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In this work, we generalize the theory of perturbations in a (Dþ 1)-dimensional space{time with
cosmological constant, studying scalar, vector and tensor perturbations, as well as its structure in

Newtonian and Synchronous gauge. We also show the theory of perturbations in the context

of brane cosmology, where branes are embedded in a set of D-spatial dimensions, a temporal

dimension, and an additional spatial dimension. In both standard and brane cosmology, an
unperturbed space{time is provided with a Friedmann{Lemaitre{Robertson{Walker metric and

arbitrary sectional curvature, the matter content has the shape of a perfect °uid. In addition, we

consider the arbitrary sectional curvature, obtaining the respective equations in the Newtonian

and Synchronous gauge. We highlight that the results presented in this paper can be used to treat
brane cosmology with two concentric branes or tackle the �8 tension with a braneworld approach.
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Finally, as an example of the utility of all the technology presented in this paper, we show an

application to the energy °ux and the repercussions in the framework of the braneworlds.

Keywords: Braneworld; cosmology; perturbations; extra dimensions; Newtonian gauge.

PACS numbers: 98.80.-k, 11.25.-w, 04.50.-h, 11.15.-q, 11.15.Bt

1. Introduction

Braneworlds have been extensively studied in the literature to solve problems in

scenarios associated with particle physics and cosmology. In cosmology, the main

objectives are to address the problem of the observed acceleration of the Universe1,2

and the nature of dark matter, which have not yet been resolved. For now, the best

candidate to understand the puzzle of accelerating expansion is the well-known

cosmological constant (CC). For dark matter, the best candidates for this missing

mass are supposed to be dust or an ultralight scalar ¯eld.3,4 However, we do not have

any detection of any of them, and the CC is plagued of unsolved problems like the

¯ne tuning and coincidence problems (see Ref. 5 for details), seeing ourselves in need

to change the paradigm and explore other alternatives for the Universe acceleration6

and the dark matter.

The idea of incorporate extra dimension was born due to the hierarchy problem

associated with the weakness of gravity in comparison with the other forces. From

heuristic point of view, the addition of extra dimensions generates corrections in the

gravitational potential that scales as � r�ðdþ1Þ where d is the number of dimensions.

In this case, several experiments contribute with stringent values for the existence of

extra dimensions.7 The Randall{Sundrum (RS) models incorporate one or two cos-

mological branes into a ¯ve-dimensional bulk with anti-de Sitter geometry, with the

aim of alleviate the hierarchy problem, in this case, the RS model with only one brane

is more successful due to its simplicity.8,9 Thus, under this background, it is possible

to construct the covariant approach in where a modi¯ed Einstein equation rise with

extra terms that provides with extra richness to the behavior of gravity in our brane.

We mention also the Arkani{Hamed{Dimopoulos{Dvali (ADD) model10{12 in where

the idea of a large volume for the compact extra dimensions would generates changes

in the fundamental Planck scale. The Dvali{Gabadadze{Porrati (DGP)13 is another

brane model in where the transition to a ¯ve-dimensional space{time mimics the

observed Universe acceleration. However, when the equations are transferred to a

cosmological context and put into the test using cosmological data samples, the DGP

model present con°ict with observables.14

The covariant form of the Einstein equation modi¯es the standard model of

cosmology, existing new ¯elds like the well-known dark radiation that comes from

the projection of the Weyl term in ¯ve dimensions. In the same fashion as happens in

standard cosmology, in braneworlds linear perturbations of the modi¯ed ¯eld

equations are used in order to study the acoustic peaks of the cosmic microwave

background radiation (CMB) noticing changes mainly in the ¯rst acoustic peak.15

Z. Delf�{n et al.
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From the astrophysics and cosmological point of view, the gravitational waves

generated in the braneworld context also have been studied and in particular in the

in°ationary scenario.16 Recent studies shown that braneworld cosmologies based in

RS context present di±culties due to the tension observed in the constraints of the

free parameters when it is exposed to cosmological data samples.17 However, the

braneworlds based in RS model but with a variable brane tension are successful in

alleviate the tension with observables and additionally, the brane tension acts like

the causative of the current Universe acceleration.18 We encourage to the reader the

revision of Ref. 19 in where it is presented several brane world models.

Linear perturbations are required to study e®ects related with the growth of

structure, CMB, in°ation, among others. In particular, for the extra-dimensional

case, perturbations are extensively studied in several references (see for instance

Refs. 20{35 and references therein), studying the consequences of brane tension, the

dilaton dynamics, in°ation, the tachyon condensation, among others. In order to

mention some studies is for example the case of Ref. 20 in where it is described the

case of perturbations and in particular, pointing out the vector perturbations which

its dilution is not in the same way as in the standard case. Other is for example, in

Ref. 22, in where additionally to the perturbation study, they remark the main

di®erences with the standard 4D knowledge.

These kinds of studies are the cornerstone to understand the e®ects of extra

dimensions in the Universe evolution in order to compare with recent observations

provided by di®erent telescopes. Additionally to this, linear perturbations provide

with restrictive constraints of the brane tension e®ects, no local terms and quadratic

terms, which are characteristic of theories such as those shown in this investigation.

