such as warp drives or wormholes to build a time machine?

12.4.1 The Warp Drive Case
Before any warp drive is operating, consider an inertial reference frame in which two
locations A and B are at rest. At some point, we arrange a warp drive so that someone
in the bubble travels from A and B in a time interval 0 < t B − t A < |x B − x A | as
measured from this inertial frame. From the perspective external to the warp drive the
trajectory of the bubble seems to be spacelike (although it is not). Now, make a change
of inertial frame to describe the same configuration, one travelling with a velocity
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close to the speed of light in the same direction of the warp drive. In this inertial
frame the trajectory of the warp drive will be such that t B − t A < 0, it is as if the warp
drive was running backwards in time. Then, in this frame one just needs to arrange
another warp drive to travel back from B to A so that 0 < t AB − t B < |t B − t A |. In
this way the time t Ab can be made smaller than t A , that is, one can come back to
the initial position before the very forth and back journey has started: CTCs and a
chronological horizon have been formed. Of course, the discussed warp drive is just
a special case, as the above reasoning would apply to any device allowing faster than
light propagation at arbitrary speeds while special relativity holds (see e.g. [22] for
an extensive discussion).

12.4.2 The Wormhole Case
The same type of time machine configuration can be produced using a wormhole.
Consider one mouth of the wormhole to be always at rest in one inertial frame.
Then, in principle one can make time to run slower in the other mouth, for instance
by making this mouth to travel towards the other at a certain velocity (a special
relativistic effect) or by placing it close to a very compact object (a general relativistic
effect). In the first case, if we wait long enough since the second mouth starts moving,
a light ray produced in the first mouth and sent through the throat will come up again
in the inertial frame in the past. This travel back in time can be strong enough so
that the ray now travelling from the second mouth to the first through the standard
path in spacetime arrives earlier than it was sent in the first place. Again, CTCs and
a chronological horizon have been formed.

12.4.3 Some Analogue Gravity Lessons
One can build warp drive geometries in analogue gravity systems, such as a flowing
fluid [5]. Is it then possible to build a time machine using a fluid? No, definitely it is
not. From the perspective of the lab one of the two warp drives needs to be running
backwards in time. From the same perspective one can perfectly tilt the sound cones
(by producing background flows) so that the sound travels quicker or slower than in
a fluid at rest. However, to tilt a sound cone so that it runs backwards in time needs
to pass through a configuration in which the sound velocity becomes infinite (and
beyond). This is clearly not possible as the background fluid flow cannot be arranged
to reach an infinite velocity. So although an internal observer could follow the same
line of reasoning leading from warp drives to time machines the existence of an
external and more fundamental causality forbids to perform this step. Any proper
manipulation of the system in terms of initial data developments will show that no
causal paradoxes can occur. The fundamental causality of the Minkowskian lab is
the one that controls the evolution of the system and that is always running forward
in time.
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If the general relativity causality were not the only one in reality, a similar argument could be in place. The fact that there is a hand waving argument to build a time
machine does not imply that this can be realised as a well-defined initial data problem.
There might be deeper layers of reality, with a perfectly well-defined causality but
possessing FTL characteristics, fooling us (a nice discussion of these possibilities can
be found in [18]). Nature shows that indeed there are many different causalities operating for different degrees of freedom. To this day it is a well-supported hypothesis
that the general relativity causality encompassed all of the rest. It is this fundamentality that allows to think about FTL travel and time machines. However, it is clear
that whether the general relativity causality is the ultimate causality and whether
one could build this type of configurations can only be ultimately distinguished by
experiments.
An example of the previous discussion is provided by dispersive modifications
of the general relativity behaviour. A superluminal dispersion can produce FTL
travel without the need per se of allowing the construction of time machines. It will
all depend on the specific causal characteristics of the final system of differential
equations. Superluminal modifications of the dispersion relations could be obtained
as a semiclassical result of an underlying theory of quantum gravity (see e.g [17]).
Also, it was shown by Scharnhorst [31] that in a Casimir vacuum photons travelling
perpendicular to the plate boundaries could achieve FTL (although the suppossed
effect is too small to be measured in current experimental setups). In this case, it
has been shown that even if this effect existed it will not break the tenets of special
relativity [22] maintaining the existence of a constant c which is invariant under
Lorentz transformations. On the other hand, they also show that the Scharnhorst
effects cannot be used to build a time machine in the form described above. In this
sense, the Scharnhorst effect would exhibit a mild violation of the speed of light
limit.
But even before reflecting onto more or less speculative possibilities based on
beyond general relativity effects, the very construction of a time machine has to
be examined at the light of a well-defined initial value problem within the very
framework of general relativity. As is conjectured to happen with Cauchy horizons, it
might be that the formation of a chronological horizon is non-generic and unstable to
perturbations. The analysis of possible classical instabilities has to be complemented
by one of semiclassical instabilities in a hierarchy of possibilities. One of these
semiclassical instabilities will be discussed later on in this chapter.

