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Abstract

Although the standard cosmological model, the so-called Λ cold dark matter (ΛCDM), appears to fit well
observations at the cosmological level, it is well known that it possesses several inconsistencies at the galactic
scales. In order to address the problems of the ΛCDM on a small scale, some alternative models have been
proposed. Among the most popular candidates, the proposal that dark matter in the universe is made of ultralight
bosons is a strong candidate today. For this work, we study through an analytical approach the consequences
arising from comparing the Spitzer Photometry and Accurate Rotation Curves catalog observed-baryon
acceleration correlation with the scalar field dark matter model. We carry out such analysis either considering
the features of galactic halos extracted from structure-formation simulations or considering the existence of other
non-dark-matter elements in the whole system (such as baryons or a supermassive black hole). Specifically, we
address a recent claim that the model is not capable of reproducing a constant surface density in the core, in
contrast to what observations suggest for a host of galaxies with different sizes and morphologies. In this direction,
we show that this discrepancy can be alleviated once the contributions of non-dark-matter constituents in the whole
galactic system are taken into account. Additionally, we find that a mass of m; 1.41× 10−22 eV/c2 is capable of
reproducing all of our findings and correctly adjusting the rotation curves coming from the Milky Way galaxy.

Unified Astronomy Thesaurus concepts: Milky Way dark matter halo (1049)

1. Introduction

In recent years, observations of rotation curves of a large
sample of galaxies of diverse sizes and morphologies have
been performed. One good example is the Spitzer Photometry
and Accurate Rotation Curves (SPARC) catalog given in
McGaugh et al. (2016). From this catalog, it has been possible
to derive a strong correlation between the observed acceleration
gobs and the Newtonian acceleration of baryons gbar. According
to this relation, in the large-acceleration regime lying above
g†= 1.2× 10−10 m s−2, which typically corresponds to accel-
erations in central regions of galaxies, gobs can be predicted
exclusively from the Newtonian acceleration of baryons. This
may imply that the assumption of dark matter (DM) is not
required. However, in the outer low-acceleration regime of the
galaxy, the correlation indicates that either a modification of the
Newtonian acceleration or an extra gravitational pull due to
DM is needed. By holding the second hypothesis, the
McGaugh correlation importantly restricts not only the radial
acceleration profiles but also the spatial distribution of DM
particles.

A first study exploring the consequences of this result has
been done in Ureña López et al. (2017). In that work, the
authors realized that McGaugh’s correlation implies a link
between the accelerations produced by DM particles and
baryons, which additionally, for every DM core model, brings

up a universal upper bound for the maximum acceleration
produced by DM particles. This realization sets strong
restrictions on the value of the central surface density of the
halo. More specifically, for any core DM model in which a
two-parameter spherical density profile is assumed—a char-
acteristic length rs and a central density value ρs—it is
predicted that the product ρs rs≡ μDM must be always constant.
This conclusion has been robustly proven in different types of
galaxies, such as spirals of late and early type, dwarf irregulars,
ellipticals, and the Local Group dwarf spheroidal (dSph)
galaxies (see, for example, Spano et al. 2008; Donato et al.
2009; Salucci & Burkert 2000; Burkert 2015), suggesting that
it should result in being a universal quantity in all kinds of
galaxies.
In the same work, a particular DM model was studied in

detail, which proposes that DM in the universe is made of
ultralight boson particles. In that work, the McGaugh results
have an important implication for particular models of this
scalar field DM (SFDM). By fitting the accelerations of satellite
dSph galaxies of the Milky Way (MW), along with some
scaling relations of the equations used to describe the SFDM
and the constancy of μDM, they predicted that all these systems
have a total mass MDM(300 pc)∼ 107Me and a characteristic
size rs= 300 pc. This universal central distribution of DM for
dSphs was dubbed as a universal SFDM soliton for such
systems. Surprisingly, this prediction is in agreement with the
results reported in Strigari et al. (2008). Together the results of
McGaugh et al. (2016) and Ureña López et al. (2017) could
lead to probing the hypothesis that the SFDM soliton, under
certain conditions, has universal features where the physics due
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to extra galactic components does not deform or destroy the
soliton. Regarding this point, it is worth mentioning that, within
the SFDM model, some scenarios have been considered where
more general initial conditions are taken into account, and
consequently some dynamical features arise that prevent the
soliton formation within times shorter than the age of the
universe, by gravitational cooling. Therefore, testing the
implications of the existence of the soliton also brings up
valuable information for testing the dynamical aspects of this
sort of DM (Levkov et al. 2018; Avilez & Guzmán 2019). It is
clear that this hypothesis must undergo further observational
probes in the future, but, at this date, it stands as an interesting
remark regarding the SFDM model.

It is worth dedicating some words to stressing that the SFDM
model is a strong and well-studied alternative to the standard cold
dark matter (CDM) paradigm. The main idea that scalar fields
might make up dark matter in the universe originated about two
decades ago (Sahni & Wang 2000; Hu et al. 2000; Matos &
Ureña López 2001, 2000; Matos et al. 2000; Arbey et al.
2001, 2003, 2002), although some hints can be traced further back
in Sin (1994) and Ji & Sin (1994). Since then, the idea has been
rediscovered by authors under different names, for example,
SFDM (Matos et al. 2000), fuzzy DM (Hu et al. 2000), wave DM
(Schive et al. 2014a), Bose–Einstein condensate DM (Boehmer &
Harko 2007), or ultralight axion DM (Marsh & Ferreira 2010; see
also Membrado et al. 1989). However, it was systematically
studied for the first time by Guzmán et al. (1999) and Guzmán &
Matos (2000; for a review of SFDM, see Magaña & Matos 2012;
Suárez et al. 2014; Marsh 2016; Hui et al. 2017; Niemeyer 2020;
Rindler-Daller & Shapiro 2014). In this work, we use the most
usual and general name SFDM.

For the scalar field to behave as dust at late times, a quadratic
term of the scalar needs to appear in the Lagrangian:

( ) ( )j j=


V
m c1

2
, 1

2 2

2
2

where m is the mass of the bosons, ÿ is the Planck constant, and
c is the speed of light. This potential term gives rise to a
pressureless fluid behavior during the matter-dominated epoch,
where SFDM is the dominant component. The astrophysical
motivation for this model has its root in the small-scale
problems of CDM. This model alleviates such problems thanks
to its dynamical properties derived from the macroscopic-sized
de Broglie wavelength associated with its bosonic components.
In a host of different cosmological simulations of structure
formation (Schive et al. 2014a, 2014b; Schwabe et al. 2016;
Veltmaat & Niemeyer 2016; Mocz et al. 2017; Levkov et al.
2018), it has been shown that SFDM halos have cored density
profiles within their inner regions of galactic systems; this
feature naturally solves the cusp/core problem in CDM. These
cores, referred to as “solitons” in the literature (Chavanis 2011;
Marsh & Pop 2015; Chen et al. 2017; Levkov et al. 2018), have
been shown to have a size that is similar in magnitude to the de
Broglie wavelength of individual bosons:

l µ
mv

1
,dB

where v is the “average virial velocity” of the bosons, a result
expected from analytic calculations. To reproduce galactic
cores of order 1 kpc for the model, the boson mass is typically

assumed to be in the range of m∼ (10−20
–10−22)eV/c2.

However, these cores have been found to be surrounded by an
envelope generated by quantum interference patterns inherent
to SFDM that is well fitted by a Navarro–Frenk–White (NFW)
density profile. From simulations made by Schive et al.
(2014a, 2014b), it was realized that the masses of the core and
the whole halo obey a strong scaling correlation given by

µM M ,c h
1 3

where Mc and Mh are the total core and halo mass, respectively.
Then, the minimum mass of galaxies that can be generated in
this model satisfies Mc=Mh, solving naturally the small-scale
problem of CDM. This scaling relation between the masses of
the core and its “envelope” has not been anticipated by any
earlier work, though it is not difficult to understand the form of
the correlation in an a posteriori way, using analytic arguments.
Indeed, the fact that this correlation has been robustly
established by simulations offers a unique opportunity to
understand and extend the correlation by considering novel
physical situations, such as the addition of further matter
contributions in the total halo.
One of the problems for this model that is currently

becoming more and more evident is the fact that the results
from cosmological simulations of galaxy formation do not
seem to agree with the results of a constant surface density, as
suggested by Spano et al. (2008), Donato et al. (2009), Salucci
& Burkert (2000), and Burkert (2015). Thus, it has been
claimed that the SFDM is not able to provide a correct
mechanism to describe the core-formation mechanism in
galaxies in a realistic way (see, for example, Burkert 2020;
Mina et al. 2020). However, most of the works regarding this
model and the conclusions mentioned here until now have been
commonly obtained from DM-only simulations. By keeping
this in mind, a second goal in this work is to extend such DM-
only results in order to take into account the effect of further
matter contributions besides DM in the system within an
analytical scheme. Considering such extra components is an
important step in modeling galactic systems.
For instance, a recent attempt to study how a central

supermassive black hole (SMBH) may deform the SFDM
density profile can be found in Avilez et al. (2018). Usually,
radial DM and baryonic density profiles are used independently
when deriving the stellar kinematics; however, since both are
shaped by the total gravitational potential, it would be more
accurate to have a connected pair of profiles for baryons and
DM rather than modeling them separately. In that line, a goal of
this work is to further explore the implications of the McGaugh
gobs(gbar) correlation over the density profiles of SFDM in
systems where more matter contributions are present. Our goal
is to demonstrate, by considering some analytical relations, that
once the mentioned extra components are considered, the
tension between the results from SFDM simulations and the
result of constant surface density is alleviated. Furthermore, we
find that the scaling core–halo mass relations hold in this more
general scenario. Afterward, we show that SFDM is able to
agree with observations.
The paper is organized as follows. In Section 2 we present

some general implications for the McGaugh observed-baryon
acceleration correlation. Particularly, we show that such a
correlation implies a maximum possible acceleration produced
by any DM candidate inside a galactic halo. Using this result,

