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In recent years, the scalar field dark matter (SFDM), also called ultralight bosonic dark matter, has received
considerable attention due to the number of problems it might help to solve. Among these are the cusp-core
problem and the abundance of small structures of the standard cold dark matter (CDM) model. In this paper
we show that multi-state solutions of the low energy and weak gravitational field limit of field equations,
interpreted as galactic halo density profiles, can provide a possible explanation to the anisotropic distribution
of satellite galaxies observed in the Milky Way, M31 and Centaurus A, where satellites trajectories seem to
concentrate on planes close to the poles of the galaxies instead of following homogeneously distributed
trajectories. The core hypothesis is that multi-state solutions of the equations describing the dynamics of this
dark matter candidate, namely, the Gross-Pitaevskii-Poisson equations, with monopolar and dipolar
contributions, can possibly explain the anisotropy of satellite trajectories. In order to construct a proof of
concept, we study the trajectories of a number of test particles traveling on top of the gravitational potential
due to a multi-state halo with modes ð1; 0; 0Þ þ ð2; 1; 0Þ. The result is that particles accumulate
asymptotically in time on planes passing close to the poles. Satellite galaxies are not test particles but
interpreted as such, our results indicate that in the asymptotic time their trajectories do not distribute
isotropically, instead they prefer to have orbital poles accumulating near the equatorial plane of the multistate
halo. The concentration of orbital poles depends on whether the potential is monopolar or dipolar dominated.

DOI: 10.1103/PhysRevD.103.083535

I. INTRODUCTION

The standard model of cosmology ΛCDM assumes that
dark matter (DM) is made of particles that interact only
gravitationally and have low velocity dispersion, generi-
cally known as cold dark matter (CDM). The advances on
the knowledge of structure formation at large scales, the
distribution of DM and its comparison with the observed
distribution of structures, are in great degree possible due to
CDM simulations [1–3]. These simulations reveal that a
bottom-up hierarchical structure formation model holds
and that galactic and cluster structures clump to end with a
self-similar shape [1,4].
However, there are observations that are still puzzling to

understand in the CDM model [5]. These include the well-
known cusp-core problem [6] and the excess of substruc-
ture abundance [7,8]. More recently, it has been suggested
that satellite galaxies around the Milky Way (MW)

accumulate near the galactic poles in the vast polar structure
(VPOS)[9] (see also Fig. 6 in [10]). The motion of satellite
galaxies around M31 shows to be nonisotropic [11,12].
Moreover, CDM simulations predict that satellites hosted
by the Milky Way rarely display the observed coherence of
satellite positions and orbits [13].
Among the 50 satellites in the Local Group, 43 are

contained in four different planes [10,14], which is incon-
sistent with the isotropy predicted by simulations based on
CDM. Some possible explanations within the CDM frame
are still plausible. For instance, that there are more satellites
outside of the VPOS that are still too faint to be detected.
Other possibilities to explain the plane of satellites is that
interactions between gas and radiation might affect the
isotropy of the final distribution of satellites; or that the
Milky Way and M31 are atypical galaxies in which this
unexpected coherent distribution of dwarfs happens.
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Nevertheless, recently it has been reported that a set of
31 satellites in the constellation of Centaurus interacts
gravitationally with the elliptical galaxy Centaurus A and
displays a similar anisotropic alignment [15]. The proba-
bility of finding such anisotropic satellite distribution in
CDM simulations is less than 0.5% [15]. Noticing that there
are now three galaxies, Cen A, Milky Way and M31, of at
least two different types, all showing this anisotropy,
indicates the possible need of an explanation to the satellite
distributions based on different grounds.
One possible mechanism to break the isotropy of satellites

could come from the scalar field dark matter (SFDM) model.
This alternative model to CDM started at the end of the last
century (see for example [16,17]). The first systematic study
of this model began in [18], since then, this same model has
appeared under various names, like fuzzy dark matter [19],
quintessential dark matter [20], wave dark matter [21] and
more recently as ultralight dark matter [22]. The main idea of
the model assumes the dark matter is an ultralight spin-0
boson such that its associated de Broglie wavelength will be
of galactic scales, leading to quantum-like phenomena at the
scale of galaxies and larger. The first time the cosmology of
this model was analyzed was in [23], where the boson mass
is a parameter that determines the cutoff scale of the mass
power spectrum. It was then determined that the boson mass
had to be ultralight of order μ ∼ 10−22 eV=c2. With this
mass, the model could mimic the behavior of CDMmodel at
cosmological scales, having the same mass power spectrum
and the CMB spectrum [23,24].
The first essential difference with CDM was that the