Thus, in this work, we are interested in developing a formalism where the branes

when interacting generate perturbations that later give rise to the formation of

structures or gravitational waves. The branes studied in this paper can be consti-

tuted of arbitrary matter (for example, scalar ¯elds for dark matter or spin 1 ¯elds for

the interactions of the standard model of particles). We present a revision, beginning

with perturbations with a generalization of Dþ 1 space{time, showing the scalar,

vector and tensor modes together with its expressions written in di®erent gauges. In

addition, we show the brane perturbations embedded in a (Dþ 1)-dimensional bulk

assuming a Friedmann{Lemaitre{Robertson{Walker (FLRW) metric geometry for

the brane, where the Newtonian and Synchronous gauges for perturbations are also

shown. The geometrical structure of the con¯guration studied in this paper is de-

scribed as follows: We chose a generic geometrical structure of the bulk ðDþ 1Þ þ 1

(Dþ 1 space{time plus 1 extra spatial coordinate) always under the restriction of

homogeneity and isotropy in the spatial part. Furthermore, we consider an embed-

ded brane Dþ 1 (D spatial plus 1 temporal coordinate) restricted also to homoge-

neity and isotropy. We consider that the bulk has t-time while for the brane it has a

proper time � . This mentioned structure, could be easily applied to cosmological

models and in particular for the �8 tension in which exist discrepancies among CMB

Planck results and weak gravitational lensing measurements (see Refs. 36 and 37).

Perturbations in branes
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Traditionally, the study of linear perturbations in extra dimensions has a particular

geometry for the bulk and the branes. Thus, this generalization allow us to study a

diversity of models including cosmology, black holes and especially gravitational

waves, among others. Finally, notice that our expression can help with a more e±cient

computational analysis when it studies the cosmic background radiation, structure

formation and in°ation.

The outline of the paper is in the following form. In Sec. 2, we revisit the per-

turbations in Dþ 1 dimensions, adding new information lacked in other papers,

showing the scalar, vector and tensor modes. In Sec. 3, we present the di®erent

gauges centering our attention in the Newtonian and Synchronous gauges. In Sec. 4,

we develop a study of perturbations on a (Dþ 1)-dimensional brane embedded in a

ðDþ 1Þ þ 1-dimensional bulk, in similarity to that realized in standard cosmology.

Section 5 is devoted to present the Newtonian and Synchronous gauges for a brane.

In all sections, we consider that the spatial part of the metrics is of D dimension and

with arbitrary sectional curvature. The linear perturbations presented in this paper

have application in models like these associated with two concentric branes and in

the analysis of the �8 tension associated with linear perturbations. Finally, in Sec. 6,

we present the discussion and conclusions. We henceforth use units in which �h ¼
c ¼ kB ¼ 1 (natural units).

2. Perturbations in Dþ 1 Dimensions

We initiate our analysis with the line element for this space{time which reads as

ds2 ¼ ���d�
2 þ �ijdx

idxj ¼ �N2d�2 þ a2~� ijdx
idxj: ð1Þ

Considering small perturbations around the metric ��� in Dþ 1 dimensions,38,39 we

have ���� ¼ ��� þ ��� , where ��� is the unperturbed metric tensor and ��� � 1 is the

perturbation which is symmetric under index commutations as ��� ¼ ���. All per-

turbed quantities will be denoted with a bar, in the form ���� ¼ ��� þ ���, �� �
� ¼ � �

�.

Considering the ¯rst-order perturbation under the FLRW Dþ 1 metric, with arbi-

trary sectional curvature denoted by K, we have that the metric tensor can be

written as follows ��� ¼ �N2, �i� ¼ ��i ¼ 0, �ij ¼ a2~� ij, where a � að�Þ is the scale
factor andN ¼ a (for the conformal time) andN ¼ 1 (for the cosmic time). We use the

tilde notation to indicate that the object in question is purely spatial. Perturbations

ful¯ll the following relations:

��� ¼ ����������; ��� ¼ ��������
��; ������ ¼ �������: ð2Þ

In order to construct the perturbed Dþ 1 Einstein ¯eld equation, we proceed to ¯nd

the perturbed Christo®el symbols through the following formula:

	��
�
 ¼ 1

2
���½�2����

�
�
 þ @
��� þ @���
 � @���
�; ð3Þ

Z. Delf�{n et al.
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where 	 indicates perturbation. Therefore, the nonnull perturbed symbols are

	� �
�� ¼ 1

2N2
2
N
:

N
��� � �

:
��

 !
;

	� �
�i ¼

1

2N2
2
_a

a
�i� � @i���

� �
;

	� �
ij ¼

1

2N2
2
a _a

N2
~� ij��� �rj�i� �ri�j� þ �

:
ij

� �
;

	� i
�� ¼ 1

2a2
~� im �2

N
:

N
�m� þ 2�

:
m� � @m���

 !
;

	� i
j� ¼ 1

2a2
~� im �2

_a

a
�mj þ �

:
mj þrj�m� �rm�j�

� �
;

	� i
jk ¼ 1

2a2
~� im �2

a _a

N2
~� jk�m� þrk�mj þrj�mk �rm�jk

� �
;

ð4Þ

where �
:
�� and r
��� are the temporal and covariant derivatives of ���, respectively.

