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Abstract
In this work we study the local behavior of geodesics in the neighbor-
hood of a curvature singularity contained in stationary and axially symmetric
space–times. Apart from these properties, the metrics we shall focus on will
also be required to admit a quadratic first integral for their geodesics. In par-
ticular, we search for the conditions on the geometry of the space–time for
which null and time-like geodesics can reach the singularity. These conditions
are determined by the equations of motion of a freely-falling particle. We also
analyze the possible existence of geodesics that do not become incomplete when
encountering the singularity in their path. The results are stated as criteria that
depend on the inverse metric tensor along with conserved quantities such as
energy and angular momentum. As an example, the derived criteria are applied
to the Plebański–Demiański class of space–times. Lastly, we propose a line ele-
ment that describes a wormhole whose curvature singularities are, according to
our results, inaccessible to causal geodesics.

Keywords: singularities, geodesic completeness, Plebański–Demiański, worm-
holes

(Some figures may appear in colour only in the online journal)

1. Introduction

Space–time singularities are, to this day, one of the aspects of general relativity (GR) which
still hold several unanswered questions. Difficulties arise even from the supposedly simple task
of exactly defining what a singularity is and whether a space–time is singular or not. Over the
years, an useful approach to identifying singularities has been that of examining the curves of
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the space–time manifold, specifically geodesics, and its affine completeness, i.e. the ability to
extend such curves to, either past or future, arbitrary values of its affine parameter. Based on this
global property of the manifold, there is general agreement on considering that a geodesically
incomplete space–time is, by all means, singular [1]. A very comprehensive review on this
subject can be found in [2, 3].

Many widely known exact solutions to the Einstein equations contain a singularity, for
instance, those who describe black holes. In fact, it is thought that once gravitational col-
lapse takes place, the formation of a space–time singularity is unavoidable [4]. In the case
of black holes, its singularities are commonly associated to the divergence of curvature scalars
in the space–time metric. This has led to the notion of the necessity of a quantum the-
ory of gravity to adequately describe regions where said scalars approach to the Planck
scale. Nevertheless, these particular singularities are physically accepted since they are hid-
den behind event horizons and hence, causally disconnected from the outer region of the
black hole. On the other hand, space–times with unbounded curvature scalars, and that are
not equipped with an event horizon (the so-called naked singularities), are often dismissed as
non-physical and thus, considered as pathological. As examples of this type of space–times,
the extremal Kerr metric (a > m) and the axially symmetric ring wormholes (WHs) can be
mentioned [5].

While in black hole solutions the concepts of singularity and unbounded curvature scalars
seem to be deeply related, recent papers have provided examples of causal geodesically com-
plete WH space–times despite the presence of diverging curvature [6]. Further study of such
metrics has shown that even the curves of observers with bounded acceleration are complete
[7], therefore extending the argumentation of the regularity of those space–times. Examples
of the opposite, that is, bounded curvature with geodesic incompleteness, are also known. One
of them is given by Misner in [8] and consists of a metric with the properties of a Taub–NUT
vacuum space–time. Hence, it is clear that in regards to geodesic incompleteness and the diver-
gence of curvature scalars, one does not imply the other. An analysis of these two features, as
well as unbounded energy density, is discussed in [9] for the case of space–times in a quadratic
f(R) gravity theory.

The WH metrics cited before contribute to consider cases in which the divergence of cur-
vature, referred to in this paper as ‘curvature singularity’, is not to be seen as singular or
badly behaved, so long as it does not induce pathological effects on the curves of physical
observers. In fact, on the matter of general singular space–times, Clarke had previously intro-
duced the modern perspective that singularities are not to be generally seen as obstacles to
extend geodesics but as obstacles to evolve test fields [10]. For this purpose, a new concept
analogous to global hyperbolicity is proposed, ultimately heading to the possibility that some
apparent singularities do not represent a breakdown of cosmic censorship [11]. All of these
results can lead to a more open acceptance of certain singularities, or at least, to not discard so
easily space–times which contain them.

Following on the idea that unbounded curvature does not imply geodesic incompleteness,
and vice versa, in this work we try to establish the necessary and sufficient conditions for
which causal geodesics in a space–time containing diverging scalars can reach the curvature
singularity within it. We also consider the possibility that if, unavoidably, said singularity is
met by a given curve, completeness could still be possible. In this paper we present two the-
orems that serve mainly as criteria for the occurrence of these two particular behaviors. Here,
we will consider four-dimensional, stationary and axially symmetric space–times, with some
additional requirements that will be explicitly mentioned in section 2. In that section some
concepts and results that shall help us throughout the analysis will also be discussed. After-
ward, we state the theorems and give their proofs. In section 3 we apply them to a physically
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relevant class of space–times, that of Plebański–Demiański, and obtain some well-known
results. Finally, based on the first derived theorem, we construct a metric in which causal
geodesics are unable to touch its curvature singularity. Proving thus, with the aid of some
additional arguments, its causal geodesic completeness despite the presence of unbounded
curvature.

2. Curvature singularities and geodesics

We begin by establishing various concepts that will allow us to deal with singularities through-
out the paper. As mentioned in the introduction we shall focus on the so-called curvature
singularities. Let uμ = {u0 = t, u1, u2, u3} be Cartesian (or at least ‘Cartesian-like’) coordi-
nates on a (pseudo)-Riemannian manifold M. We will say a space–time (M, gμν) contains a
curvature singularity if any of its curvature scalars RX diverge at some coordinate values uμ

0 .
The scalars RX may be constructed from index contractions or from polynomial expressions of
the Riemann or Ricci tensors. In the case of a n-dimensional manifold, the curvature scalars
can be considered as a map RX : Rn →R. With this in mind, we make the following definitions
for a four-dimensional space–time.

Definition 1. Let RX : R4 → R denote a curvature scalar of a given metric gμν that
contains a curvature singularity labeled as σ. The singular curvature set is defined as
σX =

{
(u0, u1, u2, u3) ∈ R

4|1/RX(uμ) = 0
}

.

Remark. This definition is suitable to identify curvature singularities that arise as a conse-
quence of a vanishing denominator of RX, this is the case in some situations in GR. Neverthe-
less, it does not absolutely defines all possible curvature singularities that can exist, as some
may escape this definition1.

The coordinate system {uμ} used in this past definition is referred to as Cartesian-like in
the sense that there exist appropriate limits on the parameters of the space–time for which
{u1, u2, u3} become regular Cartesian coordinates in Euclidean three-space.

Definition 2. The singular curvature set will be said to be spatially compact/bounded/open,
etc, if its subset (u1, u2, u3) ∈ R

3 is compact/bounded/open, etc.

The singular curvature set of an asymptotically flat space–time is either empty or spatially
bounded. In this paper we will treat only singularities whose σX is spatially compact.

Since by definition, a space–time is constituted of only regular points, a singularity does not
properly belong to it. This implies that a neighborhood of the singular points cannot be defined
in the usual topological sense. However, using an auxiliary manifold M̃, the neighborhood of
a curvature singularity may be ultimately defined.

Definition 3. Let (M, gμν) be a space–time that contains a curvature singularity σ. Also,
let ζ : M → M̃ be a non-isometric embedding, being M̃ a manifold containing all the points of
the set σX and so, M ⊂ M̃, i.e. M is a proper subset of M̃. Then, the neighborhood N of the
singularity is N = Ñ ∩ M, where Ñ is a neighborhood of σX in M̃.