SFDM model has a natural cutoff of the mass power
spectrum at small scales established by the boson mass,
which would be more consistent with the estimated amount
of satellites, unlike CDM which predicts a higher power at
those scales [23]. Another main difference is the central
density distribution in SFDM halos. As shown in previous
works [25–28], SFDM halos have inner flat density profiles
(cores) instead of cuspy density profiles as in ΛCDM. Later
on, in [29] numerical simulations with gas containing a
SFDM halo show appropriate rotation curves for LSB
galaxies, in [30] the spiral arms were generated resembling
real galaxies and [31] show that dwarf spheroidal galaxies
are also well modeled. Recent cosmological simulations of
the first galaxies in SFDM [32,33] reveal early-forming
cores in the dark matter, gas and stellar components.
Surviving structures show the expected central density
cores [34–36] resulting from the Heisenberg uncertainty
principle preventing cusps at galactic scales.
In this paper, we explore the possibility that multistate

configurations of bosonic equilibrium configurations, con-
sidered as DM halos, could explain the observations of
VPOS due to the anisotropy of the different density modes.
If a halo is a multistate configuration, there will be a
preferential direction where the mass concentration is
higher, or equivalently local minimums of the gravitational

potential that will influence the trajectories of particles and
structures within the halo. Consequently particles traveling
around will distribute in a nonisotropic manner, which
might eventually explain the coherent motion of satellite
galaxies in the MW, Andromeda and Centaurus A.
The paper is organized as follows. In Sec. II we describe

the multi-state configurations used to test our idea. In
Sec. III we show the test particles analysis on which we
base motion of satellites. In Sec. IV we present a set of
consistency checks of our methods. Finally in Sec. V we
discuss our results.

II. MULTISTATE CONFIGURATIONS

To explain the anisotropic distribution of satellites we
first assume the gravitational potential of the host-galaxy
halo is dominated by SFDM, whereas satellites are
assumed to behave as test particles orbiting around the
halo. Second, we assume the low energy and weak field
regimes to hold, which is valid in the galactic scale regime.
Third, under these conditions the resulting scalar field is the
order parameter of the Gross-Pitaevskii-Poisson system
(GPP) that rules the dynamics of a condensate of bosons in
coherent states Ψnlm, whose equations of motion are [37]

iℏ
∂Ψnlm

∂t ¼ −
ℏ2

2μ
∇2Ψnlm þ μVΨnlm; ð1aÞ

∇2V ¼ 4πGμ̂2c2
X
nlm

jΨnlmj2; ð1bÞ

where μ is the boson mass, c the speed of light, ℏ the
reduced Planck constant,G the gravitational constant and μ̂
is defined by μ̂≡ μc=ℏ.
Notice that the Compton length of the boson particle is

preciselyLC ¼ μ̂−1, which establishes the typical length scale
of the configurations. It is useful to fix units in terms of a
mass scale, for which we set μ̂−1 ¼ 0.1 pcð10−22 eV=μc2Þ.
Likewise, the typical timescale is given by TC ¼ LC=c ¼
ðμ̂cÞ−1, and then TC ¼ 3 yrð10−22 eV=μc2Þ.
The GPP system (1) is invariant under the scaling

property ft;x;Ψ; Vg → fλ−2t; λ−1x; λ2Ψ; λ2Vg, for any
real parameter λ (see e.g., [38]). Using this scaling property,
we find that appropriate galactic-size scales are obtained
assuming a boson mass of μc2 ¼ 10−25 eV, corresponding
to μ̂ ¼ 15.65=kpc, and λ ≃ 10−3. Unless explicitly stated,
hereafter the latter will be our fiducial values for the
physical examples studied below.1