2

The Astrophysical Journal, 909:162 (16pp), 2021 March 10 Padilla et al.



we probe a host of DM profiles that are usually derived from
DM-only simulations. Then, we discuss in a more specific way
the consequences for our SFDM model. In Section 3, we begin
by detailing the system of equations that are used to describe
galaxies within the SFDM model to later study the possibility
of extending the mass-ratio relation of the soliton solution after
further matter contributions are added to the system. For such
purpose, we adopted a Gaussian ansatz to describe the density
profile of the soliton. Later in that section, we explore the
possibility of extending the core–halo mass relation derived
from numerical SFDM-only simulations. In Section 4, we
compare our previous findings with the McGaugh correlation
function, and then we extend the results presented in Section 2.
In the same section, we test all of the conclusions that we
reached in our work by comparing them with observational
data from the Milky Way. We find that a mass of
m∼ 10−22eV/c2 is able to fit all of our results and correctly
describe the observations. Finally, in Section 5 we present our
conclusions.

2. Observational Correlation of Baryonic and Dark Matter
Accelerations

2.1. General Implications

In this section, we review some theoretical implications of
the observational correlation between the accelerations of DM
and baryonic components found by McGaugh et al. (2016).
This phenomenological relation implies some conditions for
some features of the DM spatial distribution and its kinematics.
In McGaugh et al. (2016), by analyzing the high-precision data
from 153 spiral galaxies in the SPARC database, the authors
found a correlation between the acceleration observed in stars,
gobs, and that inferred to be produced by baryons, gbar. This
empirical correlation, usually known as the radial acceleration
relation (RAR), is given by

( )
†

=
- -

g
g

e1
. 2

g g
obs

bar

bar

Lelli et al. (2017) have further established that a similar relation
holds for other types of galaxies such as ellipticals, lenticulars,
and dSphs, suggesting that the above RAR could be thought of
as a universal correlation fulfilled by different types of galaxies,
and then it provides an unprecedented test for DM models. In
order to draw this conclusion more clearly, it is interesting to
notice that, depending on the value of the acceleration observed
in stars gobs, that produced by baryons gbar suffices to
reproduce such observations in a well-defined acceleration
regime. In the case gobs> g†≡ 1.2× 10−10ms−2, the accelera-
tion produced by baryons can describe correctly that observed
in stars, whereas in the opposite case gobs< g†, an extra
hypothesis needs to be considered to explain the observations.
This suggests that g† serves to discriminate between two
regimes where the acceleration of matter inside the galaxy is
mainly produced only by baryons and gravity is described by
general relativity or not. The previous argument can be
translated into realistic scenarios. For example, as pointed out
in Lee et al. (2019), there are three regions within the sampled
galaxies where gobs can be much smaller than g†: (1) the
outermost edge of galaxies (r>O(102) kpc), (2) the outer parts
of the disk of massive galaxies where stars follow flat rotation

curves (kpc< r<O(10) kpc), and (3) small dwarf galaxies
(r< kpc). In the opposite case, in massive galaxies it is usually
expected that in their central regions gobs? g†, and then it is
largely dominated by baryons.
In a more recent work (Di Paolo et al. 2019), it has been

argued that the relation (2) is not completely general. In that
work, it is shown that dwarf disk spirals and low-surface-
brightness galaxies do not follow the same gobs− gbar relation
as other types of galaxies, suggesting that McGaugh’s results
would actually turn out to be a limiting case of a more general
relationship. In this work, the results are derived assuming the
McGaugh observed-baryon acceleration correlation, so they are
only applicable for those galaxies that fulfill Equation (2).
If we take gobs= gbar+ gh, where gh is the radial acceleration

produced by nonbaryonic matter, Equation (2) leads straight-
forwardly to an even more interesting correlation between gh
and gbar, given by

( )
†

=
-

g
g

e 1
. 3h

g g

bar

bar

The above expression has a maximum given by

( )† †= =g g g g0.65 at 2.54 4h,max bar

(see Figure 1). This is interesting because it is well known that
the main contribution to the radial acceleration in a galaxy
(apart from baryons) is produced by a DM component gDM and
possibly by an SMBH at galactic nuclei gSMBH,

5 that is,
gh= gDM+ gSMBH, where the contribution of the last one is
only important within the innermost regions of galaxies. The
fact of the existence of this maximum acceleration gh and that
the acceleration produced by the central SMBH increases
enormously for small radius (gSMBH=GMBH/r

2, where G is
Newton’s constant, MBH is the mass of the SMBH, and r is the
radial coordinate measured from the position of the SMBH)
suggest that the McGaugh scaling relation does not apply in
regions along the galaxy where the effect of the SMBH
dominates over all of the other components. This assumption
implies that gh= gDM, and then gh,max should result in a
maximum possible acceleration produced by any DM model.

Figure 1. Inferred correlation between accelerations produced by DM and
baryonic particles in units of g†. The dark blue region corresponds to regions
close to the galactic center at r � 8 kpc. The acceleration of DM particles in
this region decreases, implying that at the very center they tend to behave as
free particles.

5 An SMBH is expected to exist in almost all galaxies, except for small
dSphs.
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Such a conclusion will be especially helpful here to probe the
predictions of the SFDM according to the McGaugh results.

Note that Equation (3) could serve as a tracer of the spatial
distribution for DM along the galaxy. That is, if we know the
functional form gbar for baryons, from Equation (3) we could
infer the density of DM particles ρh as

( ( ( ))) ( )r
p

=
G r

d

dr
r g g r

1

4

1
. 5h h2

2
bar

An interesting consequence from the last expression is that the
McGaugh correlation leads to a model-independent DM
density profile once a baryonic distribution in a galaxy is
known. Particularly, observe the fact that the acceleration of
DM is not an increasing function of gbar, and hence gh
decreases down to the center, which implies that DM particles
in such a central region are influenced by a decreasing total
force; that is, DM particles in the center tend to behave as free
particles.

2.2. Implications for DM-only Simulations

Although in this work our goal is to explore the implications
of the McGaugh observational relation for the SFDM model
once the contribution of baryonic matter is taken into account,
in this subsection we aim to probe results coming from DM-
only simulations. Clearly, the best candidates for which this
constriction applies are typically dSphs because their mass-to-
light ratios suggest that they are DM-dominated systems at all
radii.6 Additionally, Lelli et al. (2017) have shown that these
kinds of galaxies (at least those belonging to the Local Group)
also fulfill Equation (2). In this subsection, we review and
complement the study reported in Ureña López et al. (2017)
because it will be very instructive for understanding the next
sections, where we reach conclusions additional to those
obtained by Urena et al.