Moreover, the perturbed Ricci curvature tensor can be calculated through the following

formula:

	R�� ¼ @�	�



� � @
	�



�� þ �


��	�
�
�
 þ ��

�
	�


�� � �


��	�
�
�
 � 	�


���
�
�
; ð5Þ

thus

	R�� ¼
1

2a2
~�mlrmrl��� þ

D _a

2aN2
�
:
�� � 2

_N

N
���

� �

þ 1

2a2
~� lm �

::
ml �

2 _a

a
þ

_N

N

� �
�
:
ml þ 2

_a2

a2
þ _a _N

aN
� €a

a

� �
�ml

� �

� 1

a2
~�mlrm �

:
l� �

_N

N
�l�

� �
; ð6Þ

	R�j ¼
ðD� 1Þ _a
2aN2

rj��� þ
1

2a2
~�mlðrmrl�j� �rjrl�m� Þ

� €a

aN2
þ ðD� 1Þ _a2

a2N2
� _a _N

aN3

� �
�j� þ

1

2

@

@t

1

a2
�mlðrj�ml �rl�mjÞ

� �
; ð7Þ

	Rjk ¼ � 1

2N2
rjrk��� � ðD� 1Þ _a2

N4
þ a€a

N4
� 2

a _a _N

N5

� �
~� jk��� �

1

2

a _a

N4
~� jk�

:
��

þ 1

2a2
½~�nmrnrm�jk �rnrjð~�nm�mkÞ � rnrkð~�nm�mjÞ

þ rjrkð~�nm�nmÞ� �
1

2N2
�
::
jk þ ð4�DÞ _a

2aN2
þ

_N

2N3

� �
�
:
jk

� _a

2aN2
~� jk~�

nm�
:
nm þ _a2

a2N2
ð�2�jk þ ~� jk~�

nm�nmÞ þ
_a

aN2
~� jk~�

nmrn�m�

þ 1

2N2
ðrj�

:
k� þrk�

:
j� Þ þ

1

2N2
ðD� 2Þ _a

a
�

_N

N

� �
ðrj�k� þrk�j� Þ: ð8Þ

Perturbations in branes
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Until now, we have developed the geometric side of the perturbed part of Einstein's

equation. To continue with the matter side, we will ¯rst work with the unperturbed

equations.

Einstein equation can take the following form:

R�� ¼ �S��; ð9Þ
where � ¼ �8�G, G is the Newton gravitational constant and S�� is the source

tensor and can be written in terms of the energy{momentum tensor and � as the

cosmological constant

S�� � T�� �
1

D� 1
���T




 �

2

�
����

� �
: ð10Þ

We consider that the unperturbed energy{momentum tensor must be in the form of a

perfect °uid as

T�� ¼ P��� þ ðP þ �Þu�u�; ð11Þ
where � is the energy density, P is the pressure and the Dþ 1 velocity components

are u� ¼ �N and ui ¼ 0 in a comoving system, then, the components of the energy{

momentum tensor are

T�� ¼ N2�; T�i ¼ Ti� ¼ 0; Tij ¼ Tji ¼ a2P ~� ij;

T �
� ¼ ��; T i

j ¼ P	 ij; T k
k ¼ DP ; T 



 ¼ ��þDP ;
ð12Þ

therefore the components of the source tensor are

Sij ¼
1

D� 1
�� P þ 2

�
�

� �
a2~� ij; Si� ¼ 0;

S�� ¼
1

D� 1
ðD� 2Þ�þDP � 2

�
�

� �
N2;

ð13Þ

and the components of the Ricci tensor are

Rij ¼ ð1�DÞ K þ _a2

N2

� �
� a€a

N2

� �
~� ij; Ri� ¼ 0; R�� ¼ D � _a _N

aN
þ €a

a

� �
: ð14Þ

By substituting (13) and (14) into Eq. (9), we obtain the components of the Einstein

equation

ð1�DÞ K þ _a2

N2

� �
� a€a

N2
¼ �

D� 1
�� P þ 2

�
�

� �
a2;

D � _a _N

aN
þ €a

a

� �
¼ �

D� 1
ðD� 2Þ�þDP � 2

�
�

� �
N2;

ð15Þ

thus we obtain the Friedmann equations in Dþ 1 dimensions as

� ¼ D

2�

1�D

a2

� �
K þ _a2

N2

� �
� _a _N

aN3
� 2�

D

� �
; ð16Þ

Z. Delf�{n et al.
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P ¼ 1

2�

ðD� 2ÞðD� 1Þ
a2

K þ _a2

N2

� �
�D

_a _N

aN3
þ 2ðD� 1Þ €a

aN2
þ 2�

� �
: ð17Þ

We continue developing the perturbation of the source tensor similarly as the pre-

vious objects in the following form:

	S�� ¼ 	T�� �
1

D� 1
���	T




 þ T 



 �
2

�
�

� �
���

� �
; ð18Þ

and substituting (16) and (17) in (18), we have

	S�� ¼ 	T�� þ
1

D� 1
N2	T 





� D

2�

ðD� 1Þ
a2

K þ _a2

N2

� �
� _a _N

aN3
þ 2

€a

aN2
� 4

DðD� 1Þ �
� �

��� ; ð19Þ

	S�j ¼ 	Sj�

¼ 	Tj� �
D

2�

ðD� 1Þ
a2

K þ _a2

N2

� �
� _a _N

aN3
þ 2

€a

aN2
� 4

DðD� 1Þ �
� �

�j� ; ð20Þ

	Sij ¼ 	Tij �
1

D� 1
a2~� ij	T






� D

2�

ðD� 1Þ
a2

K þ _a2

N2

� �
� _a _N

aN3
þ 2

€a

aN2
� 4

DðD� 1Þ �
� �

�ij: ð21Þ

Putting together all the elements to present the perturbed version of Einstein

equations gives us

� 	T�� þ
1

D� 1
N2	T 





� �

¼ D

2

ðD� 1Þ
a2

K þ _a2

N2

� �
� 3

_a _N

aN3
þ 2

€a

aN2
� 4

DðD� 1Þ �
� �

���

þ 1

2a2
~�mlrmrl��� þ

D _a

2aN2
�
:
��

þ 1

2a2
~� lm �

::
ml �

2 _a

a
þ

_N

N

� �
�
:
ml þ 2

_a2

a2
þ _a _N

aN
� €a

a

� �
�ml

� �

� 1

a2
~�mlrm �

:
l� �

_N

N
�l�

� �
; ð22Þ

�	T�j ¼
ðD� 1Þ _a
2aN2

rj��� þ
1

2a2
~�mlðrmrl�j� �rjrl�m�Þ

þ 1

2

DðD� 1Þ
a2

K þ ðD� 2ÞðD� 1Þ _a2

a2N2
� ðD� 2Þ _a _N

aN3

�

þ 2ðD� 1Þ €a

aN2
� 4

ðD� 1Þ �
�
�j� þ

1

2

@

@t

1

a2
�mlðrj�ml �rl�mjÞ

� �
; ð23Þ

Perturbations in branes
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� 	Tjk �
1

D� 1
a2~� jk	T






� �

¼ � 1

2N2
rjrk��� � ðD� 1Þ _a2

N4
þ a€a

N4
� 2

a _a _N

N5

� �
~� jk��� �

1

2

a _a

N4
~� jk�

:
��

þ 1

2a2
½~�nmrnrm�jk �rnrjð~�nm�mkÞ � rnrkð~�nm�mjÞ

þ rjrkð~�nm�nmÞ� �
1

2N2
�
::
jk þ ð4�DÞ _a

2aN2
þ

_N

2N3

� �
�
:
jk

� _a

2aN2
~� jk~�

nm�
:
nm þ _a2

a2N2
~� jk~�

nm�nm þ _a

aN2
~� jk~�

nmrn�m�

þ 1

2N2
ðrj�

:
k� þrk�

:
j� Þ þ

1

2N2
ðD� 2Þ _a

a
�

_N

N

� �
ðrj�k� þrk�j� Þ

þ D

2
ðD� 1ÞK

a2
þ D� 1� 4

D

� �
_a2

a2N2
� _a _N

aN3

�

þ 2
€a

aN2
� 4

DðD� 1Þ �
�
�jk: ð24Þ

The energy{momentum tensor is restricted to the conservation condition T �
�;� ¼ 0.

The respective perturbed version is given by

@�	T
�
� þ ��

��	T
�
� þ 	��

��T
�
� � ��

��	T
�
� � 	��

��T
�
� ¼ 0; ð25Þ

setting � ¼ j gives the equation of momentum conservation

@�	T
�
j þrl	T

l
j þ

_N

N
þ ðD� 1Þ _a

a

� �
	T �

j �
a _a

N2
~� lj	T

l
�

þ 1

2N2
2
_a

a
�j� �rj���

� �
ð�þ P Þ ¼ 0; ð26Þ

and setting � ¼ 0 gives the equation of energy conservation

@�	T
�
� þrl	T

l
� þD

_a

a
	T �

� �
_a

a
	T l

l þ
1

2a2
~� lm 2

_a

a
�ml � �

:
ml

� �
ð�þ P Þ ¼ 0: ð27Þ

Perturbation of the metric can be decomposed into scalars, divergenceless vectors

and divergenceless traceless symmetric tensors, which are not coupled to each other

��� ¼ �N2E;

��i ¼ �i� ¼ aN ½riF þGi�;
�ij ¼ a2½A~� ij þrirjBþrjCi þriCj þDij�;

ð28Þ

where A, B, Ci, Dij, E, F y Gi are functions of x and t, satisfying the conditions

"ijk~�
jlrl~�

kmrmF ¼ 0; "ijk~�
jlrl~�

kmrmB ¼ 0;

riG
i ¼ 0; riC

i ¼ 0; riD
i
j ¼ 0;

Dij ¼ Dji; Di
i ¼ 0:

ð29Þ

Z. Delf�{n et al.
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Let us consider that the perturbed energy{momentum tensor is also a perfect °uid, then

	T�� ¼ P��� þ ð�þ P Þu�	u� þ ð�þ P Þ	u�u� þ ð	�þ 	P Þu�u� þ ���	P ; ð30Þ
for this, we have theDþ 1 perturbed velocity �u� ¼ u� þ 	u�, which must comply with

the normalization conditions ���u�u� ¼ �1, so we have the following relation:

���	u� ¼ � 1

2
���u� or 	u� ¼ ���	u� � ��
��&�
&u�; ð31Þ

then we have 	u� ¼ ���=2N .