12.5 Time Travel Paradoxes and Possible Solutions
We have seen in the previous sections that GR seems to entail the possibility of time
travel and that at the classical level nothing seems to forbid a priori the production
of CTCs in otherwise healthy spacetimes, especially by making a careful use of the
superluminal travel allowed by some solution with exotic matter.
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The reason why the possibility of time travel is per se considered a deeply worrying
weakness of the theory is that time travel to the past is per se logically paradoxical
(apart from being a limit to the predictive power of the theory as e.g. singularities are
as well). Indeed, the possibility to travel back in time (there is no logical paradox with
travelling into the future, which is anyway already allowed by special relativity, think
about the apparent twin paradox often quoted in text books) is logically paradoxical
in two ways:
Grandfather paradox: The first way is related to the fact that when travelling back
into the past our actions can affect what was supposed to stem from that past. So,
for example, we could end up killing our grandfather and in this way prevent our
own birth. Then how can we exist and change the past in the first place?
Bootstrap paradox: If we could travel back in time we could generate information
from nothing. For example, someone could copy a mathematical theorem proof
from a textbook, then travel back in time to find the mathematician who first
published the proof before he published it, and simply pass the proof to the mathematician. In this case, the information in the proof has no origin.
So it is easy to see that time travel is a quite dangerous feature to have built in within
your theory of spacetime dynamics. In what comes next we shall analyse why GR
allows for this feature. But before doing this, we need to have the mathematical tools
for being precise about what we mean by time travel.
In order to avoid such paradoxes, several approaches have been proposed in the
past. We shall here summarise them briefly.
• Bifurcating reality: The most radical approach consists in accepting the possibility of modifying the past so creating a bifurcation in the future. This obviously
requires also a radical rewriting in physics and possibly stepping from pseudoRiemannian manifolds to non-Hausdorff ones.1
• Multiverse/many-worlds reality: This alternative is much in line with the one
above but is based on quantum rather than classical reasoning. Reality would be
made of several (possibly infinite) copies of our universe corresponding to all the
possible outcomes of the many choices/measurements continuously performed.
In this sense, changing the past does not produce any paradox as it would just
correspond to take a pre-existing parallel reality while all the realities in which we
never changed the past continue to exist.
• Novikov’s consistency conjecture: In this case, one postulates CTCs never lead
to paradoxes because only periodic solutions are really allowed. More rigorously,
one conjectures a principle of self-consistency, which states that the only solutions
to the laws of physics that can occur locally in the real Universe are those which
are globally self-consistent [15]. That means that if you go back in time and
attempt any action to change the past you will not only be unable to succeed but
any of these actions will have to be there in first place for things to unfold the
1A