As realized by Ureña López et al. (2017), once a spherical
density profile for DM ρDM is assumed, it can be expressed,
without lost of generality, as ρDM(r)= ρsf (r/rs), where ρs and
rs are the characteristic density and radius of the DM profile,
respectively, and f (r/rs) is a dimensionless function character-
izing the spatial distribution of DM. For the particular case of
cored-like profiles, ρs is the central value of the density, and
therefore f (0)= 1. Thus, the acceleration produced by DM,
gDM(r)=GM(r)/r2, where ( ) ( )ò pr= ¢ ¢ ¢M r r r dr4

r

0 DM
2 is the

DM mass at a distance r, can be written as

( ) ˆ ( ) ( )m=g r G g x , 6DM DM DM

where we have introduced the dimensionless acceleration
function

ˆ ( ) ( ) ( )ò
p

º ¢ ¢ ¢g x
x

f x x dx
4

, 7
x

DM 2 0

2

with x≡ r/rs, and

( )m rº r . 8s sDM

Notice that Equations (4) and (6) imply the following condition
for the maximum acceleration:

ˆ ( )
† ⎛

⎝⎜
⎞
⎠⎟

m
=

- - -

g

M
g

0.65

10 ms
0.014

pc
. 9

11 2
DM

2 DM,max

This equation implies that the surface density parameter
remains constant within any DM model as long as ĝDM,max
also remains constant. Such a realization holds within any DM
model and for any type of galaxy that fulfills Equation (2).
Furthermore, it is an inference that has been previously
suggested by a host of observations (see, for example, Spano
et al. 2008; Donato et al. 2009; Salucci & Burkert 2000;
Burkert 2015). Consequently, for a particular DM density
profile, once the dimensionless maximal acceleration ĝh,max is
computed, it is straightforward to constrain the surface density
parameter μDM within such model. It is worth stressing that,
until now, this prescription is fully general and, as mentioned
above, it can be applicable to describing all kinds of galaxies
that fulfill Equation (2).
Now, let us analyze Equation (9) more closely by

considering some particular DM profiles. For instance, we
take the Burkert (Burkert 1995), the pseudoisothermal (PI;
Begeman et al. 1991), the Spano (Spano et al. 2008), the NFW,
and two well-known SFDM density phenomenological profiles
that are valid for describing dSphs. For the SFDM instance, we
consider first the so-called wave-SFDM density profile (Schive
et al. 2014a, 2014b), which is described as radial time-averaged
3D solutions of the Schrödinger–Poisson (SP) system. Second,
we consider the MultiState-SFDM profile derived analytically
in Robles & Matos (2012) by solving the Klein–Gordon
equation in a Minkowski background spacetime. For all these
models, either the dimensionless density f (x) or the dimension-
less acceleration ˆ ( )g xDM is listed in Table 1 and plotted in
Figure 2. Interestingly, the acceleration corresponding to all
cored-like density distributions starts from zero at small x and
increases up to the maximum acceleration value gDM,max (fourth
column in Table 1) at xmax (fifth column). With such
expressions and Equation (9), it is straightforward to compute
the surface density μDM corresponding to each DM model
(sixth column).
On the other hand, note that the result of obtaining a constant

density in these models allows us to write rs= rs(ρs) or
ρs= ρs(rs), and then, if somehow we were able to indepen-
dently fix any of these two quantities, this would immediately
result in being able to fix the value of the other parameter. To
get an idea of how to do this, let us consider the following
possibility. In Strigari et al. (2008), it was suggested that the
mass enclosed inside r= 300 pc in dSph satellites of the Milky
Way is around M(r; 300 pc); 1.8× 107Me.

7 This was a
model-dependent result, since to obtain this result the authors
considered a functional form to describe the dark matter halo.
However, due to the generality of the profile they took,8 the

6 Such an inference is compatible with the McGaugh et al. results since for
such systems it happens that gobs = g†.

7 We obtained this value by averaging over all of the values reported in
Strigari et al. (2008).
8 The authors modeled the dark matter distribution in galaxies by using the
profile

( )
( ) [ ( ) ]

( )( )r
r

=
+ -

r
r r r r1

, 10
a b c a b

0

0 0

where the asymptotic inner slope is determined by a, the asymptotic outer slope
by c, and the transition between these two regimes is determined by b.
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authors claim that their results are general, however the ranges
of the parameters they consider do not cover the wave-SFDM
profile. For simplicity and as an example only, in order to get
an idea of the free parameters of each model and show how we
can fix both parameters for each model with only one
constriction, we could assume that this result is true for any
model of DM. As we already mentioned, for a given model, rs
and ρs are dependent parameters since μDM must take the
constant value shown in Table 1, and then only one of them is
to be fixed in order to compute the total mass enclosed within
r= 300 pc (see Figure 3). Note that the mass enclosed at such
radius coincides with the observations of Strigari et al. (2008)
for two different values of rs, which are listed in Table 1 for
each case. Particularly, for the wave-SFDM model (or the
SFDM model from now on) the characteristic core sizes
predicted for such galaxies are rs= 299 pc and rs= 3.961 kpc.

Of course, these core size values come from this simple
example that we did, and they should not necessarily be correct
for the model, since to be sure, a study similar to the one done
in Strigari et al. (2008) should be done once adopting the dark
matter profile that describes a halo in SFDM.
Finally, owing to a scaling symmetry of the SP system, the

SFDM model holds a scaling property for ρs and rs that works
as follows: r l p= m m 4s pl

4 2 2 and rs= (0.23λm)−1, where mpl

is the reduced Planck mass. By eliminating the scaling
parameter λ, we finally arrive at the expression

( ) ( )
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

m
= ´

-
- -

-

r
m

Mpc
4.1 10

pc
, 11s

3

22
2 13 DM

2

where m22≡m/(10−22eV/c2). Given that μDM has been found
to be a constant quantity in this model from the description we
have followed until now, this result predicts that rs should also
be a constant quantity and scale as rs∝m−2/3. It should be
stressed that these scaling relations are only valid for DM-
dominated systems such as dSph, and they need to be further
studied when external sources such as baryons are included, as
we aim to do in this work. Additionally, if we use the values in
Table 1, we can finally obtain an estimate of the mass of the

Table 1
Density and Acceleration Profiles for Different Models of DM

Name f (x) ˆ ( )g xDM ĝDM,max xmax μDM[Mepc
−2] rs[pc] ρs[Mepc

−3]
(1) (2) (3) (4) (5) (6) (7) (8)

Burkert
( )( )+ +x x

1

1 1 2
( ( ) ( ) )p + + + -x x x

x

2 ln 1 ln 1 2 arctan2

2
1.59 0.96 348 48;1400 3.82;0.23

MultiState-SFDM ( )x

x

sin2

2 ( )( )-p 1
x

x

x

2 sin 2

2
4 p

2
139 79; 851 1.76; 0.163

PI
+ x

1

1 2 ( )-p x xarctan
x

4
2 2.89 1.515 193 29; 11.667 6.69; 0.16

Wave-SFDM
( )+ x

1

1 2 8 ( )( )
+p

+
xarctan

x

P

x

33

512

1

53760 12
wave

2 7
0.86 0.36 648 299;3961 2.16; 0.163

Spano
( )+ x

1

1 2 3 2 ⎜ ⎟⎛
⎝

⎞
⎠-p

+
xarcsinh

x

x

x

4

1
2 2

2.19 1.028 254 68; 1561 3.72; 0.163

NFW
( )+x x

1

1 2 ( )( )+ -p
+

xln 1
x

x

x

4

12
0 6.28 89 / /

Note. Second column: dimensionless density radial profile. Third column: dimensionless acceleration profile due to DM. Fourth and fifth columns: maximum
acceleration value and the radius where such value occurs, respectively. Sixth column: the constant μDM = rsρs parameter. Seventh and eighth columns: density profile
parameters that reproduce observations. We have defined Pwave = 3465x13 + 23100x11 + 65373x9 + 101376x7 + 92323x5 + 48580x3 − 3465x.

Figure 2. The dimensionless acceleration profiles ĝDM corresponding to the
Burkert, MultiState-SFDM, pseudoisothermal, Spano, wave-SFDM, and NFW
density profiles as functions of the dimensionless radius r/rs.

Figure 3. Total mass enclosed within radius r = 300 pc as a function of rs for
different DM models. The horizontal line corresponds to the mean value
inferred from Strigari et al. (2008) given by M(r ; 300 pc) ; 1.8 × 107 Me.
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SFDM boson particle (of course, valid only for our example),
given by

( ) m m0.246 and 11.8, 1222 22

where the first constraint follows from rs= 3.961 kpc and the
second from rs= 299 pc. However, these mass estimates must
be refined once we compare the SFDM model directly with the
observational data coming from dSphs of the Milky Way, as
we already mentioned. For example, this model has been tested
in Lora et al. (2012) by taking the problem of the longevity of
the stellar group present in Ursa Minor or the problem in the
orbits of the globular clusters in Fornax. In that work, they
could constrain the mass parameter of the SFDM to be in the
range 0.3�m22� 1 in order to be consistent with observations.
A similar result was obtained in Lora & Magana (2014), where
they confronted the SFDM model by exploring how the
timescale of dissolution of stellar substructures in Sextans
dSph contributes to constrain the free parameters of the model,
obtaining the result 0.12�m22� 8. Using these last two results
together, it is found that the most preferred mass parameter for
the SFDM should be in the range 0.3�m22� 1.