1 For instance, consider a scalar that goes as RX ∼ eu1
. In this case 1/RX is never exactly zero, and so σX = {∅}, despite

the fact that the curvature is evidently unbounded.
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Note that ζ must be a non-isometric embedding so that σX is not singular on M̃. With the
neighborhood of the singularity properly defined, we can distinguish between certain types of
singularities depending on the nature of space–time events that take place in N.

Definition 4. A curvature singularity σ, generated by a scalar RX that depends on the spatial
coordinates xi, . . . , x j, will be called time-like if there exists a neighborhood N of σ, in which
the coordinate vector fields ∂/∂xi, . . . , ∂/∂x j are everywhere space-like. The neighborhood N
will be called a time-like neighborhood of the singularity.

From this definition, one can see that a particle lying inside a neighborhood of a time-like
singularity will not necessarily meet the singularity in the future of its world line.

These concepts shall be later applied to axially symmetric line elements. In this paper we
will be interested in four-dimensional space–times (M, gμν) that possess the following set of
properties:

(a) Stationary, axially symmetric and satisfying the circularity condition2.
(b) Its geodesics admit a non-trivial3 quadratic first integral.
(c) Contains a time-like curvature singularity σ whose singular curvature set σX is non-empty.
(d) There exists an unphysical space–time (M̃, g̃μν) such that M ∪ σX ⊆ M̃ and gμν = g̃μν/τ

with g̃μν , τ ∈ C∞ in a neighborhood Ñ ⊂ M̃ of σX.

The circularity condition of property (a) holds for a wide class of energy–momentum tensors
of great physical interest. For instance, vacuum space–times, Einstein–Maxwell fields, perfect
fluid solutions with circular flow, and real scalar fields solutions [13]. Therefore, the results here
presented are not restricted to specific solutions of the Einstein field equations. We would also
like to point out that property (b), at least for null geodesics, is fulfilled for any algebraically
special space–time of type D [14].

We now develop some auxiliary results regarding the implications of properties (a) to (d),
which will be later used in the proof of the main theorem of the paper.

Lemma 1. If the geodesics of a four-dimensional, stationary, axially symmetric, and cir-
cular space–time (M, gμν) admit a non-trivial quadratic first integral, then there exists a
coordinate system {xμ} in which

gμν =
[
Lμν(x1) +Θμν(x2)

]
/
[

f (x1) + h(x2)
]

,

with L = Lij∂i ⊗ ∂j + L11∂1 ⊗ ∂1 and Θ = Θij∂i ⊗ ∂j +Θ22∂2 ⊗ ∂2 (i, j = 0, 3).

Proof. It follows from stationarity and axial symmetry that gμν is characterized by two com-
muting Killing vector fields X0 = ∂/∂t and X3 = ∂/∂ϕ, where we have introduced coordinates
x0 = t and x3 = ϕ, which in flat space–time can be given the physical interpretation of coordi-
nate time and azimuthal angle, respectively. Furthermore, to each corresponding Killing vector
field there is an associated momentum pi = ∂L/∂ ẋi that remains constant along geodesic

2 If w0 and w3 are the one-forms associated to the two commuting Killing vector fields X0 and X3, respectively, that
exist as consequence of this first property, then the condition w0 ∧ w3 ∧ dw0 = w0 ∧ w3 ∧ dw3 = 0 shall be called the
circularity condition. This is equivalent to the Ricci circularity property w0 ∧ w3 ∧ R(w0) = w0 ∧ w3 ∧ R(w3) = 0,
where here R(wi) = RμνXν

i is the Ricci form (i = 0, 3) (see sections 8.3.1 and 8.3.2 of [12] for reference).
3 By non-trivial we mean a quadratic first integral other than the one yielded by the metric itself, since gμν pμpν is
constant.
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curves4. Here, L = gμν ẋμ ẋν/2 is the Lagrangian of a freely falling particle in the space–time
and ẋμ = dxμ/dλ are its coordinate velocities with respect to an affine parameterλ. The Killing
vectors Xi represent isometries of the space–time in the directions xi. Hence, having previ-
ously stated the physical meaning of these coordinates, we can relate the momenta p0 = −E
and p3 = Lz to the energy of the test particle and its projection of angular momentum on the
z-axis.

Also, from the fulfillment of the circularity condition it follows that the two-planes orthog-
onal to the Killing vectors Xi are integrable [12]. Thus, there exist adapted coordinates
y1 and y2 such that the metric tensor g can be divided into two subspaces g = γ ⊕ G,
where γ = γi jdxi ⊗ dx j and G = GABdyA ⊗ dyB. Furthermore, gμν depends only on the yA

coordinates.
If the space–time (M, gμν) admits a non-trivial quadratic first integral, then there exists a

quadratic (or second-rank) Killing tensor Kμν [14]. This tensor will yield a fourth constant of
motion when contracted twice with the momenta pμ, that is, K = Kμν pμpν . The other three con-
served quantities are the pair of momenta pi, and the Hamiltonian of a freely falling test particle
2H = gμν pμpν = κ, where κ = 0 for null geodesics and κ = −1 for time-like geodesics.

Using the Hamilton–Jacobi equation it can be proven that the fourth conserved quan-
tity comes from the separability of the Hamiltonian in two terms, each depending on the
coordinates x A of some special coordinate system

{
t, x1, x2,ϕ

}
, and expressed as

2H = κ = [F1(x1) + F2(x2)]/[ f (x1) + h(x2)], (1)

with p1 = p1(x1) and p2 = p2(x2). Since gμν pμpν = 2H, equation (1) constraints the form of
the inverse metric tensor in the following way

gμν =
Lμν(x1) +Θμν(x2)

f (x1) + h(x2)
, (2)

where Lμν and Θμν are symmetrical tensors with the restriction L2μ = Lμ2 = Θ1ν = Θν1 = 0
and f(x1), h(x2) are one parameter functions. Notice that if the mentioned restriction on the
symmetrical tensors would not be imposed, separability could not be achieved. Also note that
the coordinates x A need not be the same as the previously introduced adapted coordinates yA,
however, it can be seen that the {xμ} system can consist of adapted coordinates too. Sup-
pose (1) is not separable in the yA coordinates, then a change of basis from yA to x A using
yA = yA(x1, x2), would only affect the subspace of the metric orthogonal to both Xi and
hence, x A are still adapted coordinates. So, not any system of adapted coordinates will make
equation (1) separable, but those who do can also be adapted to the metric. Equation (1) is sep-
arable too if a coordinate change of the form x′1 = x′1(x1) and x′2 = x′2(x2) is performed. Addi-
tionally, taking into account that x A are adapted coordinates of the metric, we have the further
restriction on the symmetrical tensors that the only non-vanishing components of L1μ = Lμ1

andΘ2μ = Θμ2 are L11 andΘ22, respectively. Adding up these restrictions, the symmetrical ten-
sors can finally be written as L = Li j∂i ⊗ ∂ j + L11∂1 ⊗ ∂1 and Θ = Θi j∂i ⊗ ∂ j +Θ22∂2 ⊗ ∂2.
�

It can also be shown that the Killing tensor is given by (see appendix A of [15] for details)

Kμν = f (x1)gμν − Lμν(x1) = Θμν(x2) − h(x2)gμν , (3)

4 Throughout the rest of this paper Greek indices will run from 0 to 3 (as used conventionally), while lower-case Latin
indices will only take the values of 0 and 3 (i = 0, 3), and upper-case Latin indices will take the values of 1 and 2
(A = 1, 2).
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and so, the fourth constant of motion K reads

K = f (x1)κ− Li j(x1)pi pj − L11(x1)p2
1 = Θi j(x2)pi pj +Θ22(x2)p2

2 − h(x2)κ. (4)

Note that each equation of (4) depends on a single coordinate.