1Such mass scale μc2 ¼ 10−25 eV is below the expected value
for SFDM models, see for instance [39] and references therein.
However, one cannot discard the existence of more SFDM, or
axion, species as playing different roles at galactic scales [40–42].
In this respect, the results reported here should be understood as a
guidance for more involved studies of galaxy dynamics under the
SFDM hypothesis.
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We now search for stationary solutions of multistate
wave functions of this system of equations. For this we
assume the wave function has the following expression in
spherical coordinates

Ψnlmðt; r; θ;φÞ ¼
e−iγnlmtffiffiffiffiffiffiffiffiffi
4πG

p rlψnlmðrÞYlmðθ;φÞ; ð2Þ

with γnlm an eigenfrequency obtained from a well-posed
eigenvalue problem as described in [37], and n ¼ 1; 2;…,
l ¼ 1; 2;…; n − 1 and m ¼ −1;−lþ 1;…; l − 1; l. If we
use V → Vc2, r → μ̂−1r and γnlm → μ̂cγnlm, together with
the scaling property mentioned above, then Eqs. (1)
becomes a fully dimensionless, scale-free, system for the
quantities ψnlm and V.
Following the recipe in [37], we construct stationary

solutions with the spherical and first dipolar contributions.
That is, we solve for the combination of statesΨ100 together
with Ψ210. The reasons for this choice are, first, that this is
the simplest non-spherically symmetric multi-state con-
figuration after the spherical equilibrium configuration with
(100)-mode only, second, the resulting two blobs associ-
ated to the dipolar (210)-mode are expected to pull test
particles toward the poles and third, in [37] a possible
mechanism for the formation of such structures has been
envisioned.
For our purposes, we use two workhorse examples. The

first one with a dominant dipolar contribution such that the
mass ratio between the spherical and dipolar masses is
M100=M210 ¼ 0.36, and has eigenfrequencies γ100 ¼ 1.8

and γ210 ¼ 1.42. The second one has a dominant spherical
contribution with M100=M210 ¼ 3, and eigenfrequencies
γ100 ¼ 0.84, γ210 ¼ 0.54. The mass scale of the configu-
rations is MC ¼ c2=ðGμ̂Þ ¼ 1012 M⊙ð10−22 eV=μc2Þ, and
then the physical mass of each multipolar contribution of a
configuration is obtained from λM100MC and λM210MC. In
the same manner, the physical eigenfrequencies are given
by λ2γ100=TC and λ2γ210=TC.
The mass density of these two configurations is shown in

Fig. 1, in terms of dimensionless and scale-free quantities.
These configurations will play the role of DM halos, whose
density distribution generates the dominant gravitational
potential of a galaxy. The main difference between the
two is the notorious presence of the dipole blobs in the
dipole-dominating configuration. We will illustrate differ-
ent scenarios using these two configurations, that we call
monopole-dominating and dipole-dominating configura-
tions respectively.

III. ANALYSIS OF TEST PARTICLE
TRAJECTORIES

Satellite galaxies are not test particles, however the
motion of test particles can indicate where the nondomi-
nating structures within a galactic potential accumulate
with a certain likelihood. This is why we now study the
motion of test particles within the gravitational potential
VðxÞ of Eq. (1)for the multistate host halo.
To study the effects of the multi-state configuration

density on test particles, for instance, where these particles
would accumulate in the asymptotic time, we integrate the