Of course, a large number of other constraints exist that have
been provided for the SFDM model, and we will mention only
some representative results. The SFDM model has been studied
at the perturbative level, showing that the cosmic microwave
background (CMB) can be adjusted perfectly as long as the
mass of the SFDM particles fulfills the condition m22� 10−2

(Hlozek et al. 2015). Explaining the half-light mass in the
ultrafaint dwarfs fits the mass to be m22∼ 3.7−5.6 (Calabrese
& Spergel 2016). The model has also been constrained by
observations of the reionization process. In Sarkar et al. (2016),
using N-body simulations and demanding an ionized fraction of
H I of 50% by z= 8, m22> 0.26 was obtained. Finally, the Lyα
forest flux power spectrum demands that the mass parameter
fulfills m22� 20–30 (Armengaud et al. 2017; Iršič et al. 2017).

It is not difficult to realize that, even though several
constrictions are consistent with each other, this does not
happen with all of them, being that for now, constrictions
coming, for example, from the Lyα forest are strongly in
tension with what other groups have reported through other
kinds of observations. However, the fact that observations
coming from Lyα do not fit perfectly with the other
constrictions is not necessarily a problem, since this may be
because there are effects that are not really being taken into
account in the description of the model. For example, a very
popular candidate to be this ultralight scalar field particle is an
axion-like particle with a trigonometric potential that, although
effectively it can be described as a field that behaves like a free
field, it has been shown that once the full trigonometric
potential is taken into account, it is possible to alleviate this
discrepancy, since for this case, a mass of m22∼ 1 could meet
observations from Lyα as well (see, for example, Cedeño et al.
2021).9 In this way, we consider that the best way to proceed to
continue studying the model is to independently test the SFDM
in different scenarios and through different observations. In this
way, our intention in this work will be to do just this and to test
the model through the results that will be presented later, which

will be based on the RAR. In this work, we decided to take a
fiducial scenario in which the mass constrictions given in
Equation (12) should work as lower and upper bounds for the
mass parameter in the model, which turns out to be in
agreement with almost all of the constrictions presented above.
The idea of taking these fiducial values is to be able to test
throughout this work the different results we shall obtain.
However, in Section 4.2 we will actually test our results with
observational data, so in that section we will actually constrain
the mass parameter of the model.

3. The SFDM Model

Now, let us review the basics of the SFDM model once more
matter contributions are considered. Recall that the main goal
of this work is to extend the results presented in Section 2.2.
For this purpose, in this section we will present the different
equations that are necessary to describe galaxies in the SFDM
model. After this, we will review an already known result for
the solution of the soliton profile typically found in galactic
centers: currently, the well-known mass–radius relation. We
must mention that this result has only been reported when there
are no other matter elements in the system, apart from the scalar
field. For this reason, our intention in this section will also be to
extend this result to the case in which the gravitational potential
due to extra matter elements is incorporated, thus resulting in a
more realistic representation of the system. Due to the difficulty
of doing this numerically, we will adopt a Gaussian ansatz that
will help us to easily handle the free parameters of the system
and thus achieve our mission. After this, we will review some
results that have been found to be fulfilled by galactic halos in
SFDM-only simulations (these relating the central soliton in
halos to its host halo), to later try to use these relationships to
extend the core–halo mass relation once we incorporate the
contribution of extra elements of matter. For the latter, we will
have to assume that the relationships that have been reported in
SFDM-only simulations continue to be valid in this more
general scenario.

3.1. Basic Equations for the SFDM Model

As already mentioned, DM halos and their evolution along
the structure-formation process in the SFDM model are
described by classical solutions of the SP system (Ruffini &
Bonazzola 1969):

( )y
y y

¶
¶

= -  + F 
i

t m
m

2
, 13a

2
2

( )p r F = G4 , 13b2

where ρ is a cosmological overdensity that usually includes all
of the contributions coming from DM, baryons, and, for
example, the possible presence of an SMBH, that is,
ρ= ρψ+ ρext, where ρψ=m|ψ|2 and ρext= ρbar+ ρSMBH.
Equivalently, the previous system can be turned into its
hydrodynamic representation by recasting the wave function ψ

in its polar form,

( )
( )

( )( )y
r

= yr t
r t

m
e,

,
, 14iS r t,

9 In this work, we are not interested in studying the fundamental nature that
would generate this dark matter candidate, since currently there is a great
variety of well-founded potentials that at low energy scales would behave
effectively as a free field, that is, subjected to a potential of the form (1).
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and defining a velocity field as

¯ ( )= y


v
m

S. 15

Under this new set of variables, the SP system is rewritten as an
Euler-like system of differential equations:

¯
( ¯ · ) ¯ ( )r r r r

¶
¶

+  = -  - Fy
y

y y y y y
v

t
v v Q , 16a

· ( ¯ ) ( )
r

r
¶

¶
+  =y

y y
t

v 0, 16b

where

( )
r

r
º -

 y

y


Q

m2
. 17

2

2

2

This Q term is usually known as the quantum potential, and it
arises from the quantum nature of SFDM. Additionally, in
order to describe the properties and dynamics of SFDM halos,
some physical quantities are needed, such as the total mass and
total energy of the SFDM configuration, which can be
computed from the solution as follows:

∣ ∣ ( )ò y=M m d r, 18
V

2 3

and

∣ ∣ ∣ ∣ ( )
⎡
⎣⎢

⎤
⎦⎥ò y y=  + F


E

m

m
d r

2 2
. 19

V

2
2 2 3

Thus the total energy can be written as

( )= +E K W , 20

where

∣ ∣ ( )ò y= 


K
m

d r
2

21
V

2
2 3

is the total kinetic energy, and

∣ ∣ ( )ò y= FW
m

d r
2

22
V

2 3

is the total gravitational potential. These last expressions for the
energy contributions are related by the scalar virial theorem of
an isolated mass distribution, given by

( )+ =K W2 0. 23

3.2. Soliton Properties: Quantum Pressure versus Gravity

It is now accepted that at large timescales (structure-
formation timescales), the averaged density profile of cores
appearing in central regions of SFDM halos can be well fitted
by coherent, quasi-stationary, ground-state solutions of the SP
system. These kinds of solutions are obtained once we assume
a harmonic time dependence for the SFDM wave function ψ, or
from the hydrodynamic representation, once we assume
hydrostatic equilibrium ( ¯ ¯= = ¶ ¶y yv v t0 ). In the most-
studied case, the source of the Poisson equation is given only
by the scalar field density ρψ, in which a mass–radius relation

arises and is given by Membrado et al. (1989):

( )=


R
GM m

9.9 , 24
c

99

2

2

where R99 is the radius that contains 99% of the total mass Mc

of the soliton profile.
One of our goals in this section is to extend the mass–radius

relation for the soliton profile once non-SFDM contributions
are added to the system. Formally speaking, the SP system can
only be solved numerically. However, for the sake of
simplicity, it has been fitted with a functional form by Schive
et al. (2014a, 2014b), which turns out to be valid when SFDM
is the only contribution in the system (corresponding to the
wave-SFDM density profile shown in Table 1) and which is
based upon an empirical fit to the central region of simulated
SFDM halos; it also has been proposed to be approximated by
a Gaussian distribution (Chavanis 2011; Guzmán & Avilez
2018). The use of a Gaussian is motivated by the fact that
Gaussian “wave packets” not only appear in many contexts of a
linear Schrödinger equation, but it also constitutes a solution
for laboratory Bose–Einstein condensates; see, for example,
Baym & Pethick (1996). In this work, we adopt the second
option over the first given its better physical foundation and the
fact that it is easier to find physical relations of interest from it.
On the other hand, we decided to work with the Gaussian
solution instead of the numerical solution given that once we
consider more matter elements in the system, the numerical
solution would be restricted to the distribution that we adopt for
such extra matter elements. However, we will see later that the
Gaussian ansatz will allow us to find general relationships
without the need to adopt some profile for these extra elements
of matter. Of course, the real solution must be the numerical
one. However, it has been shown that this Gaussian ansatz can
reproduce very well several of the results that have been found
numerically for SFDM-only solitons, even if a self-interaction
term is added to the system, a central black hole, or even if it is
compared with results coming from general relativity, differing
from these results only in the numerical factors that accompany
each quantity, this discrepancy being in almost all cases∼O(1)
(for a better understanding of the latter, we encourage the
reader to refer to Chavanis 2011, 2020; Padilla et al. 2020).
Thanks to these virtues of this Gaussian ansatz, we decided to
proceed to work with it, accepting perhaps losing a bit of
precision in the determination of the free parameters of the
model (there should be discrepancies of the order∼O(1) in this
determination), but acquiring the possibility of being able to
describe in a simple way everything related to the soliton
profile in the SFDM model.
The density profile for the soliton with the Gaussian ansatz is

given by

( )
( )

( )r
p

= -r
M

R
e , 25c

c

c

r R
2 3 2

c
2 2

where the subindex c stands for the “core” quantities, and Rc is
a characteristic radius of the soliton profile, which is related to
R99 as R99; 2.38167Rc. To achieve our purpose, we shall use
the hydrodynamic representation of the SP equations. As we
discussed previously, the soliton can be understood as a
solution of the SP system in its hydrodynamic representation
(16a) in the hydrostatic approximation:

( ) = -FQ , 26
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( )
r¶

¶
=y

t
0. 27

The second equation above follows from demanding hydro-
static equilibrium, while the first one reveals the physical
process responsible for the formation of these solitons: in the
free-field limit, they result from the balance between the
attractive gravity (∇Φ term) and the repulsion due to the
uncertainty principle (∇Q term). Notice that in Equation (26)
the total gravitational potential Φ includes all of the contribu-
tions corresponding to all of the matter elements in the system.
Consequently, the soliton profile that results in this more
general case arises from the balance between the attraction due
to the gravitational force produced by all of the matter elements
and the repulsion provoked by the quantum nature of the
SFDM particles.