Lemma 2. In a space–time (M, gμν) with properties (a) to (d), the conformal factor τ can
be defined to be positive definite in a time-like neighborhood N of σ, and then g̃ A A

∣∣
N
> 0 for

both A = 1, 2.

Proof. In a stationary, axially symmetric, and circular space–time with a time-like singular-
ity σ, the vectors ∂/∂x A are everywhere space-like in a neighborhood N of σ. This implies that
∇τ |N is space-like too. Using the adapted coordinates {xμ} and the conformal form of the met-
ric of property (d), we have gA A|N = τ/g̃ A A

∣∣
N
> 0. We can identify the quantities appearing in

the inverse metric (2) with the conformal factor and unphysical metric as τ = f(x1) + h(x2),
and g̃μν = Lμν(x1) +Θμν(x2).

Now the lemma can be proven by contradiction. Consider a pair of points xA
1 in N such that

τ (x1
1, x2

1) > 0. Then, L11(x1
1),Θ22(x2

1) � 0 because N is a time-like neighborhood. Assume now
there exist a different pair of points in N, say x1

1 and x2
2, for which τ (x1

1, x2
2) < 0. We now have

that g11 = τ (x1
1, x2

2)/L11(x1
1) < 0 which clearly contradicts the hypothesis of N being time-

like. The same can be done for the g22 component by considering other pair of points, x2
1 and

x1
2, for which τ (x1

2, x2
1) < 0, thereby discarding also a change of sign of τ when keeping the

point x2
1 constant. As a result, we have that τ can be expressed as positive definite or nega-

tive definite, this implies that g̃AA
∣∣
N
> 0 or g̃AA

∣∣
N
< 0, respectively. We choose the positive

definite option. �
Regarding the third property of the space–time, we can particularize the previously defined

singular curvature set σX to a stationary and axially symmetric space–time. Since gμν =
gμν(x A), then in the Cartesian-(like) coordinates {uμ},

σX =
{(

t, v cos ϕ, v sin ϕ, u3
)
∈ R

4|1/RX(uμ) = 0
}

, (5)

with the quantities v and u3 depending only on the coordinates x A. These coordinates
need not be adapted to the metric. A point q(xA

0 ) ∈ σX can be expressed as q(xA
0 ) =

(t, v0 cos ϕ, v0 sin ϕ, u3
0), where v0 = v(xA

0 ) and u3
0 = u3(xA

0 ). It is readily seen that if the pair
of points xA

0 is unique for a given space–time we have that

σX =
{

(t, v0 cos ϕ, v0 sin ϕ, u3
0)| −∞ < t < ∞, 0 � ϕ < 2π

}
,

i.e. σX = S1 × R and spatially compact provided that v0 �= 0. This will be the case for the class
of metrics presented in section 3.

The form of the inverse metric (2) that resulted from lemma 1 can be utilized to compute
the curvature scalars of the manifold. Their general expression is

RX = FX(Lμν ,Θμν , f , h)Γn/τm, (6)

where FX is a rather complicated function that depends on the curvature invariant,
Γ = det(γ) and n, m ∈ Z

+. For the Ricci scalar, for example, n = 2 and m = 7. Examining (6)
it can be observed that, if there exists a pair of points xA

0 for which τ (xA
0 ) = 0, then q(xA

0 ) ∈ σX

and a curvature singularity can emerge in a common case. This hypothetical pair of points are
later going to be of great relevance to the problem of affine completeness.

Remark. Other curvature singularities may arise apart from that of the pair xA
0 . For instance,

the possible divergence of the determinant Γ will yield another curvature singularity. This
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case will in general define a singular hyper-surface, and hence, σX = Σ2 × R, where Σ2 is
a two-manifold. See the metric of section 4 for an explicit example of this.

2.1. Geodesics encountering the curvature singularity

We are now ready to present the first theorem enlisting once again the properties of the
space–times of interest.

Theorem 1. Let (M, gμν) be a four-dimensional space–time with (−,+,+,+) signature and
the following set of properties:

(a) Stationary, axially symmetric and satisfying the circularity condition.
(b) Its geodesics admit a non-trivial quadratic first integral.
(c) Contains a time-like curvature singularityσ whose singular curvature set σX is non-empty.
(d) There exists an unphysical space–time (M̃, g̃μν) such that M ∪ σX ⊆ M̃ and gμν = g̃μν/τ

with g̃μν , τ ∈ C∞ in a neighborhood Ñ ⊂ M̃ of σX.

Let also Xi (with i = 0, 3) be the two Killing vectors related to property (a) of the metric,
and pi their associated momenta. Defineψ(pi) = τ (κ− gi jpi pj), where κ = 0,−1 for null and
time-like geodesics, respectively. Then, at least a curve of the family η(pi) of causal geodesics
in N ⊂ M, defined by a given pair pi ∈ R, will meet the singularity σ if, and only if, starting
from n = 0, for any point q ∈ σX and any A = 1, 2, there exists a first non-vanishing derivative
∂n

Aψ(p0, p3)|q such that either n is odd, or the derivative is positive with n even.

Proof. From lemma 1 and the subsequent equation (4) we can express the separated
equations of motion in terms of the velocities ẋ1 and ẋ2,[

( f + h)ẋ1
]2

= L11( f κ− Li jpi pj − K) :=Ξ1(x1), (7)[
( f + h)ẋ2

]2
= Θ22(K + hκ−Θi jpi pj) :=Ξ2(x2), (8)

here we have used ẋA = gAA pA. Note that trajectories defined by these equations of motion will
only be possible for coordinate values such that ΞA(x A) � 0. At this point it will be helpful to
introduce the following notation: f(x1) = j1, h(x2) = j2 and τ = j1 + j2. Please be aware that
the superscript or subscript in the quantities ΞA and jA is a tag for values A = 1, 2. However, it
is not a tensorial index.

In the singularity σ, the equations of motion yield for some point q(xA
0 ) ∈ σX :

Ξ1(x1
0) = −L11(x1

0)(α+ K), (9)

Ξ2(x2
0) = −Θ22(x2

0)(β − K), (10)

with α = Li j(x1
0)pi pj − f (x1

0)κ and β = Θi j(x2
0)pi pj − h(x2

0)κ, which are quantities that are
only in terms of parameters of the space–time (e.g. mass, angular momentum, etc) and the
constants of motion pi. So, the curvature singularity will only be reached by geodesics if
there exists a non-zero set of conserved quantities p0, p3, K ∈ R for which ΞA(xA

0 ) � 0 for both
A = 1, 2.