Hausdorff manifold is a manifold for which for any two different points x1 and x2 belonging to
the manifold admit open sets O1 and O2 , with x1 ∈ O1 and x2 ∈ O2 , such that O1 ∩ O2 = ∅.
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way they did in your past. You had to travel back in time and do what you had
to do. A strict consistency without escape. The conjecture has been subject of
debate with attempts to prove it in simple systems such as billiard balls moving
in spacetimes with traversable wormholes [11]. The upshot from this and other
studies is that there seems to exist self-consistent solutions for every possible
billiard ball initial trajectory. However, this only applies to initial conditions outside
of the chronology-violating region of spacetime, which is, as said, bounded by a
Chronological/Cauchy horizon and moreover it is very difficult to extend to more
complex, realistic, systems.
• Hawking Chronology protection conjecture: Finally a more orthodox solution
to the paradoxes entailed by time machines is that the latter are always unstable due
to quantum effects. More precisely, the chronology protection conjecture says that
the laws of physics will always prevent the formation of CTCs [19]. Much work was
put in the last 25 years for proving this conjecture on the base of calculations using
QFT in curved spacetime (see e.g. [32, 34] and references therein). Generically,
all these calculations confirm that the renormalized stress–energy tensor (SET)
tends to blow up in the proximity of a chronological horizon. Nonetheless, no
conclusive proof up to date can be provided due to the fact that generically the
Green functions fail to be Hadamard on a Chronological/Cauchy horizon [20].
Given that the Hadamard behaviour of two points Green functions is a crucial
requirement for deriving a renormalised SET and hence the semiclassical Einstein
equations that would predict the evolution of spacetime, we are hence obliged
to accept that no definitive proof is derivable from this framework. Actually, the
behaviour of the Green functions close to a chronological horizon seems to indicate
that contributions for Planck scale physics will always be non-negligible in its
proximity and that consequently a full quantum gravity framework will be the
only hope to prove the conjecture.
So it looks like no conclusive answer is available for how to cope with the widespread possibility of spacetimes with CTCs in GR missing a deeper understanding
of spacetime as it should be provided by full-fledged quantum gravity. Nonetheless,
a more humble approach can sometimes be taken. As we have seen most of the
“rotation-based” time machines can be discarded on physical grounds (including the
interior of a Kerr black hole). So, much more dangerous is the appearance of spacetimes such as wormholes and warp drives that would “only” require sufficiently large
amounts of exotic matter. In particular, we have also seen that it is very debatable
if a macroscopic wormhole can be created (problems with topology change) from
nothing or growth from a hypothetic spacetime foam. No such objection though are
present for a superluminal warp drive (the type that could be used to build a time
machine). So is there anything forbidding the formation of such structures? Can
semiclassical gravity provide at least in this case a definitive prediction? In what
follows, we shall show that the answer to this question is in fact affirmative.

12 Probing Faster than Light Travel and Chronology …

293

12.6 Superluminal Warp Drive Instabilities: A Pre-emptive
Chronology Protection at Work?
We are going to discuss now the instability associated with a superluminal warp drive.
In the actual computation, we shall restrict our attention to the 1 + 1 dimensions
case (since in this case one can carry out a complete analytic treatment). Changing
coordinates to those associated with an observer at the centre of the bubble, the warp
drive metric (12.1) becomes
ds 2 = −c2 dt 2 + [dr − v̄(r )dt]2 ,

v̄ = v − vc ,

(12.6)

where r ≡ x − xc (t) is now the signed distance from the centre. Let us consider a
dynamical situation in which the warp drive geometry interpolates between an initial
Minkowski spacetime [v̂(t, r ) → 0, for t → −∞] and a final stationary superluminal
(vc > c) bubble [v̂(t, r ) → v̄(r ), for t → +∞]. To an observer living inside the
bubble this geometry has two horizons, a black horizon H + located at some r = r1
and a white horizon H − located at r = r2 . Here, let us just add that from the point of
view of the Cauchy development of I − these spacetimes possess Cauchy horizons.

12.6.1 Light Ray Propagation
Let us now consider light ray propagation in the above-described geometry. Only the
behaviour of right-going rays determines the universal features of the renormalised
stress–energy tensor (RSET), just like outgoing modes do in the case of a black hole
collapse (see Refs. [3, 4, 13]). Therefore, we need essentially the relation between
the past and future null coordinates U and u, labelling right-going light rays. There
are two special right-going rays defining, respectively, the asymptotic location of
the black and white horizons. In terms of the right-going past null coordinate U ,
let us denote these two rays by UBH and UWH , respectively. The finite interval U ∈
(UWH , UBH ) is mapped to the infinite interval u ∈ (−∞, +∞) covering all the rays
travelling inside the bubble. For rays which are close to the black horizon, the relation
between U and u can be approximated as a series of the form [13]
U (u → +∞)

UBH + A1 e−κ1 u +

A2 −2κ1 u
e
+ ... .
2

(12.7)

Here An are constants (with A1 < 0) and κ1 > 0 represents the surface gravity of
the black horizon. This relation is the standard result for the formation of a black
hole through gravitational collapse. As a consequence, the quantum state which is
vacuum on I − will show, for an observer inside the warp drive bubble, Hawking
radiation with temperature TH = κ1 /2π .
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Equivalently, we find that the corresponding expansion in the proximity of the
white horizon is [13]
U (u → −∞)

UWH + D1 eκ2 u +

D2 2κ2 u
+ ... ,
e
2

(12.8)

where D1 > 0 and κ2 is the white hole surface gravity and is also defined to be
positive. The interpretation of this relation in terms of particle production is not as
clear as in the black horizon case and a full study of the RSET is required.