FIG. 1. Density distribution of two different multi-state configurations with states 100 and 210. The configuration on the left is a
monopole-dominant configuration with mass ratio between states of M100=M210 ¼ 3. The one on the right is a dipole-dominating
configuration such that the mass ratio between the spherical and dipolar contributions isM100=M210 ¼ 0.36. At the top of each panel we
show the projection of the multistate configuration density jΨ100j2 þ jΨ210j2 on the xz-plane in dimensionless units, whereas at the
bottom we show the projection of jΨ100j2 and jΨ210j2 along the z-axis.
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trajectories of 105 particles. The initial positions of the test
particles are randomly chosen from a uniform distribution
over the radius interval ð0; R ¼ 4�. Similarly, initial veloc-
ities are random in direction with velocity magnitude
randomly chosen from a uniform distribution over the
interval ð0; vmax ¼ avesc�, where vesc is the escape velocity
of a particle at radius R ¼ 4. We analyze the system
for a ¼ 1=4; 1=2; 3=4 and 1, however use the case
a ¼ 1=2 to illustrate our analysis in detail in what follows,
and show a comparison of results for the other values of a
in Appendix C.
The particles travel on the gravitational potential sourced

by the multistate halo in a wide variety of trajectories.
Given the randomness of the initial conditions, the regions
where the particles accumulate the most, will also be those
regions where a single particle has the bigger likelihood to
reside. We define the evolving timescale τs of the system, as
the time it takes a test particle, initially located on the
equatorial plane at a distance λμ̂r ¼ 4 from the origin,
on a circular trajectory, with an initial velocity equal to a
quarter its escape velocity, to complete an orbit. In physical
units, this timescale takes the value of 1.8 and 47 Gys,
for the monopole and dipole dominated configurations
respectively.
In Fig. 2 we show the spatial distribution of particles at

initial time and after evolving during a sufficiently long
time of 20τs, for the monopole and dipole dominating
configurations. The particles distribute anisotropically and
concentrate mainly around the equatorial plane of the
configuration and along the z-axis, an effect produced
by the density blobs associated to the dipolar contribution
to the density.

It can be seen that in the monopole-dominated configu-
ration the particles distribute in a star-like shape at large
radii, but most of them remain concentrated around the
center within a sphere of radius ≲200 kpc. In contrast, for
the dipole-dominated configuration the particles seem to be
distributed more symmetrically around the dipole axis,
although still retaining a spherical shape at radii ≲200 kpc.
For a comparison with observations of the Milky Way

satellite galaxies, we show in Fig. 3 the orbital poles
(angular momentum per unit mass) of the test particles in
both monopole and dipole-dominated configurations at
t ¼ 20τs in the range r ∈ ð30; 300Þ kpc from the origin,
and the orbital poles of the Milky Way classical satellites,
as calculated from the data reported in [9]. In both cases the
orbital poles of the particles seem to distribute around a
vertical column, being wider the one from the dipole-
dominated configuration, which would in turn be more
compatible with the data points of the satellite galaxies. In
the right panels we show the same distributions but in terms
of galactocentric longitude and latitude. Again, the orbital
poles of the particles remain distributed in a disc, but the
one from the dipole dominated configuration is thicker.
In Fig. 4 we show the evolution of the orbital poles of all

the test particles for the monopole dominated configura-
tion. The first 5 panels show snapshots every 0.25τs until
t ¼ τs. The bottom panels show the evolution every 4τs.
Two properties are to be noticed, first that the orbital poles
accumulate around π=2 with the pass of time, and second,
the distribution of orbital poles tends to be stationary after
4τs, which indicates late-time attractor properties.

IV. CONSISTENCY CHECKS

In order to verify whether the multipolar distribution is
consistent with galactic rotation curves, we use a simple
model of a galaxy, consisting of stellar disc, bulge and dark
matter halo. The circular velocity of a particle due to these
components is

vðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2h þ v2d þ v2b

q
ð3Þ

where the subscripts ðh; d; bÞ stand for halo, disc and bulge
respectively. In the Appendix Awe indicate the specifics of
the model used for each matter component.
Using the Markov Chain Monte Carlo (MCMC) method,

we fit the measurements of circular velocities of the
Milky Way from [43] by sampling the parameter space
from uniform priors. We use 104 steps with 30% burn in
and 300 walkers to sample the parameter space. The results
for each one of the varied parameters were calculated
using the LMFIT [44] and EMCEE [45] PYTHON packages,
and their values are shown in Table I. The output values
from the MCMC method are consistent with other studies
of the Milky Way with different DM models. In particular,
the values of the SFDM parameters, the boson mass μ and