After spherical symmetry is imposed, the gravitational force
∇Φ can be calculated exactly as follows:

( ) ( ) ( )F =r
GM r

r
, 28t

2

where Mt(r) is the total mass (scalar field and extra
constituents) enclosed inside a radius r. On the other hand,
by using the Gaussian ansatz (25), we get

( ) ( ) = -


Q r
m

r

R
. 29

c

2

2 4

Using these last two expressions in (26) with r= Rc, we finally
get the extended mass–radius relation

( )
( )=

<


R
GM r R m

, 30c
t c

2

2

which in terms of the radius that contains 99% of the mass Mc

of the Gaussian ansatz reads as

( )=


R R
GM m

2.38167 32.17 . 31c
c
t99

2

2

In the last equation, we have introduced ( ) º <M M r Rc
t

t 99

( )+ <M M r Rc ext 99 and Mext(r), which corresponds to the
mass enclosed within radius r corresponding to the extra matter
constituents. Observe that the extended mass–radius relation
differs from the SFDM-only exact numerical mass–radius
relation (24) for M Mc

t
c by a factor of ∼3.2. Nevertheless,

this discrepancy is expected because we adopted an approx-
imate solution to derive it. Although there is a discrepancy
between the relations, given that the ratio of both of them is O
(1), within the context of our approximation the properties of
solitons are quite similar compared to the exact SFDM-only
case. Then, we assume that the above expression should also
maintain the properties of solitons when more matter
constituents are included in the total system.

On the other hand, the Gaussian ansatz (25) leads us to some
other relations that will be relevant for this work. Notice that
from the last equation and (25) we obtain

( ) ( )
⎡
⎣⎢

⎤
⎦⎥m

p
= - <y


R Gm R

M r R
1

13.507 , 32
c c

3 2 2

2

2 ext 99

where we have defined a new surface-density parameter given
by

( )m r
p

º =y R
M

R
. 33s c

c

c
3 2 2

This definition can be simply translated into the one we
reviewed in Section 2.2 (specifically Equation (8)) by noticing
that rs= R99/3.77= 2.38167Rc/3.77 (see next section). We
shall deal with this result in more detail in Section 4.1.
However, at this point, it is interesting to observe that μψ

maintains the same functional form as Equation (11) in the
limit Mext(r< R99)= 0.

3.3. Extending the Core–Halo Mass Relation by Including the
Baryonic Contribution

Nowadays, our best understanding of a galaxy halo made up
of an SFDM candidate can be well described by the results
obtained in Schive et al. (2014a, 2014b). From these works, the
averaged density profiles of halos made of only SFDM
particles and at cosmological redshift z= 0 can be well
approximated by a spherical core–envelope structure, in which
a central core transitions at a certain radius to an “NFW-like”
halo envelope. In that work, it was also realized that a core–
halo mass relation exists, which in fiducial units reads as10

( ) ´M
M

m
0.504 10 , 34s

h
,7

2 ,12
1 3

22

whereMs,7≡Ms/(10
7Me), andMs is the mass contained within

radius

( )= ´ - -r M m1.6 10 pc, 35s h
2

,12
1 3

22
1

defined as the radius at which the density of the central core
drops by a factor of one-half from its value at r= 0, and it is
related to R99 as R99; 3.77 · rs, Mh,12≡Mh/(10

12Me), where
subindex h stands for “halo”; in this case, Mh is the total mass
of an SFDM halo arising from SFDM-only simulations. The
core–halo mass relation can be expressed more conveniently in
terms of quantities measured at R99 instead of rs, as done by
Bar et al. (2018) as follows:

( ) ´M
M

m
1.4 10 , 36c

h
,7

2 ,12
1 3

22

with Mc,7≡Mc/(10
7Me). Then, the SFDM-only simulations for

galaxy structures predict that, for a particular value of the halo
mass Mh,12, there should exist a central soliton with a unique
core mass Ms,7 (or equivalently Mc,7). This soliton may
importantly determine the dynamics in bulges of large galaxies,
and they would help to reproduce almost all of the total DM
halos in small dSphs. Additionally, the core–halo mass relation
(36) predicts the minimum mass of a galactic halo within this
model (i.e., when Mh=Mc). When the fiducial values (12) for
the mass parameter are used, the model predicts a minimum halo

10 In fact, a different core–halo mass relation has also been reported in Mocz
et al. (2017), in which the authors found that galaxies should harbor a more
massive soliton. This last result was found by means of noncosmological, fully
virialized settings. However, in this work, we decided to work with the results
of Schive et al. (2014a, 2014b) given that these are more conservative for our
purposes.
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mass of ( ) ´ - ´M M1.29 10 4.293 10h
min 6 8 . Addition-

ally, if the mass–radius relation (24) is taken into account, the
whole halo should have a total size of Rh; (4.71−32.55) kpc.
Interestingly, these low-mass and very large galaxies are a
prediction for the SFDM model, which recently appears to be
observed more and more in the universe. Some examples of
these galaxies are the recent discovery Antlia I (Torrealba et al.
2019), Crater II (Torrealba et al. 2016; Caldwell et al. 2017), and
other large dSph galaxies in orbit around Andromeda (Collins
et al. 2013). Particularly, Broadhurst et al. (2020) tested the
SFDM and obtained that a candidate with a mass of m22∼ 1.1 is
able to correctly fit the observations coming from Antlia I.

As we mentioned already, the core–halo mass relation was not
anticipated by previous works. However, there have been several
attempts to understand the physical meaning of it in an a posteriori
manner. On one hand, some authors (Mocz et al. 2017; Chavanis
2020, 2019) have noticed that the above core–halo mass relation
could be explained by assuming that the characteristic circular
velocity at the core radius is roughly the same order as that at the
halo radius (“velocity dispersion tracing”), implying that

( )~  ~v v
GM

R

GM

R
. 37c h

c

c

h

h

As explained in Davies & Mocz (2020), the meaning of the
above relation is that the size of the soliton matches the de
Broglie wavelength of the velocity dispersion σ of the halo.
This equality is predicted from thermodynamics equilibrium
arguments from kinetic theory by equating vc∼ vh∼ σ2 with
the gravitational “temperature” between the soliton and the
halo. On the other hand, in Bar et al. (2018), it was realized that
the core–halo mass relation could be also understood as that the
specific energy for the isolated central soliton and the total halo
are the same, that is, that the condition

∣ ∣ ∣ ∣ ( )E

M

E

M
38c

c

h

h

applies, where Ec (Eh) is the total energy of the soliton (halo),
and can be calculated with Equation (19). Observe that, from
the virial theorem (23), the above condition also implies the
consequence

( )K

M

K

M
, 39c

c

h

h

where, similarly, Kc (Kh) is the total kinetic energy of the
soliton (halo) and can be calculated with Equation (21). An
interesting feature of the last equations that is pointed out in a
recent work (Bar et al. 2019) is that the last relation (39) is
more physically meaningful for explaining the core–halo
properties of systems than Equation (38), since they mention
that relation (38) only applies when the quantities of an isolated
soliton are compared and that such a relation should not really
hold in the complete core–halo system, whereas Equation (39)
should still hold.11