12.6.2 Renormalized Stress–Energy Tensor
In past null coordinates U and W the metric can be written as
ds 2 = −C(U, W )dU dW .

(12.9)

In the stationary region at late times, we can use the previous future null coordinate
u and a new coordinate w̃, defined as
r

w̃(t, r ) = t +
0

dr
.
c − v̄(r )

(12.10)

In these coordinates the metric is expressed as
ds 2 = −C̄(u, w̃)dud w̃ , C(U, W ) =

C̄(u, w̃)
,
ṗ(u)q̇(w̃)

(12.11)

where U = p(u) and W = q(w̃). In this way, C̄ depends only on r through u, w̃.
For concreteness, we refer to the RSET associated with a quantum massless scalar
field living on the spacetime. The RSET components for this case acquire the wellknown expressions [6, 10]
1 1/2 2 −1/2
,
C ∂U C
12π
1 1/2 2 −1/2
C ∂W C
=−
,
12π
1
C R.
= TW U =
96π

TUU = −

(12.12)

TW W

(12.13)

TU W

(12.14)

Using the relationships U = p(u), W = q(w̃) and the time independence of u and
w̃, one can calculate the RSET components in the stationary (late times) region
(see [13]).
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Let us here focus on the energy density inside the bubble, in particular at the
energy density ρ as measured by a set of free-falling observers, whose four velocity
μ
is u c = (1, v̄) in (t, r ) components. For these observers neglecting transient terms one
μ
obtains [13] ρ = Tμν u c u νc = ρst + ρdyn , where we define a static term ρst , depending
only on the r coordinate through v̄(r ),
1
ρst ≡ −
24π



v̄4 − v̄2 + 2

2 v̄
1 − v̄2

2

2v̄
+
v̄
1 − v̄2


,

(12.15)

and a, time-dependent, dynamic term
ρdyn

...
1 F (u)
3 p̈ 2 (u) − 2 ṗ(u) p (u)
.
≡
, where F (u) ≡
48π (1 + v̄)2
ṗ 2 (u)

(12.16)

12.6.3 Physical Interpretation
Let us start by looking at the behaviour of the RSET in the centre of the bubble at late
times. Here ρst = 0, because v̄(r = 0) = v̄ (r = 0) = 0. One can evaluate ρdyn from
Eq. (12.16) by using a late-time expansion for F (u), which gives F (u) ≈ κ12 , so
that ρ(r = 0) ≈ κ12 /(48π ) = π TH2 /12, where TH ≡ κ1 /(2π ) is the usual Hawking
temperature. This result confirms that an observer inside the bubble measures a
thermal flux of radiation at temperature TH . Thus, apart from the energy-conditionviolating mass distribution engineered to create the warp drive, the semiclassical
calculation shows that one would need to add to the configuration an energy supply
to maintain the unavoidable Hawking flux.
Let us now study ρ on the horizons H + and H − . Here, both ρst and ρdyn are
divergent because of the (1 + v̄) factors in the denominators. Using the late time
expansion of F (u) in the proximity of the black horizon (see Ref. [13]) one gets

lim F (u) =

r →r1

κ12



A2
1+ 3
A1

2





A3 −2κ1 t
2
3
,
−2
e
(r − r1 ) + O (r − r1 )
A1
(12.17)

and expanding both the static and the dynamic terms up to order O(r − r1 ), one
obtains that the diverging terms (∝ (r − r1 )−2 and ∝ (r − r1 )−1 ) in ρst and ρdyn
exactly cancel each other [13]. It is now clear that the total ρ is O(1) on the horizon
and does not diverge at any finite time. By looking at the subleading terms,
e−2κ1 t
ρ=
48π



A2
3
A1

2

A3
−2
A1


+ A + O (r − r1 ) ,

(12.18)
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where A is a constant, we see that on the black horizon the contribution of the transient
radiation (different from Hawking radiation) dies off exponentially with time, on a
time scale ∼1/κ1 .
Close to the white horizon, the divergences in the static and dynamical contributions cancel each other, as in the black horizon case. However, something distinctive
occurs with the subleading contributions. In fact, they now become
e2κ2 t
ρ=
48π



D2
3
D1

2

D3
−2
D1


+ D + O (r − r1 ) .