By lemma 2 we have that5 L11(x1
0),Θ22(x2

0) > 0. Using these last conditions, one can easily
realize that ΞA(xA

0 ) � 0 if, and only if, α+ β < 0 for some real values of p0, p3. This last

5 If τ were to be chosen as negative definite, the proof could carry on but with L11(x1
0),Θ22(x2

0) < 0. With this slight dif-
ference the theorem would still be valid, but with the final criterion for the first non-vanishing derivative ∂n

Aψ(p0, p3)|q
changed to negative in the case of n even.
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inequality can be rewritten as

τ (gi jpi pj − κ)
∣∣
q
< 0. (11)

It is important to remark that this is true because, for α+ β < 0, one can always choose K
so that ΞA(xA

0 ) � 0 for both values of A. The singularity could appear, then, in the trajectory
of a geodesic. On the contrary, if α+ β > 0, there will not exist K ∈ R such that ΞA(xA

0 ) � 0
simultaneously and thus, an observer in geodesic motion does not reach the point q of the
singularity. Hereafter, we shall refer sometimes to these opposite situations as ‘σ-encountering’
and ‘σ-avoidance’, respectively. Note that the case α+ β = 0 with arbitrary K �= −α behaves
similarly. This can be stated with all generality, except for the particular case K = −α = β
which will be discussed later.

We must now distinguish between two specific possibilities, namely τ (xA
0 ) �= 0 and

τ (xA
0 ) = 0. It turns out that in terms of geodesic incompleteness, the first one is practically triv-

ial, while the second one proves to be far more interesting. Consider the equations of motion
(7) and (8), as well as the two remaining ones ẋi = g̃i jpj/τ , it can be easily seen that

lim
x A→xA

0

(ẋA)2 =

{
CA if τ (xA

0 ) �= 0,

±∞ if τ (xA
0 ) = 0,

(12)

lim
x A→xA

0

ẋi =

{
Di if τ (xA

0 ) �= 0,

±∞ if τ (xA
0 ) = 0,

(13)

where CA = ΞA(xA
0 )/τ (x1

0, x2
0) and Di = g̃i j(xA

0 )pj/τ (x1
0, x2

0) are well-defined constants. Hence,
even if both CA > 0, the coordinate velocities of any geodesic approaching the singular-
ity remain finite. The geodesic can be smoothly continued to future values of its affine
parameter after, and despite, touching σ. In other words, the curvature singularity itself
does not pose a threat to affine completeness (at least in a neighborhood N of the curva-
ture singularity) for the case τ (xA

0 ) �= 0. This will be called the trivially complete case. On
the other hand, the second case could potentially lead to incompleteness. The signs of the
limits taken in (12) and (13) depend clearly on the signs of ΞA(xA

0 ) and g̃i j(xA
0 )pj. If both

ΞA(xA
0 ) > 0, not only geodesics do reach the singularity as mentioned before, but they also

become incomplete.
Case K = −α = β. This special situation needs to be considered since we have three inde-

pendent conserved quantities that determine the motion of the test particle. Out of the four
existing constants of motion, κ is fixed depending on the nature of the geodesics (time-like or
light-like), thus we are left with three degrees of freedom. This means we can impose restric-
tions on pi such that−α = β and then K can be chosen to be equal to those expressions, leaving
us with one undetermined conserved quantity. Despite this, and once the explicit restrictions
are known, one should verify they correspond to physically realistic scenarios. The equations
of motion for this case become

(
ẋA
)2

=
Ξ̂A(x A)
τ 2(x1, x2)

, (14)

here we have defined Ξ̂1(x1) :=L11( f κ− Li jpi pj + α) and Ξ̂2(x2) :=Θ22(hκ−Θi jpi pj − α).
It is clear that, in the trivially complete case, there will be no trouble at all evaluating the
limits (12) and one simply obtains ẋA = 0. Depending on the second derivative ẍA, either q(xA

0 )
will be a turning point or motion will be constrained to it. No further discussion is needed

8
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and inequality (11) alone suffices to determine if geodesics avoid or not the point xA
0 of the

singularity.
For the case τ (xA

0 ) = 0, the analysis increases in complexity but similar conclusions can be
drawn. As the singularity σ is being approached, i.e. as x A → xA

0 , the functions Ξ̂A(xA
0 ) → 0

and τ (x1
0, x2

0) → 0. So, the limit for equation (14) is undetermined. We must be careful on this
matter since it could be possible that said limit does not exist, that is, it depends on the path
taken to reach the singularity. The simplest way to verify this is to expand the functions Ξ̂A

in power series around the discussed point of the singularity, thus describing their behavior
in a neighborhood of it: Ξ̂A =

∑
ncA

n (x A − xA
0 )n. Observe that if the leading term of a given

series Ξ̂A is odd, then the limit we are computing does not exist since limx A→xA
0
(ẋA)2 = ±∞,

with the sign depending on the way xA
0 is being approached. An explicit expression for the

coefficients cA
n shall be given forward. It is worth mentioning too that one can always find a

well-defined series expansion of these functions, as well as any other depending on g̃μν and τ ,
due to property (d) of the space–time.

The two cases of motion constrained to each x A = xA
0 plane (ẋA = ẍA = 0) deserve partic-

ular attention. The necessary conditions for this to happen are K = −α, c1
1 = 0 for A = 1, and

K = β, c2
1 = 0, for A = 2. Note that both situations do not represent any problem for α �= β

and inequality (11) suffices to determine if there exists any geodesic that touches the singular-
ity. Nevertheless, the case K = −α = β results in an undetermined limit for (14) as previously
explained. Also, the remaining undetermined constant of motion can be used to satisfy either
c1

1 = 0 or c2
1 = 0.

Restricting motion to x2 = x2
0, the leading term in Ξ̂1 will be c1

1 =
[
−L11 ∂1(Li jpi pj)

]∣∣
q
.

To guarantee that geodesics are unable to reach the point xA
0 of the singularity this quantity

must vanish identically, we then are left with the second order coefficient as the leading term
c1

2 =
[
L11∂2

1 ( j1κ− Li j pi pj)
]∣∣

q
. The requirement that c1

1 vanishes implies local symmetry of Ξ̂1

about x1
0. If c2

1 < 0, there will be σ-avoidance, if c1
2 > 0 there will be σ-encountering. However,

consider a pair of constants of motion pi chosen so that c1
2 = 0. This is still possible because,

as c1
1 vanishes identically, we still have one degree of freedom for those conserved quantities.

For this case, the n = 3 coefficient would serve as a criterion to determine whether geodesics
do reach or not σ. The same characteristics described for the first-order term of the expansion
apply for n = 3, in fact, for any n odd. In a similar manner, the characteristics described for
the second-order term apply for any n even. In general, the nth coefficient of this series will be
given by

c1
n =

1
n!

L11∂n
1( j1κ− Li j pi pj)

∣∣
q
, (15)

as long as the preceding terms vanish, that is, c1
m = 0 for all m < n with m, n ∈ Z

+. The same
analysis can be done when constraining motion to the plane x1 = x1

0. The coefficients c2
n for

the function Ξ̂2 are

c2
n =

1
n!
Θ22∂n

2( j2κ−Θi jpi pj)
∣∣
q
, (16)

as long as the preceding terms vanish. With this, we end the discussion of the considerations
that need to be taken into account for the case K = −α = β.

Together, the expressions given by (11), (15) and (16) determine if geodesics are able to
reach the curvature singularity σ, they may be rewritten in the general form

∂n
A

[
τ (κ− gi jpi pj)

]∣∣
q
> 0. (17)

9
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We may regard the set of all causal geodesics in the space–time (M, gμν) as a six-parameter
family of curves6. For convenience, these parameters are chosen to be the conserved quantities
pi, K ∈ R, κ = 0,−1, and a pair of initial conditions x A(0) ∈ R. Fixing the values of momenta
pi hence, defines a four-parameter subfamily η(pi) of causal geodesics. So, makingψ(p0, p3) =
τ (κ− gi jpi pj) and summing up the above analysis, we find that at least a curve of the subfamily
η(pi) will encounter the curvature singularity if, and only if, starting from n = 0, for any point
q ∈ σX and any A = 1, 2, there exists a first non-vanishing derivative ∂n

Aψ(p0, p3)|q such that
either n is odd, or the derivative is positive with n even.

