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In this paper we show a asymptotially flat five-dimensional a>risymmetric Kaluza-
Klein spacetime solution with electrostatic field, which depends on the two para,
meters to and g.

1 Introduction

The Five-dimensional Kaluza-Klein theory is a united theory of gravity and
electromagnetisml'2, in which the fifth dimension is a compact circle with
the radius ¿B of the order of the Plandr length. Consider the standard five.
dimensional Einstein-Hilbert action

": -*fu | asrtfisorrtst

where G(5) is the five-dimensional gravitational consta,nt and g(5) the deter-
minant of five'dimensional of metric gaB tvrth the signature (+, +, *, -, *).
Similarly to the four-dimensional situations the five-dimensional Riema¡rn ten-
sor, Ricci tensor a¡rd the cur\¡ature scalar are defined, respectively, as follows

RÉco: octíp - oorüc +t*ct[D -rfrorá.
Rnc: RAto

A(5) : R8

For the lower-energr case, the metric function is independent of the fifth
dimension, and ca¡r take the form

gA. - ( 
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) 
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where the constant o : t, áu is the electromagnetic potentials, and. g¡"u is
the four-dimensional spacetime metric. Flom the action(1) and the metric (B)
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one can obtain the four-dimensional efiective low-energy action

selfeaiue : # I or"arr - 2at"óapó - e2Áó F,""Fr""l (4)

where Ft,:0*A, - O,Au and, C : # is the four-dimensional gravitational
constant, g is the determina¡rt of the metric A* arl,Ld.R is the curvature of the
four-rlimensional metric g¡rr. For the low-eneger case, the advantage of the
Kaluza-Klein theory is that solving the r¡acuum Kaluza-Klein field equation is
equivalent to solüng the four-dimensional field equition with non-zero energy-
monentr¡m tensor depending on the electromagnitism and scala¡ field' For the
five-dimensional vacuum case, some axisymmetric solutions have been worked
6,t13-r4. For the Maxweü-Einstein equation, some axisymmetric solutions in-
cluding the black hole solutions a¡e also obtainedls-l8. Recently we give a
secalled f.ve-dimensional Kaluza-Klein TS-like solution which describes the
axisymmetric spacetime with eletrostatic fieldlg. In this paper, on the base of
the previous paperlg we will give the new Kaluza-Klein spacetime solutions
with eletrostatic field, whidr depends on the two independent parameters u
and q taking arbitrary real values; the asymptotical behavior of the solution is
discussed in detail, as will be seen the electric charge, the electric dipole mo
ment and scalar charge of the gravitational source ca¡r be taken finite values
under the certain contraint condition. In section 3 the spherically symmetric
limit is given, which is consistent with the Gibbons' result.

2 The Axsymmetric Five-Dimensional Kaluza-Klein Solution

For the five-dimensional Kaluza-Klein axisymmetric stationa¡y spacetime, the
correponding metric reads

d,s2 : ex(dp" + d"r¡ + GtedoAdrB (5)

from the action (1) one obtain the fiv+.dimensional vacuum field equation

(pG,oG-'),0 * (pG,,G-1),. : 0

X,p: p-r + (4p)-rtr(u2 -v2)
x,, : (2p)-r (trUV)

where II : pG,oG-l and y : pG,"G-|. For the metric (5) we obtain the
following solution

ar, : p".É-$v'J¡z"t<v 1* * #r¡ + k2(n2 - 1)(1 - y2)"-2v d,e2
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4(.p,+rqy)" - (pr*, - q2y2 -l)z
(f *2 - qzyz + Zupx ¡ Zwqy * L)(pr2 - q2u2 - t)

.ffidnádt+W(d,,u)") (e)

[(r'- l)v,,J,, + [(t - u')v,n],,:o (10)

* : fi{Io' * Q + k)\tr + [É + 1, - k),]*]

, : fiill' * e + k)'li - Ip2 + (, - Drlt¡

dP

,,,:|ffi[*@' -1)(v,,)2 - r(L -v\(v,)' -zy(*z- l)ir,,rr,s; -2v,,

,,, : |ffiIu@2 -1Xv,')2 - a(r - v')(v,ü' * 2r(r2- l)itr,,!p,vl z(.l:
(1rl
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and /c is a nonzero real constant, the constants 7r,, u),p and g satisfy f - q2 :1
and u2 - 7t)2 : L; when the para,met eÍ rü : 0 or u: *f (g) will reduce to the
sofutgn etTl i" n€f.[19]. For the equatioa (10), one can choose the following
solution with the asymptotic behavior iP * 0 as (x2 * yz) -- x

!ü:cr¡r-+. E*ea7ffi) (1b)