FIG. 2. Spatial distribution of 105 test particles at initial time,
and after 20τs. At the top we show the position of test particles for
the monopole dominated configuration with M100=M210 ¼ 3. At
the bottom we show the position particles for the dipolar
dominated case M100=M210 ¼ 0.36.
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the scaling parameter λ, are the same used in our studies of
particle trajectories in Sec. III.
In Fig. 5 we show the fit of the total rotation curve along

with the contribution of the disc and bulge. On the top panel
for the monopole dominating configuration and in the
bottom one for the dipole dominating configuration. This
shows that the multi-state configurations that have been
studied allow the fitting of galaxy rotation curves. Also in
Appendix Awe show the posterior distribution of the fitting
parameters.
Another important check consists in showing that a

disc like structure, perhaps that of a disc galaxy, is not

destroyed by the multistate configuration. For this, as an
approximation, neglecting the interaction between particles
as occurs in the case of stellar discs, we follow the
trajectory of 104 particles initially distributed in a double
exponential disc with extension λμ̂R ¼ 1. Initially the
particles have only circular velocity, and during the
evolution the potential due to the multistate configuration
influences the trajectories.
We show the distribution of particles after t ¼ 20τs for

the monopole-dominated case, that keeps the disk-shaped
distribution as shown in Fig. 6, which is thicker due to the
attraction produced by the blobs of the dipolar component,

FIG. 4. Snapshots of the angular poles for all the test particles under the potential of the monopole dominated configuration. The first
row shows snapshots every 0.25τs. The second row shows pictures every 4τs. Red markers are the orbital poles of the Milky Way
classical satellites. In the monopole dominated configuration τs ≃ 1.8 Gyr, which implies that after 7.2 Gyrs the orbital poles
distribution becomes nearly stationary.

FIG. 3. Polar angle and azimuthal angle (left panel) and longitude and latitude (right panel) in galactocentric coordinates of the orbital
poles (angular momentum) of the test particles that after t ¼ 20τs are in a distance range r ∈ ð30; 300Þ kpc, for the monopole dominated
(upper row) and dipole dominated (bottom row) configurations. The red markers are the orbital poles of the Milky Way classical
satellites.
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but the disc is not destroyed. For the dipolar-dominated
configuration, the influence of the dipolar component
destroys the disc. We also performed tests with tilted
discs and we found they are actually destroyed by the
axial position of the potential minima of the dipolar

contribution. This limitation is important for the interpre-
tation of our results.
The configuration used here makes test particles to

concentrate in a nonisotropical fashion, mainly near the
equatorial plane and the poles. Nevertheless, the viability of
multipolar configurations as a halo model, depends on
whether they are long-lived, being the minimal condition
for them to be stable. In order to check this condition,
following the recipe in [37] we evolved the configurations
by solving the fully time-dependent equations (1) using a
multistate generalization of the code that solves the GPP
system [46]. It was found that these configurations oscillate
around a virialized state and are long-lived. The strongest
check was that the oscillation frequency of the wave
functions coincides with those found when solving the
eigenvalue-problem from Eqs. (1) and (2).
We ran the dipole-dominating configuration used in our

analysis during a time window of 200 periods of the wave
functions Ψ100. In Fig. 7 we show the Fourier transform of
the maximum of the individual wave functions Ψ100 and
Ψ210. The peak frequencies are consistent with the frequen-
cies found by solving for the stationary configuration
γ100 ¼ 1.8 and γ210 ¼ 1.42. We also show that M100 ¼R jΨ100j2d3x and M210 ¼

R jΨ210j2d3x change only less
than 0.2%, indicating that the evolution is nearly unitary.
These results show that the configuration is long lived.
In Appendix B we present a set of other consistency

checks more related to the methods used to analyze the
dynamics of test particles.

TABLE I. Fit results of the parameters. Columns 3-5: mean,
one and two σ spread of the mean for the dipole dominating
configuration respectively. Columns 6-8 same as in 3-5 but for the
monopole dominating configuration.