This concludes the proof. �

2.2. Complete geodesics going through the singularity

By now we have established the conditions for which causal geodesics in certain stationary
and axially symmetric space–times meet the curvature singularity within them. This unfor-
tunate fate is a common source of affine incompleteness and thus, of possible ill-behavior of
causal curves in the space–time. Here, we shall discuss some cases in which reaching the cur-
vature singularity does not necessarily imply a breakdown of completeness. This possibility
was previously mentioned for the trivially complete case and now we extend it to the τ (xA

0 ) = 0
case.

Theorem 2. Let (M, gμν) be a space–time with properties (a) to (d) and η′(p′
i) a family of

causal geodesics that encounter the curvature singularity at a single point xA
0 (q(xA

0 ) ∈ σX).
Consider an expansion in power series of τ (x A) around the singular point xA

0 , and let δA be the
order of the leading terms that go as (x A − xA

0 )δA in the series for each A. In a sufficiently small
time-like neighborhood N of σ, the curves of η′(p′

i) can be smoothly continued to subsequent
values of their corresponding affine parameter after encountering σ, if for some momenta
p′i ∈ R the following holds:

(a) ∂n
Aψ(p′0, p′3)|q = 0 for 0 � n < 2δA and both A = 1, 2,

(b) ∂n
Ag̃i j

∣∣
q
p′j = 0 for 0 � n < δA, both A = 1, 2 and both i = 0, 3.

Proof. We now focus on a power series expansion of the function τ =
∑

A,ndA
n (x A − xA

0 )n,
where we have written explicitly the sum on the x A coordinates to avoid any sort of confusion.
Since τ is positive definite in a time-like neighborhood N, it follows that the leading terms
dA

n of the series are positive with n even. Let δA be the order of the leading term of the jA
functions and define for compactness BA = dA

δA
. Assume for the affine parameter that x A → xA

0
as λ→ λ0. Then, consider the following limit

lim
λ→λ0

(x A − xA
0 )n[

B1(x1 − x1
0)δ1 + B2(x2 − x2

0)δ2
]n′ =

⎧⎪⎪⎨⎪⎪⎩
undetermined for n < n′δA,

w/Bn′
A for n = n′δA,

0 for n > n′δA,

(18)

with w ∈ [0, 1] and n, n′ ∈ Z
+. In computing these limits we have used the fact that BA > 0

and δA is even.
Examining equation (18) along with (14), and since the limit shown there is bounded for

n � 2δA, a hint towards possible complete geodesics going through σ can be found. Consider

6 Since there are two Killing vectors Xi, the number of parameters is reduced from the standard 8 (the set of initial
conditions xμ(0) and ẋμ(0)) to 6, due to the isometries of the space–time in the directions xi.
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a family of causal geodesics η′(pi) with fixed momenta such that for 0 � n < 2δA and both
A = 1, 2, the function ∂n

Aψ(p0, p3)|q vanishes in some singular point q(xA
0 ) ∈ σX . Hence, as a

geodesic of η′(pi) approaches xA
0 , its coordinate velocities ẋA will be bounded. We must not

forget, though, about the other pair of equations of motion ẋi = g̃i jpj/τ which could still cause
incompleteness.

For this purpose we perform yet another expansion in power series around the points xA
0 . In

this last case for g̃i jpj =
∑

A,nbAi
n (x A − xA

0 )n, where

bAi
n =

1
n!
∂n

Ag̃i j
∣∣
q
pj. (19)

By similar arguments as those used for the ẋA equations and using once again the limit shown
in (18) with n′ = 1, it can be seen that if the coefficients bAi

n vanish for A = 1, 2, i = 0, 3 and
0 � n < δA, the coordinate velocities ẋi will be bounded while approaching the singularity. So,
in a sufficiently small time-like neighborhood N of it, the causal geodesics of a family η′(p′i)
will encounter the curvature singularity while still being able to be smoothly continued to
subsequent values of their affine parameter, if for some momenta p′i ∈ R the following holds:

(a) ∂n
Aψ(p′0, p′3)|q = 0 for 0 � n < 2δA and both A = 1, 2,

(b) ∂n
Ag̃i j

∣∣
q
pj = 0 for 0 � n < δA, both A = 1, 2 and both i = 0, 3.

This concludes the proof. �
Note that in this theorem the trivially complete case, i.e. τ �= 0 and hence δA = 0, is

included.
Also, the second condition of the theorem can be expressed in an alternative way. The van-

ishing of ∂n
Aψ(p0, p3)|q for 0 � n < 2δA and both A = 1, 2, yields the following relation for the

momenta p0 and p3,[
∂n

A(g̃ii pi + g̃i jpj)
∣∣
q

]2
=

[
− det(∂n

Aγ̃
−1)p2

j + κ(∂n
Ag̃ii)(∂n

Aτ )
]∣∣

q
, (20)

with det(∂n
Aγ̃

−1) = (∂n
Ag̃00)(∂n

Ag̃33) − (∂n
Ag̃03)2. Warning: in equation (20) we have temporarily

abandoned the summation convention for repeated indices, the intended use of this expression
is for fixed values i, j = 0, 3 and i �= j. This liberty is taken only in this equation and in the
following one. This particular form of the equation is used due to it being easily substituted in
(19), obtaining thus

bAi
n = ± 1

n!

√
− det(∂n

Aγ̃
−1)p2

j + κ(∂n
Ag̃ii)(∂n

Aτ )

∣∣∣∣
q

. (21)

The advantage of using (21) over (19) lies in the reduction of one free parameter in the
equation (one of the constants of motion), despite this, the latter is way more compact.

The result of theorem 2 states the sufficient conditions for which causal geodesics may
be continued to future values of its affine parameter after meeting a point of the curvature
singularity. Nevertheless, if the space–time does not contain those future points, said curve
would still disappear off the manifold in a finite amount of said parameter, and consequently,
be incomplete. To avoid incompleteness, at least in the neighborhood of the singularity, an
additional requirement may be that of the existence of a space–time extension containing the
future points of the geodesic.

Corollary. Let (M, gμν) be a space–time with properties (a) to (d), and let ξ(λ) ∈ η′(p′
i)

be a curve with affine parameter λ that encounters a single singular point q(xA
0 ) ∈ σX at a

11
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parameter value λ = λ0. The curve ξ will not become incomplete in a sufficiently small time-
like neighborhood N of σ if conditions (a) and (b) are satisfied, and provided there exists a
suitable extension of M that contains the future points of ξ(λ0 + ε) for small ε.

This means that, given the mentioned conditions, ξ enters the time-like neighborhood N
and can then be extended to large enough values of its affine parameter λ until the curve either
leaves N, or stays in it for all subsequent values λ > λ0. It could also happen that the curve
remains within the neighborhood for all λ ∈ R.