According to the metric (3) the corresponding four-dimensional axisym-
metric metric is given

d.r2 : tt" ¡6P *z - q' y' * 2upx * 2wqy * r) Ql x2 - qr a, - 1)l +

xe?+* ( d"' , dy2 \ E " \;-1 +t_nz1

+k2(e2- lxl - o,2\" (p2a2 - q2v2 + 2u?q+ 2wqu + t\tr 
"# ¿r,- v) \ l"z_oz¡_1 )

, (p'*'-q2a2+2upr*2wqy+r'¡-* eTdt2 (16)-\w/
with the electricsatic potential

,7o- = = =2YP**2uqY* p'r2 -q2a2 *2upx*2wqy¡1 (17)



the graütational potential

-', 
hapr *ZuqU ,¡"agtf : - su = 

Q, ¿ffi2*x * zwqu * r.
and the scalar poterrtial

ó:*rno:*vffi**l (1e)

Choosing the Boyer-Li:nquist coordinates

(18)
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r -rn ¡ U: cos0 (20)t:

at la,rge r, we have

(21)

(22)

(23)

Flom the asymptotic behaviors of the electric potential .A¿, the gravita-
tional potential / a,nd the scala¡ ñeld / we get the total electric charge, the
total mass and the total scalar charge of the source

(24)

(25)

(26)

where M(V) and I(ü) a¡e the mass contribution and the scala^r charge con-
tribution to the total noass M and the total scol¡¡ charge X depending on the
function ilr, respectively. If the fi¡nction ú - T * o(r-2) at la,rge r, then

M(V) : -3f and X(iü) : #, where the real parameter m take finite r¡alue
in order that the metric is regr:lar. Noting tbat the pa,rarneters tu, u and p take
r¡alues in the ranges [0,**), [*l,too) and [*L,*oo), respectivel¡ one can

, 2uk . 2uql& cocá + hapkm- 4wuk2 . ,.
.'+ - --il- -¡- 

- 

-r- -\, lpr úr2

.f - [1 -#. o@-21]e*

, - *fT+ vJ+ oV-\-* i * oU-2)

Q:Utcp

M:#+ Mg)

":#+t(ü)



find the electric charge Q, the mass M and the scala^r charge I take values in
the ranges [0, **), [M(V), m) and [E(V), oo), where we have made use of the
assumption that both the paramete¡ ft and fi are positive, and M(V) is also
positve in view of the mass M being always positive in the case M(itr) : 0 or

Í - 0. Fbom the above one can see that Q, M and E a¡e infinite. Now, Iet us
consider such an constraint condition

w(pnx-2uk):g (27)

na,mel¡ tu : 0 and pm : 2uk. For the forme¡'u, : l,p ) I or ?t, : -1, p < -l
we have the electric cha^rge , the mass and the scalar cha.rge

(28)

(2e)

(30)

and the second term of (21) denotes the electric dipole term, the electric dipole
moment is

(31)

(32)

(33)

(34)

(35)

Q:0
* : **+ Mg)

,: **+ D(ü,)

fo¡ the latter we have
| 4k"Q: im,tlt - 

-
n - -V- 

P2m2

M:? + Mp)
4

.- /3- , .>- 4 +t(U/)
aud the electric dipole moment

qlcm

p

o -2qk2po

Noting that the parameters p arld g a"re real a¡¿d p2 - q2 : L, for both case
w : 0 e;rLd pn : 2uk all quantities Q, M, X a.rrd P are finite. For the former
there a¡e the lirnits M : M(ú), X : X(V) and P : 0; for the latter, there
a¡e the limifg Q : *m and P:0, where the mass M and scalar charge E
do not formally independ of p. In fact, the equation (28)-(81) are included in
(32)-(35), i.e. the constraint condition w:0 corresponds to the case z : iL
of condition pfi, : 2uh, so we only need conside¡ the latter condition in the
following discussion.



3 The Spherically Symmetric Metric
Letting the para,rretei g : 0 and i[¡ = 0, then metric (|6) reduces to the
spherically syrnmetric metric

d,r2 - ft, - *)' -t 2ku (, - *) + k lr [@ - *)' - k l+ldez + sin2 0d.,,02]

+[Wf'u,, f-tu,,
and the electric cha,rge, the mass and the scalar charge a,re

(36)

(37)

(9el

(3e)

(40)

(41)

(42)

(43)

letting

then

Q:2wk

M=+
,fl"x

2

Zuk = p,2k: a

Q2:9'-o2
M:t
,=*u

noting that the scalar charge takes the form20,21 E: *@+a) instead of
E : \Fn@* a) and the electric potential d.ifiers by the facror 2, one can see

this result is consistent with the result of Ref.120,21) with a : 0. the problem is
that electric cha.rge Q, mass M aadscalar charge E a¡e still infinite. Similarly,
for the case g : 0 we can 

'se 
the constraint condition m: *2ulq then

M:2
4

'fs^o:T
where the parameters rn and k a¡e nonzero real.
are nonzero.

(44)

(45)

(46)

the mass a¡rd scala¡ c.ha,rgeSo

2k1--
rn
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