In general, the perturbation of velocity 	ui can be decomposed into the gradient of

a scalar potential 	u and a divergenceless vector 	uV
i . For the perturbation of the

energy{momentum tensor, we can add the terms rirj�
S , ri�

V
j þrj�

V
i and �T

ij,

which represent dissipative corrections to the inertia tensor and the following con-

ditions are satis¯ed:

ri�
iV ¼ ri	u

iV ¼ 0; ri�
iT
j ¼ 0; � iT

i ¼ 0; ð32Þ
with these corrections, the perturbation of the energy{momentum tensor for a perfect

°uid takes the following form:

	T�� ¼ ����� þN2	�; 	Ti� ¼ 	T�i ¼ P�i� �Nð�þ PÞ ri	uþ 	uV
i

� �
;

	Tij ¼ P�ij þ a2~� ij	P þ a2ðrirj�
S þri�

V
j þrj�

V
i þ �T

ijÞ;
ð33Þ

From the mixed perturbed energy{momentum tensor T �
� ¼ ��
T
� , we can obtain the

perturbed part

	T �
� ¼ ��
ð	T
� � �
�T

�
�Þ; ð34Þ

where we have the components

	T �
� ¼ �	�; 	T i

j ¼ 	 ij	P ; 	T �
i ¼

1

N
ð�þ P Þ	ui;

	T i
� ¼

1

a2
~� im½ð�þ PÞð�m� �N	umÞ�;

	T 


 ¼ �	�þD	P :

ð35Þ

2.1. Scalar modes

In these modes, the eight scalars E, F, A, B, 	�, 	P , �S and 	u are involved. The part

of Eq. (24) proportional to ~� jk gives

�a2

D� 1
½	�� 	P � ~�nmrnrm�

S �

¼ ðD� 1Þ _a2

N2
þ a€a

N2
� a _a _N

N3

� �
E þ 1

2

a _a

N2
_E þ 1

2
~�nmrnrmA

þ a2 _N

2N3
�D

a _a

N2

� �
_A� a2

2N2
€A� a _a

2N2
~�nmrnrm

_B þ _a

N
~�nmrnrmF

þ ðD� 1ÞK þ a _a _N

N3
� 2

D� 1
�a2

� �
A; ð36Þ

Perturbations in branes
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additionally, the part of Eq. (24) of the form rjrkS (where S is any scalar) is

rjrk �2�a2�S þE þ ðD� 2ÞA� a2

N2
B
::þ a2 _N

N3
�D

a _a

N2

� �
_B þ 2

a

N
_F

�

þ 2ðD� 1Þ _a

N
F þ 2ðD� 1ÞK þ 2

a _a _N

N3
� 4

D� 1
�a2

� �
B

	
¼ 0; ð37Þ

for the part of Eq. (23) of the form rjS (where S is any scalar) gives

� 2�N

D�1
ð�þP Þrj	u¼ � _a

a
rjEþrj

_Aþ 2
N

a
Kþ 2

D�1

_a _N

N2

�
� 4

ðD�1Þ2�aN
�
rjF ;

ð38Þ
for Eq. (22), we have

�N2

D� 1
½ðD� 2Þ	�þD	P þ ~�mlrmrl�

S �

¼ N2

2a2
~�mlrmrlE � D _a

2a
_E � N

a
~�mlrmrl

_F

� _a

a2
N ~�mlrmrlF þ D

2
€A�D

€a

a
� _a _N

aN
þ 2

DðD� 1Þ �N
2

� �
E

þ 1

2
~�mlrmrlB

::þ _a

a
�

_N

2N

� �
ðD _Aþ ~�mlrmrl

_BÞ: ð39Þ

Finally, the momentum conservation condition (26) which is a derivative rj is

rj 	P þ ~�nmrnrm�
S þ 1

N
@� ½ð�þ P Þ	u� þD

_a

aN
ð�þ P Þ	uþ 1

2
ð�þ P ÞE

� �
¼ 0;

ð40Þ
and the energy conservation condition (27) is

	�
: þ D _a

a
ð	�þ 	PÞ þ ~�mlrmrl

N

a
ð�þ PÞð�F þ a�1	uÞ þ _a

a
�S

� �

þ 1

2
ð�þ PÞ@� ½DAþ ~�mlrmrlB� ¼ 0: ð41Þ

Note that Eqs. (40) and (41), 	�, 	P and �S are elements of the perturbation to the

total energy{momentum tensor, but the same equations apply to each constituent of

the universe that does not exchange energy and momentum with other constituents.

2.2. Vector modes

These modes that involve the divergenceless vectors are Gi, Ci, 	u
V
i and �V

i . The

part of Eq. (24) for the form rkVj (where Vj is a divergenceless vector) gives us

rk 2�a2�V
j þ D

a _a

N2
� a2 _N

N3

� �
_C j þ

a2

N2
C
::
j � ðD� 1Þ _a

N
Gj

�

� a

N
�
:
j þ �2ðD� 1ÞK þ 4

D� 1
�a2

� �
Cj

	
¼ 0; ð42Þ

Z. Delf�{n et al.
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while the part of Eq. (23) of the form Vj (where Vj is any divergenceless vector) reads

��ð�þ P ÞN	uV
j ¼ 1

2

N

a
~�mlrmrlGj �

1

2
~�mlrmrl

_C j

þ ðD� 1ÞK N

a
þ _a _N

N2
� 2

D� 1
�aN

� �
Gj: ð43Þ

The equation associated to the conservation of momentum (26) that takes the form

of a divergenceless vector is as

~� lmrmrl�
V
j þ 1

N
@� ½ð�þ PÞ	uV

j � þD
_a

aN
ð�þ PÞ	uV

j ¼ 0: ð44Þ

In particular, for a perfect °uid �V
i ¼ 0 and Eq. (44) tells us that ð�þ PÞ	uV

j decays

as a�D. In this case with K ¼ 0 and � ¼ 0, Eq. (42) imply that the quantity Gi �
a _C i=N decays as a�Dþ1. Note that they decay of vector modes do not play an

important role in cosmology and therefore do not emerge from in°ationary models.