3. The Plebański–Demiański class of space–times

In this section we apply our results to the Plebański–Demiański class of space–times [16]. This
class consists of solutions to the Einstein–Maxwell field equations with a generally non-zero
cosmological constant. The physically relevant space–times of this class describe black holes
with up to seven parameters, namely:

• The mass m of the black hole
• Angular momentum per unit mass a
• Electric charge Q
• The Taub–NUT parameter l
• The Manko–Ruiz constant C which is only relevant when l �= 0
• The acceleration of the black hole A
• Cosmological constant Λ

We will limit ourselves to asymptotically flat space–times, these are only possible if
Λ = A = 0. The reason for this is that, in the general case, there can only exist at most a
conformal Killing tensor for metrics with Λ,A �= 0, allowing the integrability of the equations
of motion for null geodesics only. This falls beyond the scope of the derived theorems. In Boy-
ern–Lindquist coordinates, the line element of the asymptotically flat metrics is then given by
[17]

ds2 = − 1
Σ

[
(Δr − a2 sin2 θ)dt2 + (Δrχ− a(Σ+ aχ)sin2 θ)dt dϕ

+
(
(Σ+ aχ)2 sin2 θ −Δrχ

2
)

dϕ2
]
+

Σ

Δr
dr2 +Σdθ2, (22)

where Σ = r2 + (l + a cos θ)2, χ = a sin2 θ − 2l(cos θ + C) and Δr = r2 − 2mr + a2 − l2 +
Q2. By setting the appropriate parameters to zero in (22) we can obtain some thoroughly
studied metrics such as Kerr, Reissner–Nordström, Schwarzschild, etc. The event horizons of
the black hole are located at the roots of Δr, which yield r1,2 = m ±

√
m2 − (a2 − l2 + Q2).

These space–times contain a ring singularity when Σ = 0, i.e. r = 0 and cos θ = −l/a. The
singular curvature set for this class of space–times can be expressed using the Cartesian-like
Kerr–Schild coordinates7 for which v =

√
r2 + a2 sin θ and u3 = r cos θ in equation (5). Since

the singularity is defined by a single pair of points, r = 0 and cos θ = −l/a, then σX can be
written as

σX = {(t, v0 cos ϕ, v0 sin ϕ, 0) | −∞ < t < ∞, 0 � ϕ < 2π} ,

7 This set of coordinates is particularly helpful in realizing that the singularity of this type of black holes is indeed a
ring [18].
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where v0 =
√

a2 − l2. If a2 − l2 + Q2 > m2, the event horizons do not exist and the ring sin-
gularity is, in principle, left visible to any asymptotically distant observer. Also, note that
the curvature singularity will only exist if |a| > |l|. This inequality is consistent with the no
event horizon condition. The ring singularity will always be time-like, except for the case
a = l = Q = 0, which reduces (22) to the Schwarzschild metric. The Schwarzschild singular-
ity r = 0 is known to be space-like and hence, once a particle crosses the event horizon, the
singularity will unavoidably appear in the future of its world-line.

It is simple to compute the inverse metric gμν of this class of space–times and express it in
the separated form

gμν =
Rμν(r) +Θμν(θ)

f (r) + h(θ)
, (23)

explicitly we have,

Rμν =

⎡⎢⎢⎣
−(Σ+ aχ)2/Δr 0 0 −a(Σ+ aχ)/Δr

0 Δr 0 0
0 0 0 0

−a(Σ+ aχ)/Δr 0 0 −a2/Δr

⎤⎥⎥⎦ ,

Θμν =

⎡⎢⎢⎣
χ2/sin2 θ 0 0 χ/sin2 θ

0 0 0 0
0 0 1 0

χ/sin2 θ 0 0 −1/sin2 θ

⎤⎥⎥⎦ , (24)

with f(r) = r2 and h(θ) = (l + a cos θ)2. Observe that the sum Σ + aχ depends only on the
coordinate r.

One of the most important features of this class of solutions is that they are algebraically
special in the Petrov classification of space–times. In particular, they are of type D, meaning
they possess two principal null directions which are repeated twice [13]. This implies the exis-
tence of a second rank Killing tensor and thus, the integrability of the equations of motion in
the space–time [14]. The Killing tensor has the structure of equation (3).

Since the Plebański–Demiański class of space–times satisfies the properties stated in
theorem 1, we can check if its causal geodesics reach the ring singularity. Furthermore, if they
do reach it, we can establish by using theorem 2 if they remain complete as they pass through
it. Evaluating ψ = Σ(κ− gi jpi pj) in the ring singularity, we obtain

ψ|q = −Q2
(
(a2 − 2alC + l2)E − aLz

)2

(a2 − l2)(a2 − l2 + Q2)
, (25)

where we have used p0 = −E and p3 = Lz. At this point, it shall be useful to consider two
different cases of these class of space–times as they will possess some unique interesting
properties.

3.1. Case Q �= 0

For a non-vanishing electric charge, clearly ψ|q is strictly negative and so, there will be
σ-avoidance for geodesics of arbitrary values of energy and angular momentum. Nonetheless,
consider the particular case (a2 − 2alC + l2)E = aLz which makesψ|q zero. We therefore have
to analyze the first non-vanishing derivatives of ψ. It can be seen that (∂rψ)|q = (∂θψ)|q = 0

13
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when the previously mentioned condition on energy and angular momentum holds. For the
second derivatives we have(

∂2
r ψ

)∣∣
q
=

1
a2 − l2

(
∂2
θψ

)∣∣
q
= 2κ. (26)

From (26) it can be concluded that time-like geodesics (κ = −1) do not reach the singularity
in asymptotically flat space–times of the Plebański–Demiański class. This is in full agreement
with one of the results from [19], where the singular region of a Reissner–Nordström black hole
is shown to be physically inaccessible to time-like curves of limited acceleration. However,
for null geodesics the second derivatives reduce to zero once again. The same goes for the
third derivatives

(
∂3

r ψ
)∣∣

q
=

(
∂3
θψ

)∣∣
q
= 0. It is until the fourth derivation that a non-vanishing

constant can be found,

(a2 − l2 + Q2)
(
∂4

r ψ
)∣∣

q = − 1
a2 − l2

(
∂4
θψ

)∣∣
q = 4!E2. (27)

Hence, there will be σ-encountering for light-like geodesics of the asymptotically flat
(A = Λ = 0) Plebański–Demiański class of space–times. The equations of motion for this
case are simply

(Σṙ)2 = E2r4, (Σθ̇)2 = −E2(l + a cos θ)4/a2. (28)

It can be easily seen that motion is only possible within the plane cos θ = −l/a. A null
observer constrained to this plane, and approaching from infinity, will eventually touch the
ring singularity. For this to be the case, specific conditions on the constants of motion have to
be met, namely (a2 − 2alC + l2)E = aLz, κ = K = 0, which define a family η(E , Lz, K = 0)
of null geodesics. Since the curves of this family are constrained to the discussed plane, η is
a one-parametric family of null geodesics, being the initial condition r(0) the only degree of
freedom. These curves are the principal null rays, the rest of the causal geodesics will never
reach the singularity. It is worth pointing out that the σ-encountering of the principal null rays
of the Kerr metric was already mentioned in [20].

3.2. Case Q = 0

Focusing now on the metrics (22) without electric charge, it can be seen in (25) that ψ|q is
zero without imposing restrictions on the conserved quantities E and Lz. In this case the first
non-vanishing derivatives are

a2 − l2

2m
(∂rψ)|q =

√
a2 − l2

2l
(∂θψ)|q =

(
(a2 − 2alC + l2)E − aLz

)2

a2 − l2
. (29)

These are derivatives of odd order and thus, there are causal geodesics that unfortunately
do reach the ring singularity. Assuming a positive mass, as is the case for physical black holes,
these geodesics are the ones coming (going) from (to) r > 0 and θ > arccos(−l/a). Hence,
they remain within the inner region of the black hole (0 � r < m +

√
m2 − a2 + l2) with no

chance of escaping to the domain of outer communications. For the region of negative values of
r, which is obtained by performing a maximal analytic extension of the space–time manifold
for metrics with a �= 0 or l �= 0 (similar to that of [20]), we have the opposite situation and
causal geodesics will actually be repelled from the singularity.