(12.19)

This expression shows an exponential increase of the energy density with time.
This means that ρ grows exponentially and eventually diverges along H − . In a
completely analogous way, one can study ρ close to the Cauchy horizon. Performing
an expansion at late times (t → +∞) one finds that the RSET diverges also there [13].
Note that the above-mentioned divergences are very different in nature. The divergence at late times on H − stems from the untamed growth of the transient disturbances produced by the white horizon formation. The Hawking radiation produced in
the black hole will be accumulating at the white horizon. The RSET divergence on the
Cauchy horizon is due instead to the well-known infinite blueshift suffered by light
rays while approaching this kind of horizon. While the second can be deemed inconclusive because of the Kay–Radikowski–Wald theorem, the first one is inescapable.
Apart from the energy supply necessary to maintain the Hawking fluxes, one would
have to compensate an ever-increasing accumulation of energy at the white horizon.
The appearance of event horizons can of course be avoided if the superluminal
travel does not last forever. However, these two exponentially fast accumulations of
energy will still occur. The exponential increase will be controlled by 1/κ = Δ/c,
where Δ represents the thickness of the warp drive walls. Note that, in order to get
a time scale of even 1s, one would need Δ ∼ 3 × 108 m.
Another way of taming the exponential accumulations of energy could be to
travel in non-straight trajectories.2 But also this solution seems impractical. First of
all, to reach B starting from A in a superluminal manner with a wiggling trajectory
would require faster velocities than in the straight trajectory case. Furthermore, one
might avoid the problem of energy accumulation at the cost of introducing additional
devices to produce the wiggling. At the semiclassical level, it is to be expected that
the fast wiggling would also produce additional energy fluxes that one would also
have to sustain (a sort of analogue of superradiant particle production).
Summarising, although not logically impossible, finite duration superluminal
warp drive configurations will be very costly to produce and probably technically
extremely hard to realise in practice.

2A

possibility brought to us by E. Martín-Martínez and L.J. Garay in a personal communication.
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12.7 Warp Drive Instabilities Under Dispersion
The semiclassical instability described above stems from standard, relativistic, QFT
in curved spacetimes. One might wonder if the story could be different in scenarios,
where a UV completion of the theory is provided by some quantum gravity (QG)
scenario. This is the case of analogue gravity inspired Lorentz breaking scenarios
(see e.g. Ref. [5]), where generically one expects the standard relativistic dispersion
n−2
), where MLIV
relation for the matter field to be replaced by E 2 = c2 ( p 2 + p n /MLIV
is normally assumed to be of the order of the Planck mass and n is some integer
greater than two.
Indeed, this is a modification that could potentially stabilise the warp drive, as it is
by now understood that modified LIV dispersion relations are able to remove Cauchy
horizons instabilities and tame the divergence of fluxes at white hole horizons. The
reason for this is simple, UV rays in the above dispersion relations are faster or
slower than light, in both cases light rays will not accumulate at the horizons (past
or forward in time depending on the black or white nature of the horizon) as they
normally do. Hence no built-up of divergences can take place.
Can this be a scenario where a quantum gravity inspired UV completion/ regularisation could appear? This problem was dealt with in Ref. [9] and surprisingly it
leads to a negative answer, i.e. not even the breakdown of Lorentz invariance can
stabilise superluminal warp drives. Let us see how this works.
For the sake of simplicity, we work in 1 + 1 dimensions and consider a stationary
situation. We can define a new spatial coordinate X = x − vc t (we use a different
notation to avoid confusion between the two calculations) so the warp drive metric
becomes
(12.20)
ds 2 = −c2 dt 2 + [d X − V (X )dt]2 ,
where V (X ) = vc ( f (X ) − 1) is negative. In this spacetime, ∂t is a globally defined
Killing vector field whose norm is given by c2 − V 2 : it is timelike within the bubble,
its norm vanishes on the two horizons, and it is spacelike outside. In a fluid flow
analogy, this would correspond to two superluminal asymptotic regions separated by
a black and a white horizon from a compact internal subluminal region [9].
We can now consider a massless scalar field with a quartic dispersion relation. In
covariant terms, its action reads
S± =