Dipole dominated Monopole dominated

Name Units Mean 1σ 2σ Mean 1σ 2σ

(1) (2) (3) (4) (5) (6) (7) (8)

λ 10−3 0.94 0.3 0.64 0.59 0.19 0.39
μ̂ 1=kpc 70.733 44.141 68.744 59.868 39.485 67.336
μc2 10−25 eV 4.5228 2.8225 4.3957 3.8281 2.5248 4.3056
Md 1010 M⊙ 6.7594 0.3385 0.7177 6.7494 0.3484 0.7438
ad kpc 3.1269 0.1199 0.2491 3.1265 0.1207 0.2521
Mb 1010 M⊙ 0.9737 0.0454 0.0909 0.9733 0.0453 0.0904
ab kpc 0.1353 0.0118 0.0237 0.1354 0.0119 0.0238

FIG. 6. At the left we show the distribution of particles in a
double exponential disc distribution at the left at initial time with
two perspectives. The initial radius of the disc is ∼30 kpc. At the
right we show the evolved particles after t ¼ 20τs, showing an
expanded disc of radius ∼50 kpc.

FIG. 5. Fit of the rotation curve of the Milky Way (blue solid
line). The disc and bulge are modeled with exponential profiles
(orange dashed line), and the dark matter halo (green dash-
dotted line) with the multi-state configuration density
jΨ100j2 þ jΨ210j2.Data points are taken from [43]. On the top
we show the monopole dominating configurationM100=M210 ¼
0.36 and in the bottom the dipole dominating configuration
M100=M210 ¼ 3.
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V. DISCUSSION

Our results indicate that multi-state, ð1; 0; 0Þ þ ð2; 1; 0Þ
solutions of the GPP system, induce randomly initialized
test particles to distribute anisotropically, with high con-
centrations at the poles and polar angle distribution con-
centrating toward the equatorial plane of the system, in the
asymptotic time.
The interpretation of this result is that a single particle,

interpreted as a satellite galaxy hosted in a galaxy with a
multi-state ultra-light bosonic dark matter halo, farther than
30 kpc from the galactic origin, would be more likely to
orbit with polar angle near π=2, on flat trajectories.
We have shown how the particles distribute for two

sample configurations with different density-mode domi-
nation, with a distinct polar angle distribution. Between
these two examples there is a continuous universe of mass
ratio M100=M210 whose effects may vary continuously,
and thus potentially useful to study each particular case of
host galaxy.
Our analysis is supported by a set of consistency checks,

including the viability of the multistate halo as a long-living
self-gravitating structure, consistency of the multistate
solutions with rotation curves and stability of disc distri-
butions centered at the equator.

Now, not all the galaxies mentioned have satellites with
polar angles near the equatorial plane of the host galaxy,
Andromeda for one case. This, together with the fact that
our multistate halos destroy tilted disc configurations of
test particles, tilted with respect to the equatorial plane
which is perpendicular to the axis of the dipole, make the
model to seem in contradiction with these observations.
Nevertheless, our results are valid in the long-term, which
means that eventually the polar angles of satellites in
Andromeda should approach π=2 as time evolves.
Finally, the motion of test particles traveling on top

of these multistate configurations is different from the
results obtained if a nonspherical CDM halo is assumed
instead. For this we analyzed the distribution of particles
and orbital poles moving on a NFW distorted halo as
described in Appendix D. These differences are worth
analyzing in a detailed parameter space exploration of both,
the M100=M210 ratio and on the distortion parameters of a
triaxial NFW halo.
That these multi-state configurations are equilibrium

solutions of the GPP equations, indicates that the ultralight
bosonic dark matter has potential to explain the VPOS
observations in the known cases of the Milky Way, M31,
CenA and other possible cases to come. A neat property is
that multipolar solutions are natural to this model due to the
properties of the GPP system of equations, which in turn
results from the bosonic nature of the SFDM candidate.
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APPENDIX A: GALACTIC MODEL