One may still try to obtain causal geodesics that meet σ coming from either side of it by
setting the conjugate momenta to (a2 − 2alC + l2)E = aLz. This would result in the vanishing
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of the first derivatives in (29), leading then to the same results shown in equations (26) and
(27), but with Q = 0.

3.3. Completeness of null geodesics encountering the singularity

We have already shown that there indeed exists a family of null geodesics which meet the
singularity in the Plebanski–Demianski class of space–times. In what follows we wonder if
those curves can yet remain complete despite this fact. For this purpose we apply theorem 2.

Consider the family η(E , Lz, K = 0) of null geodesics with (a2 − 2alC + l2)E = aLz. In the
above calculations we saw that for this family, the first non-vanishing derivatives of∂n

Aψ|q were
those of order n = 4 for both coordinates r and θ. Since δr = δθ = 2 because Σ = r2 + (l +
a cos θ)2, condition (a) of theorem 2 is satisfied. To verify condition (b), all that is left to be
done is to compute the ∂n

Ag̃i j
∣∣
q
pj derivatives. An evaluation of these expressions yields

1
a2 − 2alC + l2

g̃0 j
∣∣
q
pj =

1
a

g̃3 j
∣∣
q
pj = −Q2

(
(a2 − 2alC + l2)E − aLz

)
(a2 − l2)(a2 + Q2 − l2)

1
a2 − 2alC + l2

∂rg̃
0 j
∣∣
q
pj =

1
a
∂rg̃

3 j
∣∣
q
pj =

2m
(
(a2 − 2alC + l2)E − aLz

)
(a2 + Q2 − l2)2

1
a2 − 2alC + l2

∂θg̃
0 j
∣∣
q
pj =

1
a
∂θg̃

3 j
∣∣
q
pj = −2l

(
(a2 − 2alC + l2)E − aLz

)
(a2 − l2)3/2

. (30)

Condition (b) is clearly satisfied too for the family η(E , Lz, K = 0) of null geodesics. Hence,
these curves can be smoothly continued to future values of its affine parameter after touching
the ring singularity. Indeed, from the equations of motion (28) and the fact that these causal
geodesics are constrained to the plane cos θ = −l/a, we have for the radial coordinate veloc-
ity ṙ = ±E , which describes ingoing and outgoing radial null rays. This equation is easily
integrated and shows that a geodesic coming from positive (negative) r touches the curvature
singularity σ, and then continues its trajectory to negative (positive) r. Hence, despite there
being σ-encountering, the ring singularity does not lead to incomplete curves for the case of
the null geodesics of the family η. It is remarkable that the tangents of these geodesics are
aligned with the principal null directions kμ± of the space–time, namely

kμ± =
[
(r2 + a2 − 2alC + l2)/Δr,±1, 0, a/Δr

]
, (31)

expressed in the {t, r, θ,ϕ} basis of Boyer–Lindquist coordinates.
It is worth now summarizing the results here obtained for each case. In an asymptotically flat

space–time with non-vanishing electric charge of the Plebański–Demiański class, there will
be in general σ-avoidance for time-like geodesics, while the principal null rays shall indeed
meet the ring singularity. On the other hand, for metrics with Q = 0, we found that there can
be σ-encountering for causal geodesics with arbitrary values of momenta coming from r > 0.
These curves will reach the ring singularity in a finite amount of its affine parameter and then
disappear off the manifold, the reverse situation is possible as well, that is, an observer could
suddenly appear in the singularity and then follow its way into the manifold. Nevertheless,
in both cases of electric charge value and a �= 0, the principal null rays meet the singularity
and continue their paths into the region of opposite sign of radial coordinate values. In other
words, the singularity does not induce incompleteness in those curves as they can be extended
to future values of their affine parameter after encountering it.

Finally, causal geodesic completeness may be confirmed for a particular metric of the class
of space–times studied in this section, namely the Kerr–Newman metric. This is due to the
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fact that its maximal analytic extension is known to include negative values of r, and also
that it does not possess any other kind of singularity within its space–time manifold. Both
of these properties are also shared with the Kerr black hole, but since Q = 0 for this case,
there are incomplete causal geodesics as mentioned before. Unfortunately, in space–times with
l �= 0, e.g. Kerr–NUT, a conical singularity in the symmetry axis is formed which can provoke
geodesic incompleteness, this falls beyond the scope of our paper. In this cases, our analysis can
at most tell that geodesics do not become incomplete inside a sufficiently small neighborhood
of the ring singularity. The Reissner–Nordström metric can be discarded as well from being
geodesically complete as it cannot be extended to negative r.

4. A geodesically complete wormhole space–time

In the previous section we analyzed a physically relevant class of space–times and found that
the singularity lies in the path of some null geodesics with specific constraints on the constants
of motion. It might be natural now to wonder if a space–time whose singularity is inaccessible
for both, null and time-like geodesics, does actually exist. In this spirit, we propose an example
of such a case in what follows.

The line element is roughly based on the axially symmetrical WH space–times (specifically
the so-called ring WHs) found in [15, 21], but with the element gtt of the inverse metric tensor
modified so that the propertyψ|q < 0 holds for any conserved quantity pi. Evidently, the con-
struction of this metric is guided by geometrical arguments rather than physical significance.
Hence, the gravitational source that could produce such a space–time geometry could not bare
any physical relevance. We use spheroidal oblate coordinates x, y to express the corresponding
line element,

ds2 = −Δ2

Δs
dt2 + L2 Δ

Δ1
dx2 +

Δ

1 − y2
dy2 − 2aLx(1 − y2)

Δ

Δs
dt dϕ

+ (1 − y2)(ΔΔ1 − a2)
Δ

Δs
dϕ2, (32)

where we have defined Δ = L2(x2 + y2), Δ1 = L2(x2 + 1) and Δs = Δ2 − a2y2. This set of
coordinates is related to those of Boyer–Lindquist through Lx = r − r1 and y = cos θ. Also,
L is defined as L2 = r2

0 − r2
1 with r0 and r1 being constant length parameters, and a a param-

eter with units of angular momentum. The inverse metric gμν has the more compact expres-
sion gμν = [X μν(x) + Yμν(y)]/[ f (x) + h(y)]. These functions are given by f(x) = L2x2 and
h(y) = L2y2, while the tensors X μν and Yμν by

X μν =

⎡⎢⎢⎣
−L2x2 + a2/Δ1 0 0 −aLx/Δ1

0 Δ1/L2 0 0
0 0 0 0

−aLx/Δ1 0 0 −L2/Δ1

⎤⎥⎥⎦ ,

Yμν = diag

[
−L2y2, 0, 1 − y2,

1
1 − y2

]
. (33)

We now present the embedding profiles of the metric in three-dimensional Euclidean space.
These show that the line element (32) has indeed a WH geometry whose throat is a disc of radius
L located at x = 0. The throat connects two different universes (or possibly distant regions of
the same Universe), one with x > 0 and another with x < 0 (figure 1).