Our second goal in this section is to extend the core–halo
mass relation once more matter elements are incorporated
into the system; that is, we are interested in finding the
way in which the gravitational effects due to these extra
elements of matter should affect Equation (34; or equivalently
Equation (36)). It is worth mentioning that so far the way in
which baryons or other matter contributions affect the structure
of virialized halos within the SFDM model is not fully
understood, although some analytical or simplified numerical
settings have been proposed. For example, in Bar et al.
(2018, 2019), the SFDM model was studied in the presence of
baryons by assuming that Equation (38) or (39) continues to
valid. In a similar way, Chavanis (2020) proposed to extend the
core–halo mass relation once the presence of an SMBH was
included and assuming that Equation (37) is still valid for the
complete system. Nevertheless, by virtue of the previous
studies mentioned above, it is reasonable to assume that halos
in the presence of more matter contents still hold a core–
envelope structure, fulfilling one of the previous relations. In
fact, Veltmaat et al. (2020; see also Chan et al. 2018) studied
the halo formation of SFDM including baryons and star
formation, obtaining that this core–halo structure is maintained,
although when they tried to prove if a relation of the form (39)
still applied to the final halo formed, they found that there were
some small deviations (up to an order of ∼2) in which the
equality in (39) was not fulfilled. However, despite the
simplicity of our assumption, it may bring up some insights
that may be useful in describing in a more precise way the
structure of halos in this more general regime and in figuring
out possible scaling relations between different parts of this
structure (as happens in the SFDM-only case). Then, in this
section, we are interested in extending the core–halo mass
relation for the SFDM once more matter constituents are added
to the model and assuming that Equation (37), (38), or (39) is
valid. In fact, it is not difficult to realize that all three relations
are the same, even when more matter components are added to
the complete system. We can reach such a conclusion by
observing that by using the virial theorem (23) in (38) and (39),
the following relation can be obtained:

∣ ∣ ∣ ∣ ( )=
W

M

W

M
, 40c

c

h

h

where, as before, Wc (Wh) is the total gravitational potential
energy for the soliton (halo) and can be calculated using
Equation (22). Second, the gravitational energy contributions in
this equation can be expressed as

∣ ∣ ( )~ =W
GM M

R
i c h, , . 41i

i i
t

i

By plugging the last relation into (40), it turns into

( )~
GM

R

GM

R
, 42c

t

c

h
t

h

where Mh
t is the total mass of the whole galactic system

(SFDM, baryons, SMBH, and so on). Clearly, the last relation
results from the assumption that the core and halo circular
velocities are roughly equal even if extra matter sources are
added to the galactic system. Or, in other words, the previous
relation should imply that the coupled complete system of halo,
soliton, and extra matter constituents should thermodynami-
cally reestablish, from the kinetic theory arguments, the above

11 We recommend to readers that if they want to delve further into this
discussion, refer to Bar et al. (2019). For the purposes we are interested in, this
is not really important as we will show that all three relationships reduce to the
same. This does not happen when other kinds of extra contributions are
incorporated into the system, as is the case of a self-interaction term between
particles (see, for example, Padilla et al. 2020).

9

The Astrophysical Journal, 909:162 (16pp), 2021 March 10 Padilla et al.



new relation such that, again, the size of the soliton still
matches the de Broglie wavelength of the velocity dispersion σ

of the halo. In this work, to achieve our purpose, we shall
assume that the above expression is the one that is valid for
explaining our extension.12 In fact, we shall use the relation

( )GM

R
a

GM

R
, 43c

t
h
t

h99

with a a constant of order O(1) that will be fixed once
compared with numerical simulations. This parameter a can be
seen from the description that we have followed until now, for
example, as a parameter that absorbs the errors that are added
for our approximated Gaussian solution used to describe the
soliton profile.13

Let us now extend our core–halo mass relation by including the
effects of more matter contributions in the complete system. We
can use the definition of the radius of the total galaxy of Rh=R200,
where R200 is the radius at which the mean density inside such
radius ρ200 is 200 times higher than the background density of the
universe. This relation implies that pr=M R4 3h

t
h200
3 . If we

replace this expression in (43) and use the extended mass–radius
relation (31), we finally arrive at

( ) ( )⎜ ⎟⎛
⎝

⎞
⎠ p r 

M
a

Gm
M

4

3

32.2
, 44c

t
h
t

1 6
200
1 3 2

2
1 3

which can be also expressed in fiducial units as

( )
( )

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
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r
´ -

M
a

M

M

m8.7 10 pc
140 . 45c

t h
t

,7

3
200
8 3

1 6
,12

1 3

22

For the sake of consistency, the last expression must
coincide with the core–halo mass relation (36) in the SFDM-
only limit, that is, when M Mi

t
i. In that limit, the condition

a3ρ200= 8.651× 10−8Me/pc
3 should be fulfilled.14 After

taking into consideration the previous arguments, the final
extended core–halo mass relation that turns out to be valid
when more matter constituents are added to SFDM reads as

( )
( ) ´M

M

m
1.4 10 . 46c

t h
t

,7
2 ,12

1 3

22

This relation together with the extended mass–radius relation
(31) leads to a characteristic core radius given by

( ) ( )º ´ - -r
R

M m
3.77

5.21 10 pc. 47s h
t99 2
,12

1 3
22

1

Clearly, the discrepancy of the last relation between the core
radius and Equation (35) in the SFDM-only limit is due to the
Gaussian approximation used here. Since we aim to elucidate
some general predictions within the SFDM model arising from

Equation (47), it is enough to assume that the last two relations
roughly describe the core–halo mass scaling within the SFDM
model.
It is interesting that the extended core–halo mass relations

(46) and (47) have the same functional form as the core–halo
mass relations (36) and (35), although they lead to different
consequences. On one hand, both expressions imply that all
galaxies have a central core with characteristic radii rs that
systematically depend on the total mass of the galactic system.
On the other hand, according to the extension derived here, the
amount of SFDM within this radius would be affected by the
presence of extra matter constituents because the total mass is
the one that scales with rs. Therefore,

( )
( ) ´ -M

M

m
M1.4 10 , 48c

h
t

,7
2 ,12

1 3

22
ext,7

where we have defined Mext,7≡Mext(r< R99)/(10
7Me). More-

over, our extension predicts that, once the total halo mass Mh
t
,12

is given, the amount of SFDM in the galactic central region has
to be smaller than that predicted in the SFDM-only simulations
owing to the contribution of extra matter components. It should
be stressed that a further analysis is needed in order to verify in
a more precise way these scaling relations within the
cosmological context because full-numerical cosmological
simulations of structure formation are still lacking. Never-
theless, despite their simplicity, they bring some insight into
more realistic systems. For instance, it is intriguing that our
humble result is able to predict a small amount of SFDM in
galactic nuclei of large galaxies, which turns out to be in
accordance with the fact that large galaxies typically contain a
large amount of baryons in their centers. This point will be
further explored in the next section, where we shall show that
this realization is in accordance with the observations and
results of McGaugh when applied to the SFDM context.

4. Consequences in the SFDM from the McGaugh
Correlation Function

4.1. General Considerations

In this section, our goal is to compare the SFDM model against
the McGaugh observational correlations described in Section 2.1,
but now with our new extended relations. Afterward, we shall
extend the results we obtained in Section 2.2 beyond the scope of
dSphs. With that purpose, we shall focus on the central region of
SFDM halos, where presumably the soliton/core is located (see,
for example, Veltmaat et al. 2020; Chan et al. 2018). Such a
selection is done in order to remain in accordance with the
semianalytical results discussed in Section 3.3, which are to be
verified and specified once cosmological simulations with baryons
are carried out.
From the definition of the observed acceleration ∇Φ(r)= gobs,

together with Equation (26), the following interesting relation for
gobs arises:

( )= -g Q. 49obs

This suggests that the quantum potential is intimately related to
the acceleration observed in stars in the center of SFDM halos.
Additionally, the acceleration produced by the SFDM in the

12 There is also a physical support to consider that the above expression is the
one that is valid when there are more matter contributions: given the fact that
DM interacts only gravitationally with the rest of the matter, it would allow us
to suppose that the extension once more matter elements are considered would
be to change quantities where the mass of the SFDM structures appears for the
total mass (SFDM structure plus contributions of the other matter elements in
the system).
13 More generally but not considered in this work, this parameter could have
specific information on how DM interacts with baryons, and then it should not
necessarily be a constant.
14 If we take the present time mean density of the universe, ρb =
1.5 × 10−7Me/pc

3, we obtain that a ; 0.66.
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soliton can be recast using the Gaussian ansatz, leading to

( ( ) ) ( )
⎡
⎣⎢

⎤
⎦⎥p m p= -y y

-g G
x

Erf x xe4
1

4
2 , 50x

2

2

where Erf (x) denotes the error function and x≡ r/Rc. The
acceleration produced by the soliton profile turns out to be
maximum at

( )


m
´y

y-
-

g
M

3.34 10
pc

m

s
. 51,max

11
2 2

Thus, notice that the maximum possible acceleration of SFDM
particles at the galactic center only depends on the value of the
surface density parameter μψ, as anticipated in Section 2.1
(Equation (9) and the discussion that follows from it).
Furthermore, in that same section (Equation (4)), it was
realized that the maximum acceleration produced by any
candidate particle of DM satisfies †=g g0.65h,max . If we match
this value with that corresponding to the soliton (this last
condition holds at least for dSphs, where the whole halo
corresponds only to a soliton), we obtain (from Equation (9))

( ) m ´y
M

2.33 10
pc

. 522
2

It is important to stress that this result is valid for galaxies
where a maximum possible acceleration produced by the
SFDM particles occurs inside the soliton region; it does not
matter whether this acceleration takes the maximum value in
other parts of the halo as long it occurs at least once inside the
core. In addition, as mentioned in the introduction of this paper,
a host of observations (Salucci & Burkert 2000; Spano et al.
2008; Donato et al. 2009; Burkert 2015) suggest that the
surface density appears to be constant for any type of galaxy.
The previous argument together with this observational
realization imply that the maximum acceleration in SFDM
solitons and that inferred from the observations of McGaugh
et al. must be always equal. In other words, independent of the
amount of extra matter constituents contained in the central
region of galaxies, we must have from the McGaugh results (3)
that μψ must be a constant quantity in all galaxies and that the
maximum possible acceleration produced by the SFDM
happens inside the soliton region. If this were not the case,
we would have that μψ would decrease. Thus, Equation (52)
represents also the maximum possible value of the surface
density within this model.