The stellar disc is modeled using a razor-thin exponential
disc profile whose surface mass density written in cylin-
drical coordinates ðρ;ϕ; zÞ is given by

ΣdðρÞ ¼ Σ0e−ρ=ad ; ðA1Þ

FIG. 7. Top: Fourier transform of the maximum of the real part
of the ground state Ψ100 and excited state Ψ210. The peaks appear
near the eigenfrequencies γ100 ¼ 1.8 and γ210 ¼ 1.42, which
confirms the wave functions oscillate with the eigenfrequency
throughout the evolution. Bottom: we show M100 and M210 as
function of time, normalized to their initial values, and showing
that their values remain nearly constant within less than 0.2%.
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where ad is the disc scale length, Σ0 is the surface density at
distance ρ ¼ 0 from the origin, it is related to the total mass
of the disc Md as Md ¼ 2πΣ0a2d. The circular velocity due
to this density profile is [48]

vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMdy2

2a
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FIG. 8. Confidence intervals of the adjustment of parameters that best fit the Milky Way’s rotation curve. In the top and bottom we
show the plots for the monopole and dipole dominating cases respectively.
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where In and Kn are the modified Bessel functions of
the first and second kind, respectively, and we have
defined y≡ r=ad.
The galaxy bulge is modeled using an exponential

density profile [49,50] written in spherical coordinates
ðr; θ;ϕÞ is given by:

ρbðrÞ ¼ ρ0e−r=ab ; ðA3Þ

where ab is the bulge scale length and ρ0 is the central
density, related to the total mass of the bulge Mb by
ρ0 ¼ Mb=ð8πa3dÞ. The circular velocity due to this profile is

vb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMb

r

�
1 −

�
1þ r

ab
þ r2

2a2b

�
e−r=ab

�s
: ðA4Þ

Wewill use both of the multistate configurations we have
been presenting, for these we have two parameters to fit
namely λ and μ̂. The circular velocity of a particle due to
these SFDM halos is given by

vh ¼ cλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ
∂V
∂ρ

����
z¼0

s
; ðA5Þ

which completes the information needed in Eq. (3). Finally,
the parameter estimates used to fit the Milky Way rotation
curve shown in Fig. 5, have confidence intervals that are
shown in Fig. 8.

APPENDIX B: FURTHER DIAGNOSTICS

For a better understanding of the particle distribution, in
Fig. 9 we show the histogram of the radial distance r of the
particles and their polar angle θ after a lapse of 20τs for the
monopole dominating configuration. The first row of plots
corresponds to the distribution at initial time. In order to
separate those particles within a distance of the order of the
galaxy size from those at distances of order of distances
corresponding to satellite galaxies, we show the histograms
filtered by distances. In the second row we show the
accumulation of test particles in the range r ∈ ð0; 30Þ kpc
and in the third row test particles in the range
r ∈ ð30; 300Þ kpc. In the later case we notice that particles
distribute anisotropically at three preferential angles θ ¼ 0,
π=2 and π. The interpretation of this result is that particles
with random initial conditions will accumulate with bigger
probability near these angles.
In Fig. 10 we show the results for the dipole-dominating

configuration. There are important differences, starting
with the fact that particles do not accumulate near the
origin, instead show a peak concentration around 30 kpc
due to the influence of the dipolar contribution, which is
dominating. The concentration of particles in angles is also
different, the distribution is not isotropic either, but the
peaks are not as sharp as in the monopole-dominating

scenario. This is an indication that the model can have
restrictions to clearly explain the accumulation of particles
at planes that pass near the poles.
Plane trajectories. In our probabilistic approach, we

have seen so far that particles accumulate near the equator
or near the poles, but nothing has been said about the
geometric properties of their trajectories. The strategy we
follow to know whether or not the trajectories become
planar consists in tracking at each position x of the
trajectory, the torsion

FIG. 9. In physical units for μ ¼ 10−25 eV=c2 we show the
histogram of the 105 test particles at initial time in the first row,
and after 20τs in second and third rows, for the monopole
dominating configuration. The data is filtered by distances, in the
second row we see the particles at short distances r ∈ ð0; 30Þ kpc
and in the third row the particles with at r ∈ ð30; 300Þ kpc from
the center of the configuration.