16



Class. Quantum Grav. 38 (2021) 055008 J C Del Águila and T Matos

Figure 1. Embedding diagram of the WH in three-dimensional Euclidean space for dif-
ferent constant values of y with a = 0.1 and L = 5. Here, z and ρ are the usual cylindrical
coordinates.

The singular regions of this metric can be revealed by computing the Ricci scalar, which is

R =
−3a2L2(3a2y2 +Δ2)(y2(1 − y2) + x2(1 + 3y2))

2Δ2Δ2
s

. (34)

From (34) we notice that y = 1 is nothing but a coordinate singularity due to the choice
of our spheroidal coordinates. The root Δ = 0 corresponds to a ring singularity σ (x = y = 0)
similar to that of the Plebański–Demiański class of space–times. While Δs = 0 yields an addi-
tional singularity σ′ with very interesting properties that shall be discussed later in this section.
For the time being, we focus our attention on the ring singularity.

We proceed by calculating the quantity ψ = Δ(κ− gi jpi pj) in x = y = 0, thus finding

ψ|q = −(aE/L)2. (35)

For non-zero values of energy, any observer traveling in geodesic motion will be repelled
from the ring singularity. Following the same procedure as in the Plebański–Demiański case,
ψ|q can be set to zero, which implies E = 0. Then, the derivatives

(
∂n

Aψ
)∣∣

q
for A = 1, 2 will

determine if the ring singularity is accessible. We obtain for the lowest order non-vanishing
derivative the following expression(

∂2
xψ

)∣∣
q
=

(
∂2

yψ
)∣∣

q
= 2(L2 κ− L2). (36)

This, yet again, is a negative quantity for time-like geodesics of arbitrary angular momentum
p3 = L. For null geodesics with zero angular momentum, (36) vanishes. However, with said
restriction, we have set all of the constants of motion to zero and hence reducing the motion
of the particle to a trivial case. That is, the particle remains at a constant set of coordinates,
including time itself. Motion such as this can be considered as unphysical behavior. Thus, we
can conclude that no causal geodesic can reach the ring singularity σ in this space–time.
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Figure 2. Cross section of the singularity σ′ in the plane u1 –u3 for different values of
a/L2, for simplicity we have made L = 1. Here, u3 is the symmetry axis. In the right
panel we show a particular case where a = 0.1, and hence a/L2 � 1.

At this point we should not forget about the remaining singularity σ′ which occurs when
Δs = 0. This equation can be rearranged to a more familiar form x2 + (y ± a/2L2)2 = a2/4L4,
i.e. σ′ is described by two circles in the x–y plane. We can write the singular curvature set for
this singularity as σ′

X = σ′
+ ∪ σ′

−, where

σ′
± =

{(
t, v cos ϕ, v sin ϕ, u3

)
| −∞ < t < ∞, 0 � ϕ < 2π, x2

+ (y ± a/2L2)2 = a2/4L4
}

, (37)

with v = L
√

(x2 + 1)(1 − y2) and u3 = Lxy. Interestingly enough, this singular curvature
set contains that of the ring singularity such that, σX = σ′

+ ∩ σ′
−. By changing back to

Boyer–Lindquist coordinates, and then to the Cartesian-like coordinates {u1, u2, u3}, we can
correctly visualize the shape of the singularity. Before doing so though, and since y ∈ [−1, 1],
one can realize by examining (37) that a/L2 = 1 is a limiting case for the topology of σ′

±.
For values a/L2 > 1, we will obtain two closed line segments in the x–y plane, rather than
the previously described pair of circles that occur only when a/L2 � 1. As a result, depending
on the parameter a/L2 the singular curvature set σ′

X can have different geometrical properties.
Furthermore, taking into account the azimuthal symmetry of the metric, we have that

σ′
±
∼=

{
S1 × S1 × R if a/L2 � 1,

S2 × R if a/L2 > 1.
(38)

In the first case of (38), the ‘spatial part’ of the singular curvature set σ′
X is homeomorphic to

two tori (one for each Universe) which intersect at the ring singularity and at some other point
of the throat. For the case a/L2 > 1, this singularity consists of two deformed two-spheres that
completely surround the throat of the WH, making it impossible for any test particle to cross
it. This is shown in figure 2.

Unfortunately, some complications arise from the structure of this singularity. Its topology
is no longer Σ1 × R, instead it is Σ2 × R, i.e. a two-manifold × ‘time’. From the previous
argumentation, we already know that there is σ-avoidance for causal geodesics, but what about
the rest of the points of σ′

X? Note that the size of the singularity depends on the unit-less
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space–time parameter a/L2. So, for a/L2 � 1 there will always exist points q′(xs, ys) ∈ σ′
X far

from the ring singularity whereψ|q′ � 0. Therefore, by virtue of theorem 1, geodesic curves can
meet the singularity σ′. Nevertheless, restricting the parameter to a/L2 � 1 which corresponds
to a slowly rotating WH, the region of the singularity σ′ is shrunk to a small neighborhood of
σ (see right panel of figure 2). A neighborhood of that sort has already been proven to be
inaccessible to observers in geodesic motion. Additionally, it can be seen that the singularity
σ is the only possible source of affine incompleteness since, substituting the tensors (33) in
(8), the equations of motion show no ill-behavior for other points of the space–time8. Thus,
and because the coordinate system {t, x, y,ϕ} covers completely both universes, metric (32)
describes a geodesically complete space–time, both for null and time-like curves, only for
parameter values a/L2 � 1.

Despite the absence of an event horizon in this metric, the curvature singularities of the
space–time cannot be observed by test particles in free-fall through the WH. As a passing
note we point out that the Killing vector X0 = ∂/∂t becomes space-like inside the compact
hyper-surface defined by the singularity σ′, while outside of it is time-like as expected in an
asymptotically flat space–time.

5. Conclusions

We have formulated a series of criteria regarding causal geodesics and curvature singularities
in stationary and axially symmetric space–times with a quadratic first integral. The criteria
were stated in two theorems. The first one establishes the sufficient and necessary conditions
for which time-like and null geodesics in such space–times can meet the singularity. The
second one determines sufficient conditions for the existence of complete causal geodesics
that encounter the singularity. Afterward, the theorems were applied to the asymptotically
flat class of Plebański–Demiański metrics which physically describe general black holes, and
geometrically belong to the type D algebraic classification of space–times. It was found that
in the electrically charged space–times of that class, the singularity is only reached by null
geodesics with a specific relation of energy and angular momentum. These curves correspond
to the principal null rays of the metric and do not become incomplete, at least, within a suf-
ficiently small neighborhood of the curvature singularity. This last feature is shared with the
Plebański–Demiański space–times without electric charge too. On the other hand, time-like
geodesics are repelled from the singularity in the electrically charged metrics, while in the
uncharged ones there are incomplete time-like and null geodesics in contact with it. Finally,
based on the derived theorems, we presented an example of a causal geodesically complete
space–time that has a WH geometry with unbounded curvature.

Unfortunately, as our results rely heavily on the separability of the equations of motion,
a generalization to any axially symmetric line element seems unlikely through this approach.
Naturally, these theorems can be also used for stationary space–times with spherical symmetry.

Data availability statement

No new data were created or analyzed in this study.

8 The divergence of the tensor Yμν for y = 1 is a consequence of the spheroidal coordinates here used and can be
eliminated through a suitable change of coordinate system, e.g. the Cartesian-like coordinates {u1, u2, u3} mentioned
previously in this section.
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