1
2



√
(h μν ∂μ ∂ν φ)2
,
d 2 x −g g μν ∂μ φ∂ν φ ±
2
MLIV

(12.21)

where h μν = g μν + u μ u ν is the spatial metric in the direction orthogonal to the unit
timelike vector field u μ which specifies the preferred frame used to implement the
dispersion relation. The sign ± in Eq. (12.21) holds for superluminal and subluminal
dispersion, respectively.
Using Eq. (12.20) and taking u μ = (1, V ) in the t, X frame, the wave equation is
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(∂t + ∂ X V ) (∂t + V ∂ X ) − ∂ X2 ±


1 4
∂
X φ = 0.
2
MLIV

(12.22)

and V (x) can be shaped so to mimic the warp drive geometry.
Because of stationarity,

the field can be decomposed in stationary modes φ = dωe−iωt φω , where ω is the
conserved (Killing) frequency. Correspondingly, at fixed ω the dispersion relation
reads
k4
(12.23)
(ω − V kω )2 = kω2 ± 2ω ≡ 2± ,
MLIV
where kω (X ) is the spatial wave vector, and  the comoving frequency, i.e. the
frequency in the aether frame. The quartic nature of the dispersion relations allows
up to four solutions/modes and the problem in the end reduces to solve a Bogoliubov
matrix of coefficients relating the mode in the asymptotic regions (assuming MLIV
to be larger than any other scale in the problem) [9].
The upshot is that in the case of subluminal dispersion relation there is an instability related to the well-known “laser effect” [8]. In the case of superluminal dispersion
relations there is an infrared divergence that leads to a linear growth in time of the
energy density proportional to MLIV and the square of the warp drive wall surface
gravity κ (we are assuming κ1 = κ2 = κ) [9]. Using quantum inequalities, Ref. [30],
one can argue that κ must be of the order of the Planck scale, which implies that the
growth rate is also of that order (unless MLIV is very different from that scale). So,
even in the presence of superluminal dispersion, warp drives would be unstable on
short time scales. This instability, although not logically impossible to compensate
for, would be extremely costly making it technologically implausible.
In conclusion with or without local Lorentz invariance FTL travel via warp drives
seems inherently extremely problematic. This might seem a very depressing piece
of news to science fiction fans, however let us stress that still any subluminal propagation (even just at 99.999% of the speed of light) seems to be free of most of the
superluminal problems, of course, if the daunting engineering problems related to
the very formation of the warp drive will be solved in a (possibly distant) future. Not
too bad for novels and movies...

12.8 Conclusions
In summary, the above-discussed warp drive case shows that the very formation
of the spacetime structure, allowing for a TM built up via FTL travel, can be
very problematic—to say the least—well within the realm of semiclassical gravity. Remarkably, this conclusion still holds even when one allows for high energy
deviations from local Lorentz invariance as inspired by analogue models of gravity.
So, this “pre-emptive” chronology protection seems to strongly suggest that FTL
travel will be always forbidden by the underlying structure of spacetime and gravity.
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Interestingly enough, there are hints how this might work in some QG models. For
examples in Causal Set Theory [7], the discrete structure replacing spacetime is made
of sets of points which must be acyclic, meaning that no element in a causal set can
causally precede itself. This in turn implies that CTCs are ruled out a priori. Actually,
there is concrete evidence that generically Planck scale approaches based only on
the causal structure of a spacetime cannot permit CTCs in the continuous classical
limit (neither a corresponding phenomenon in their quantum counterparts) [24].
Looking forward it would be interesting to see if the warp drive analysis presented
here could be extended to the formation of a traversable wormhole. As we have said
in this chapter there are already hints that the very formation, e.g. with an otherwise
flat spacetime, might be forbidden due to a divergent particle production generated
by the topology change [2, 25] but it is not so clear if quantum gravity (via Wheeler
spacetime foam “harvesting” or by allowing relic wormholes from the big bang era)
could not get around this apparent obstruction.
In any case, whatever the final answer on the viability of FTL travels and TM
might be, let us stress that it will be very relevant to our understanding of the fabric
of reality as it might very well tell us crucial features that will have to be embedded
in our models of the spacetime at the Planck scale and beyond. So this research is
not just a fun field for sci-fi fans, but should be considered a very crucial aspect of
general relativity which might teach us the way forward. We hence hope that this
humble contribution would stimulate further research in this field.
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