2.3. Tensor modes

These modes involve the 2-symmetric traceless and divergenceless tensors Dij and

�T
ij. The part of Eq. (24) of the form of a traceless and divergenceless tensor is the

wave equation for gravitational radiation, given by the expression

2�a2�T
ij ¼ ~�mlrmrlDij �

a2

N2
D
::
ij � D

a _a

N2
� a2 _N

N3

� �
ij

þ 2 ðD� 1ÞK þ a _a _N

N3
� 2

D� 1
�a2

� �
Dij: ð45Þ

Finally, we have the condition of conservation of the current r�ðnu�Þ ¼ 0. This

condition tells us that the unperturbed density number complies n/ a�D, therefore

from the perturbed part, we have

n

2a2N
~� lm _hml þ

n

N
@�

	n

n

� �
þrlðn	ulÞ ¼ 0: ð46Þ

From the previous equation when considering only the scalar part of the perturba-

tion of the metric, we have

1

N
@�

	n

n

� �
þ 1

2N
ðD _Aþ ~� lmrmrl

_BÞ þ 1

a2
~� lmrmrlð	u� aF Þ ¼ 0: ð47Þ

Thus, Eqs. (40), (41) and (47) form a complete set for scalar modes.

3. Gauges in Perturbations

The solutions of the equations derived so far are nonphysical scalar and vector modes,

they correspond to a coordinate transformation of the metric and the ener-

gy{momentum tensor, to avoid this problem it is possible to adopt a suitable conditions

for the perturbed metric and energy{momentum tensor.

Perturbations in branes
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Let us start considering a space{time coordinate transformation as38

x� ! x0� ¼ x� þ �ðxÞ; ð48Þ
with �ðxÞ � 1. We work with the gauge transformations, which a®ect only the ¯eld

perturbations. For this purpose, after making the coordinate transformation (48),

we relabel coordinates by dropping the prime on the coordinate argument, and we

attribute the whole change in ����ðxÞ to a change in the perturbation ���ðxÞ. The ¯eld
equations should thus be invariant under the gauge transformation ���ðxÞ !
���ðxÞ þ����ðxÞ, where

����ðxÞ � �� 0
��ðxÞ � ����ðxÞ: ð49Þ

To ¯rst-order in ðxÞ and ���ðxÞ, Eq. (49) in terms of the unperturbed metric is

����ðxÞ ¼ �� 0
��ðx0Þ � @����ðxÞ

@x


ðxÞ � ����ðxÞ

¼ � �
�ðxÞ
@
ðxÞ
@x�

� �
�ðxÞ
@
ðxÞ
@x�

� @���ðxÞ
@x



ðxÞ; ð50Þ

this applied to the FLRW metric

���� ¼ 2
_N

N
� � 2

@�
@t

;

���i ¼ � @i
@t

�ri� þ 2
_a

a
i;

��ij ¼ �rji �rij þ 2
a _a

N2
~� ij� ;

ð51Þ

with all quantities evaluated at the same space{time coordinate point. The ¯eld

equations will be invariant only if the same gauge transformation is applied to all

tensors, and in particular to the energy{momentum tensor. A more generalized

formula analogous to Eq. (50) is

�	Z��ðxÞ ¼ �Z
�ðxÞ
@
ðxÞ
@x�

� Z
�ðxÞ
@
ðxÞ
@x�

� @Z��ðxÞ
@x



ðxÞ; ð52Þ

or explicitly for FLRW

�	Z�� ¼ �2
_N

N
�� þ 2�

@�
@t

þ �
:
� ;

�	Z�i ¼ ��
@i
@t

þ �ri� þ 2�
_a

a
i;

�	Zij ¼ ��ðrji þrijÞ þ
1

N2

@

@t
ða2�Þ~� ij� :

ð53Þ

This applies to a tensor of second-order, with components

Z�� ¼ �ðtÞN2; Z�i ¼ Zi� ¼ 0; Zij ¼ �ðtÞa2~� ij: ð54Þ

Z. Delf�{n et al.
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Note that the transformations (50) and (52) are for any arbitrary metric and second-

order tensor. Note also that we use 	 for a perturbation, while � denotes the change

in a perturbation associated with a gauge transformation. In particular, for the

energy{momentum tensor of a perfect °uid � ¼ � and � ¼ P .

In order to write these gauge transformations in terms of the scalar, vector and

tensor components, it is necessary to decompose the spatial part of � into the

gradient of a spatial scalar, plus a divergenceless vector, in the form

i ¼ ri
S þ Vi ; ri

V
i ¼ 0: ð55Þ

Thus the transformations (51) and (53) give us the gauge transformations of the

metric perturbation components de¯ned by Eq. (28)

�E ¼ 2

N2

:
� �

_N

N
�

� �
; �F ¼ 1

aN
�� � 

:
S þ 2

_a

a
S

� �
;

�Gi ¼
1

aN
�
: V
i þ 2

_a

a
Vi

� �
; �A ¼ 2

_a

aN2
� ; �B ¼ � 2

a2
S ;

�Ci ¼ � 1

a2
Vi ; �Dij ¼ 0;