Let us study more closely Equation (52). First of all, observe
that (52) implies from Equation (33) a condition for the soliton
mass Mc,7 in terms of the characteristic radius size Rc:

( )
⎛
⎝⎜

⎞
⎠⎟= ´ -M

R
1.298 10

pc
. 53c

c
,7

4
2

Besides, by using (52) and (32), in fiducial units, we get

( )
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥ -

-
-R

m M
R1.12

10 pc

8.66

10 pc
. 54c c

9

3

22
2

6 ext,7

In a similar way, by plugging the extended mass–radius
relation (31) into (33) and then into (52), we obtain

( ) ( ) ´
M M

m

1.636 10
. 55c c

t
,7 ,7

2
5

22
4

It is not difficult to realize that these last three relationships
must also be fulfilled by those galaxies that do not necessarily
fulfill the McGaugh et al. results but that do maintain the same
constant value of the surface density for this model.
For the results presented in this section to be valid, a

necessary condition that must be met is that in the limit where
all extra matter elements can be ignored in the system, we
should reproduce all of the results presented in Section 2.2 for
the SFDM model. Notice that when Mext,7=Mc,7, which
would apply for typical dSphs, the above two expressions lead
to

( )
⎛
⎝⎜

⎞
⎠⎟  ´
-

- -R
m

pc
1.12 10 56ac

3

22
2 9

and

( )
⎛
⎝⎜

⎞
⎠⎟ ´

M
m

1.636 10
. 56bc,7

5

22
4

1 3

The last two expressions imply that halos of these kind of
galaxies have a central soliton with nearly the same radius and
mass (with very small deviations due to the baryonic
contribution). Consequently, the value of the total mass
enclosed within a given radius must be nearly a constant. This
conclusion is similar to that obtained in Section 2.2 derived
from SFDM-only simulations, which gives us confidence in the
results obtained from these more general relations (54) and
(55). Even more, the dependence of the SFDM particle mass
and the core radius (see Equations (11) and (56a)) remains
quite similar. As expected, the numerical values involved are
different because the last two equations were obtained from the
Gaussian ansatz. For completeness and consistency, we
estimate the value of the SFDM mass parameter following
the same prescription used to derive Equation (12) but using
results derived from the Gaussian ansatz:

( ) m m0.55 and 23.31. 5722 22

Of course, as we already discussed, these mass parameters must
be refined once we directly compare this model with the data
coming from dSphs of the Milky Way. Observe that although
these parameters involve slightly different numerical values
than the ones obtained in Equation (12), neither differs too
much, which proves that our approximation turns out to be very
good. For consistency in description in this section, we will
now move on to treating the previous mass parameters as our
new fiducial parameters for the model, similar to what we
previously did with the parameters in Equation (12).
It is not difficult to realize that the conclusion of the

existence of a core with universal mass and core–radius values
may not hold for all types of galaxies because, in the most
general constraints (54) and (55), both quantities depend on the
amount of other components different from SFDM contained
within the soliton region. We show this dependency in
Figure 4, where we plotted the variation of Mc,7 (top), Rc
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(middle), and ¯ ( )r º M Rc c c,7
3 (bottom) in terms of the mass

Mext,7 contained within the soliton region for three different
values of m22= 0.55, 1, 23.31. As expected and as we can
observe from the figure, when Mext,7 is small, Rc and Mc,7

remain approximately constant and equal to Equations (56a)
and (56b); as a result, r̄c remains constant as well. As Mext,7

begins to grow, the characteristic radius Rc must begin to
decrease in order to fulfill Equation (54), which would agree

with assuming that the contribution of extra matter elements in
the central region of galaxies would tend to compress the
central soliton in galaxies. Since Equation (53) must be fulfilled
as well, this implies that Mc,7 (r̄c) should start decreasing
(increasing) as well. Particularly, the mass at which the mass
produced by extra contributions equals the soliton mass

 M M M2c
t

cext,7 ,7 ,7 is

( )
⎛
⎝⎜

⎞
⎠⎟ ´

M
m

3.272 10
, 58c

t
,7

5

22
4

1 3

or equivalently

( )
⎛
⎝⎜

⎞
⎠⎟  ´

M M
m

4.09 10
, 59ac,7 ext,7

4

22
4

1 3

with a characteristic core radius:

( ) ´
R

m

5.152 10
pc. 59bc

2

22
2 3

If we use the fiducial limited masses in (57), these last two
quantities result:

( ) M M76.458, and 0.517, 60c c,7 ,7

with the characteristic core radius

( ) R R767.49 pc, and 63.13 pc. 61c c

Then, for such galaxies with a mass Mext,7 equal to or larger
than Equation (59a) within radius (59b) or smaller, it must be
expected that the central region in galaxies should be
dominated by these extra contributions. Finally, for a particular
mass Mext,7, which is given by

⎛
⎝⎜

⎞
⎠⎟-m M

R8.66

10 pc
,c

22
2

6 ext,7

Rc and Mc,7 decay abruptly to zero. This relation implies that
for such galaxies that fulfill the above condition, they must not
have a soliton/core in their center.
We have to stress that, until now, we have not used our

extended core–halo mass relation (46), and then these results
are general as long as it is assumed that in the central region of
galaxies there should exist a solitonic core described by the
minimum-energy, coherent, quasi-stationary solution of the SP
system. However, very intriguing is the fact that in our
extension (46) as well as in the consequences of the McGaugh
results (55) we would have that the mass of the core would be
diminished as long as the mass contribution of other matter
components increases, a result that is expected to occur in the
most massive galaxies but that is not obtained in SFDM-only
simulations15 (see the core–halo mass relation (36)). In fact, if
we replace our extended core–halo mass relation (46) in (55),
we must have that

( ) ( ) -M
m

M
5.266

. 62c h
t

,7
22
2 ,12

2 3

We show in Figure 5 Mc,7 as a function of Mh
t
,12 for the same

mass parameters we used in Figure 4. Observe that we have

Figure 4. Top: Mc,7, middle: Rc, and bottom: r̄ º M Rc c c,7
3 as a function of

Mext,7 for three different values of the SFDM particle mass.

15 In fact, in SFDM-only simulations, exactly the opposite consequence is
expected. Then the results coming from SFDM-only simulations are in
disagreement with the McGaugh et al. results.
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also plotted the mass at which the mass of the central core
equals the mass of the extra matter constituents, that is, when

( ) ´ -
M

m

1.782 10
. 63h

t
,12

1

22

Of course, as we already mentioned, the results obtained from
our extension should be refined by means of cosmological
simulations of galaxy formation in the presence of more matter
constituents in the complete system. However, observe that this
description also implies a characteristic halo mass at which the
central region of galaxies must start to be dominated by extra
matter contributions. Additionally, we can also see that this
description can also alleviate the claim that the SFDM model is
not capable of reproducing profiles with constant central
surface density.