FIG. 10. Histograms of accumulation of particles after 20τs on
the radial and angular coordinates for the dipole dominating
configuration. The anisotropy is not as clear as in the monopole-
dominating case of Fig. 9 as seen in the right panels. On the top
we show histograms for particles within 30 kpc and on the bottom
within 30 and 280 kpc.
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τ ¼ ð _x × ẍÞ · x…
j _x × ẍj2 : ðB1Þ

We then record the values of τ in a histogram at initial
time and after 20τs that we show in Fig. 11 for the
monopole and dipole dominating configurations.

The results indicate that the trajectories of test particles,
due to the randomness of the initial conditions, start with a
rather wide distribution of values of τ. However during the
evolution, torsion tends to small values, which means that
the gravitational potential due to the multi-state configu-
ration “flattens” the trajectories with a sharp peak near zero.

APPENDIX C: DIFFERENT INITIAL
CONDITIONS

At the beginning of Sec. III we described the initial
conditions of test particles, specifically that the direction is
random whereas the magnitude is bounded by vmax¼avesc.
As mentioned, the results presented in the body of the
paper correspond to the case a ¼ 1=2. In this Appendix we
show the implications of using different values of a,
specifically 1=4,3=4 and 1, in addition to the case analyzed
in depth a ¼ 1=2.
The results for the orbital poles in each case are shown

in Fig. 12 for the two multi-state configurations consid-
ered in the paper. Notice that for particles with velocities
bounded to be small ða ¼ 1=4; 1=2Þ, the orbital poles
show a clear accumulation around θ ∼ π=2, whereas for
the case of fast particles ða ¼ 3=4; 1Þ, the orbital poles
distribute nearly isotropically. The reason is that particles
are allowed to travel very far away from the influence of
the dipolar contribution, from where the configuration
looks spherical.
These results indicate the dependency of the anisotropy

in the orbital poles, on the distribution of velocities of test
particles. This adds an extra parameter to the analysis of
specific galaxy observations.

APPENDIX D: NFW POTENTIAL

In order to compare the SFDM halo with a CDM one,
here we study the effects of a nonspherically symmetric
NFW halo whose mass density could resemble that of a
multistate SFDM halo, on the same test particles of our

FIG. 11. Histogram of the torsion τ of trajectories of test
particles. At the top we show the distribution of values at initial
time. In the middle and bottom we show the result after t ¼ 20τs
for the of the monopole and dipole dominated configurations
respectively.

FIG. 12. Polar and azimutal angle of the orbital poles of test particles after t ¼ 20τs. From left to right the values of a are 1=4, 1=2,
3=4, 1. In the upper panel the results correspond to the monopole-dominated configuration whereas in the bottom those of the dipole-
dominated configuration.
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analysis. For this we consider a triaxial NFW halo with
density profile [51]

ρðϱÞ ¼ δcρc
ðϱ=rsÞð1þ ϱ=rsÞ2

ðD1Þ

where rs is the scale length, δc the density contrast, ρc the
critical density of the universe and

ϱ2 ¼ α2
�
x2

α2
þ y2

β2
þ z2

δ2

�
: ðD2Þ

We distorted along only two directions, so that the
triaxiality shows an important dipolar contribution α ¼ β ¼
0.5 and δ ¼ 1.

As in the multistate SFDM configurations, we ran a
simulation with 105 test particles with random initial
positions and random initial velocities with a ¼ 1=2,
and found that these accumulate on trajectories near the
poles as shown in the histogram of Fig. 13. Unlike the
multistate SFDM case, the orbital poles do not concentrate
near π=2, instead they appear isotropically distributed. The
distribution of orbital poles for this NFW halo is shown in
Fig. 14, which should be compared with Fig. 3. The result
is generic for distorted NFW profiles, since they do not
include the peanut-shape contribution of a (2,1,0) mode as
the multistate SFDM halos.
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