4.2. Constraining the SFDM Mass Parameter from
Observational Evidence

In this section, we are interested in confronting all of the
conclusions that we have obtained until now. It is clear that our
results should correctly describe typical dSphs. However, our
intention here is to show the predictive ability that the SFDM
model would have, and then, for our purpose, we decided to
use data from another kind of source. Particularly, in order to
constrain its mass parameter m22, we decided to use
observational data from the MW galaxy, which is a spiral
galaxy like those that are well known to meet McGaugh’s
relationship, and follow the same treatment of the contributions
of matter in the MW as in Maleki et al. (2020). The procedure
we take in this section is then the following. First, we fit the
rotation curves for stars in the MW once we assume the galactic
halo is a central soliton, described by the Gaussian ansatz, and
an NFW-like envelope structure. For this, the only constraint
we took in the halo made of SFDM was to impose continuity at
the match point between the soliton and the NFW exterior.
Posteriorly, by assuming that the McGaugh observational
correlation that led us to Equation (55) is valid, we found the
value of m22 that should match that result. That is, we can

assume that μψ has the value shown in Equation (52), coming
from the McGaugh results. In such case, Equation (55) should
hold, and from there we can find the value of m22 (shown in
Equation (74)). Finally, we tested (62) with our results, which
would end up being our most restrictive relationship because it
assumes that Equation (55) is valid, as well as our core–halo
extension. With this equation, we find the value of the mass of
the SFDM (75) that would fulfill this relationship. Given our
procedure, let us present each of the steps mentioned above in
more detail.
We model the MW by considering a stellar disk, a central

bulge, a DM halo, and a central SMBH. As explained in Maleki
et al. (2020), in reality, the system is more complicated because it
contains more contributions, as is the case of the arms and bars of
the galaxy, but these features can be considered as second-order
terms without considerable effects (Sofue 2017, 2013). With all
these components, the total circular velocity of a particle at radius
r can be expressed as

( ) ( ) ( ) ( ) ( ) ( )= + + +v r v r v r v r v r , 64h d b
2 2

BH
2 2

where the subscripts (h, BH, d, b) stand for halo, black hole,
disk, and bulge, respectively.
The black hole. This can be modeled as a point-like object in

the galaxy center. The circular velocity of a particle at radius r
due to the SMBH is

( )=v
GM

r
, 65BH

BH

where MBH is the mass of the SMBH.
The galactic disk. The disk is modeled with a razor-thin

exponential surface mass density of the form

( ) ( )rS = S r-e , 66d
a

0 d

where ad is the disk scale length and ρ the cylindrical
coordinate. The surface density at ρ= 0, Σ0, is linked to the
total mass of the disk Md as p= SM a2d d0

2. As derived from
Freeman (1970), the circular velocity due to this density profile
is

( )⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝⎜

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞
⎠⎟= -v

GM y

a
I

y
K

y
I

y
K

y

2 2 2 2 2
. 67d

d
2

0 0 1 1

Here, In and Kn are the modified Bessel functions of the first
and second kind, respectively, and y≡ r/ad.
The bulge. This is modeled by de Vaucouleurs’s suggestion

(de Vaucouleurs 1958; Sofue et al. 2009), in which the bulge
can be expressed as an exponential density of the form

( ) ( )r r= -r e , 68b
r a

0
b

where ab is the bulge scale length and the central density ρ0 is
linked to the total mass of the bulge Mb as ( )r p= M a8b d0

3 .
The respective circular velocity due to this profile is

( )
⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟= - + + -v

GM

r

r

a

r

a
e1 1

2
. 69b

b

b b

r a
2

2
b

It is well known that this profile is not able to explain the MW’s
rotation curve in the central region, and then the existence of a
second bulge is usually assumed, necessary to correctly match
the observational data. However, as shown in Maleki et al.
(2020), it is not necessary to introduce this second bulge

Figure 5. Mc,7 as a function of Mh
t
,12 coming from Equation (62) for three

different values of the SFDM particle mass. The red stars show the points
where the mass of the central core is equal to the mass of the extra matter
constituents.
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because it can be explained by the presence of the central
soliton present in the SFDM model. Therefore, in this section
we adopt working in this way.

The halo. We assume the DM halo as a Gaussian core with a
density defined as in Equation (25) with an NFW-envelope
exterior:

( )
( ) ( )r

r
=

+
r

1
, 70sN

r

r

r

r

NFW 2

sN sN

where rsN and rsN are the NFW characteristic density and
radius, respectively. Then, the total density of such a halo can
be written as

( ) ( ) ( ) ( ) ( ) ( )r q r q r= - + -r r r r r r r 71e c e NFW

where θ is the Heaviside function and re is the radius where the
transition from soliton core to NFW envelope occurs. If we
demand the density be continuous at the transition radius,
ρc(re)= ρNFW(re), we can reduce by one the number of
parameters by expressing rsN in terms of the rest of the
parameters as

( )
⎛
⎝⎜

⎞
⎠⎟r

p
= +-M

R
e

r

r

r

r
1 . 72sN

c

c

e

sN

e

sN
3 2 3

2re

Rc

2

2

The DM mass enclosed at radius r is

( ) ( ) ( ) ( ) ( )
( )( ( ) ( ))

q q
q

= - + -
+ - -

M r r r M r r r f r
r r M r M r

h e e e

e e

core

NFW NFW

where we have defined
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From Mh, we can find the circular velocity of a particle at
radius r due to the DM halo:

( ) ( )=v r
GM

r
. 73h

h

Summarizing, for this model we have a total of nine parameters
to fit, namely ( )R M r r M a M a M, , , , , , , ,c c e sN d d b b BH . We fit the
rotation curve data of Sofue (2013) using the Markov Chain
Monte Carlo (MCMC) method, sampling the parameter space

from uniform priors in the range shown in Table 2 (for a review of
parameter inference with MCMC techniques, see Padilla et al.
2019).
The posterior parameters and the 1σ and 2σ confidence

levels are calculated using the Lmfit and Emcee Python
packages, and they are shown also in Table 2. Additionally, the
fit of the rotation curves of the MW with our estimated
parameters is shown in Figure 6, and the posterior distribution
trace plots are shown in Figure 7.
Once we have the best parameters for our model, we can test

if Equation (55) holds. We calculate the values of Mc,7 and
Mc

t
,7, and we obtain from Equation (55) the value that the mass

of the SFDM candidate should have to fulfill such condition:

( )= m 5.49 5.10. 7422

If finally we assume relation (62) holds, then we obtain

( )= m 1.41 1.07. 7522

Observe that these two mass parameters agree with each other.
Additionally, they agree with our fiducial region of parameters.
Even more important, if we compare with the constraints
previously reported for the model, coming from other types of
observations (see the penultimate paragraph of Section 2), we
can see that our results also agree with most of them.

5. Conclusions

In this work, we consider a Gaussian profile as an
approximate solution of the Schrödinger–Poisson system, and
then we assume that at distances of the size of the core, the
components of matter can be considered spherically symme-
trical. Using this approximation, we present an extension of the
mass–radius relation by taking into consideration extra matter
constituents of the galaxy, such as baryonic matter and a central
SMBH. With this relation and the result of a constant central
surface DM density arising from the McGaugh radial
acceleration relation, we derived a constraint for the SFDM
mass parameter, given by m= (5.49± 5.10)× 10−22eV/c2.
The method we use to compute this estimate was the following.
First, by using an MCMC method, we determine the
parameters that provide the best fit to the data of the circular
velocity of stars at radii from a few parsecs to almost hundreds
of kiloparsecs from the center of the Milky Way. Second, we
use those parameters to calculate the total mass enclosed at a

Table 2
Priors, Mean Value, and 1σ and 2σ Spread of the Parameters of the MCMC

Fitting of the Milky Way

Parameter Prior Mean 1σ 2σ
(1) (2) (3) (4) (5)

Rc (pc) [1,100] 8.83 1.61 3.54
Mc (10

7Me) [1,50] 4.99 0.73 1.51
re (pc) [10,50] 23.24 4.00 8.68
rsN (kpc) [1,15] 5.55 3.28 6.10
Md (10

10Me) [0.001,30] 3.81 1.24 2.80
ad (kpc) [0.1, 10] 3.25 0.68 1.78
Mb (10

7Me) [100,1500] 887.13 49.48 89.92
ab (kpc) [0.05,0.5] 0.13 0.006 0.01
MBH (106Me) [1,10] 3.86 0.35 0.70

Figure 6.Milky Way rotation curve. The blue continuous line is the MCMC fit
to the data, and the shaded region represents a 2σ spread of the fit parameters.
The contributions of the disk, bulge, SFDM halo, and central SMBH are also
shown separately. The vertical lines from left to right correspond to the values
of Rc, re, and rsN, respectively. Data with error bars are from Sofue (2013).
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radius R99, and finally, from there and Equation (55), we
obtained m.

In the same way, by using the Gaussian approximation for
the density profile of a soliton and assuming that the circular
velocities at the core and at the halo are roughly the same, we
could also extend the core–halo mass relation for the case when
extra matter constituents are taken into consideration. Thus,
applying our extension to our result of a constant central
surface DM, we obtained our more restrictive conclusion given
by Equation (62). When we compare Equation (62) with the
constrictions coming from the MW, we obtain an estimate for
the particle mass of m= (1.41± 1.07)× 10−22eV/c2.

Taking into account both previous results, we obtain a mass
with an order of magnitude of 10−22eV/c2 as the most
preferred by observational data. Our final constrictions,
Equations (74) and (75), turn out to be consistent at 1σ with
each other and with most of the cosmological constraints. The
deviation of these two values could come from the approxima-
tions made to derive each of the relations, namely, the Gaussian
ansatz and the assumed spherical symmetry in the central
region of the galaxy or from nonthermal equilibrium between
the core and the halo. These results encourage further

numerical studies that take into account the baryonic contribu-
tions in the central regions of the galaxies.
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