ð56Þ

and from (33) for the pressure, energy density and velocity potential, reads

�	� ¼ �
:
�
N2

; �	P ¼
_P�
N2

; �	u ¼ � �
N

: ð57Þ

The other ingredients of the energy{momentum tensor are gauge invariant

��S ¼ �� i
V ¼ �� ij

T ¼ �	uV
i ¼ 0: ð58Þ

Note in particular that the conditions �S ¼ � i
V ¼ � ij

T ¼ 0 for a perfect °uid and

the condition 	uV
i ¼ 0 for the potential °ow are gauge invariant. In general,

any space{time-scalar #ðxÞ for which #0ðx0Þ ¼ #ðxÞ under arbitrary coordinate

transformations would undergo the change �	#ðxÞ � #0ðxÞ � #ðxÞ ¼ #0ðxÞ � #0ðx0Þ,
which to ¯rst-order in perturbations is

�	#ðxÞ ¼ #ðxÞ � #ðx0Þ ¼ � @#ðtÞ
@x�

�ðxÞ ¼ #
: ðtÞ
N2

� : ð59Þ

This applies for instance to the number density n or a scalar ¯eld ’. For a perfect

°uid both � and P are de¯ned as scalars, and the gauge transformations in Eq. (57) of

	� and 	P are other special cases of Eq. (59). Likewise, for a perfect °uid the gauge

transformation in Eq. (57) of 	u can be derived from the vector transformation law of

u�. Because the gauge transformation properties of 	�, 	P , 	u, etc. do not depend

on the conservation laws, Eqs. (57) and (58) apply to each individual constituent

of the universe in any case in which the energy{momentum tensor is a sum of terms

for di®erent constituents of the universe, even if these individual terms are not

separately conserved.

Perturbations in branes
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It is possible to neglect the gauge degrees of freedom either by working only with

gauge-invariant quantities, or by choosing a gauge. The tensor quantities �ij and Dij

appearing in Eq. (45) are already gauge invariant, and nongauge-¯xing is necessary

or possible. For the vector quantities �V
i , 	u

V
i , Ci andGi, we can write Eqs. (42){(44)

in terms of the gauge-invariant quantities �V
i , 	u

V
i andGi � ða=NÞ _C i, or we can ¯x a

gauge for these quantities by choosing Vi , so that either Ci or Gi vanishes. For the

scalar perturbations, it is somewhat more convenient to ¯x a gauge.

3.1. Newtonian conformal gauge

In this gauge, only scalar perturbations are considered.38{40 The line element of such

gauge is

ds2 ¼ �N2ð1þ 2�Þdt2 þ a2ð1� 2�Þ~� ijdx
idxj; ð60Þ

where we choose S so that B ¼ 0, and then choose � so that F ¼ 0. Both choices are

unique, so that after choosing Newtonian gauge, there is no remaining freedom to

make gauge transformations. Thus, in this gauge, we have A ¼ �2�, E ¼ 2�, B ¼ 0

and F ¼ 0.

The gravitational ¯eld equations (36){(39) take the following form:

�a2

D� 1
½	�� 	P � ~�nmrnrm�

S �

¼ ðD� 1Þ _a2

N2
þ a€a

N2
� a _a _N

N3

� �
2�þ a _a

N2
�
: � ~�nmrnrm�

� a2 _N

2N3
�D

a _a

N2

� �
2�
: þ a2

N2
�
::� ðD� 1ÞK þ a _a _N

N3
� 2

D� 1
�a2

� �
2�; ð61Þ

rjrkf��a2�S þ �� ðD� 2Þ�g ¼ 0; ð62Þ

� �N

D� 1
ð�þ PÞrj	u ¼ � _a

a
rj��rj�

:
; ð63Þ

�N2

D� 1
½ðD� 2Þ	�þD	P þ ~�mlrmrl�

S �

¼ �N2

a2
~�mlrmrl�� D _a

a
�
: �D

€a

a
� _a _N

aN
þ 2

DðD� 1Þ �N
2

� �
2�

� D�
::�D 2

_a

a
�

_N

N

� �
�
:
: ð64Þ

The conservation conditions (40), (41) and (47) become

	P þ ~�nmrnrm�
S þ 1

N
@� ½ð�þ P Þ	u� þD

_a

aN
ð�þ P Þ	uþ ð�þ PÞ� ¼ 0; ð65Þ

	�
: þ D _a

a
ð	�þ 	P Þ þ ~�mlrmrl

N

a2
ð�þ PÞ	uþ _a

a
�S

� �
�Dð�þ P Þ�: ¼ 0; ð66Þ

Z. Delf�{n et al.
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1

N
@�

	n

n

� �
þ 1

a2
~� lmrmrl	u� D

N
�
: ¼ 0: ð67Þ

By performing algebra in the previous equations, we arrive to the following constraint:

a3	��DH
a3

N
ð�þ PÞ	uþ ðD� 1Þ a

�
~� lmrmrl�þ D

�
ðD� 1ÞKaþ a2 _a _N

N3

� �
� ¼ 0:

ð68Þ

3.2. Synchronous gauge

In the synchronous gauge, we have A 6¼ 0, B 6¼ 0, E ¼ 0 and F ¼ 0. The line element

of such a gauge is

ds2 ¼ �N2dt2 þ a2½ð1þ AÞ~� ij þrirjB�dxidxj: ð69Þ
Hence, the gravitational ¯eld equations (36){(39) for this gauge take the following

form:

�a2

D� 1
	�� 	P � ~�nmrnrm�

S

 �

¼ 1

2
~�nmrnrmAþ a2 _N

2N3
�D

a _a

N2

� �
_A� a2

2N2
€A

� a _a

2N2
~�nmrnrm

_B þ ðD� 1ÞK þ a _a _N

N3
� 2

D� 1
�a2

� �
A; ð70Þ

� 2�a2�S þ ðD� 2ÞA� a2

N2
B
::þ a2 _N

N3
�D

a _a

N2

� �
_B

þ 2ðD� 1ÞK þ 2
a _a _N

N3
� 4

D� 1
�a2

� �
B ¼ 0; ð71Þ

� 2�N

D� 1
�þ Pð Þ	u ¼ _A; ð72Þ

�N2

D� 1
½ðD� 2Þ	�þD	P þ ~�mlrmrl�

S �

¼ D

2
€Aþ 1

2
~�mlrmrlB

::þ _a

a
�

_N

2N

� �
ðD _Aþ ~�mlrmrl

_BÞ: ð73Þ

The conservation conditions given by Eqs. (40), (41) and (47) become

	P þ ~�nmrnrm�
S þ 1

N
@� ½ð�þ P Þ	u� þD

_a

aN
ð�þ P Þ	u ¼ 0; ð74Þ

	�
: þ D _a

a
ð	�þ 	P Þ þ ~�mlrmrl

N

a2
ð�þ P Þ	uþ _a

a
�S

� �

þ 1

2
ð�þ P Þ@� ½DAþ ~�mlrmrlB� ¼ 0; ð75Þ

Perturbations in branes
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1

N
@�

	n

n

� �
þ 1

2N
ðD _Aþ ~� lmrmrl

_BÞ þ 1

a2
~� lmrmrl	u ¼ 0: ð76Þ

Before ¯nishing, we remark that all equations shown in this part of the study

recover the successes of GR in the limit where D ! 3, having the standard 3þ 1

space{time structure.

4. Branes Perturbations: A Brane Embedded in a Dþ 1þ 1 Bulk

Our con¯guration is a bulk of dimensionM, in this space{time there is a embedded purely

spatial hypersurface of dimension D, whose coordinate system is ð. . .xi;xj;xk . . .Þ, there
is one extra spatial dimension, whose coordinate system is a, and one temporal dimension.

So M ¼ Dþ 1þ 1 and the coordinate system for the bulk is ðt; a;xi;xj;xk . . .Þ.41,42
Let us consider that our bulk has a cosmological constant. The gravitational interaction

inside the brane is not taken into account, so we have the following action:

S ¼ Sgravity þ Sbrane; ð77Þ
where

Sgravity ¼
Z

dt da dDx

ffiffiffiffiffiffiffi�g
p
�B

��þ 1

2
R

� �
; ð78Þ

Sbrane ¼
Z

dt dDx
ffiffiffiffiffiffiffi��

p
"
1

�
htrKi þ L

� �
: ð79Þ

In the bulk, we have that g is the determinant of the metric, R is the scalar of curvature

of Ricci and �B /GB, GB is a gravitational constant for bulk. On the brane, we have

that � is the determinant of the metric, trK is the trace of the extrinsic curvatureK��,

L is the Lagrangian of the content of the ¯elds on the brane, " is þ1 if the brane is

temporalloid and �1 if it is spatialloid, for our case " ¼ �1, the bracket

htrKi ¼ trKþ � trK�, it would be the same for all objects, the subscript þ or �
indicates whether it is considering the metric above or below the brane, respectively.

Note that GR in four-dimensional space{time is recovered in all the equations when

brane does not exist implying null extrinsic curvature and D ¼ 2 for this particular

case. Thus, we recover GR with 3þ 1 space{time manifold, specifying that it would

only be maximally symmetric in two spatial dimensions.

The line element in the bulk is

ds2 ¼ g00dt
2 þ gaada

2 þ gijdx
idxj

¼ �A�dt
2
� þ B�da2 þ C~gijdxidxj; ð80Þ

where A�, B� and C are functions of the scale factor a, furthermore, gta ¼ gti ¼
gai ¼ 0. The metric for space{time complies with gML ¼ gLM , where M, L ¼
t; a; i; j; k; . . . :

The line element in the brane is

ds2 ¼ ���d�
2 þ �ijdx

idxj ¼ �N2d�2 þ a2~� ijdx
idxj; ð81Þ

Z. Delf�{n et al.
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where N and a are functions of the time � (proper time of the brane). The spatial

hypersurface is endowed with an arbitrary sectional curvature K and of dimension D,

which is the same metric as in Sec. 2. A� and B� are also functions of K. Note that

the temporal coordinate for the bulk is t and for the brane is � .

With this we indicate that the capital Latin indices are for the bulk, the Greek

indices are for the brane and the small Latin indices are for the purely spatial

hypersurface.

Note that the line element on the brane must match that of the bulk, i.e.

ds2
brane ¼ ds2

Bulk; ð82Þ
For the particular case of this paper, the spatial coordinates of the brane are

comoving and the extra and temporal dimension of the bulk are parameterized by the

temporal coordinate of the brane, therefore

�N2d�2 ¼ �A�dt2 þ B�da2; and a2~� ijdx
idxj ¼ C~gijdxidxj: ð83Þ

We modeled the linear perturbations in this way because we focus on brane dynamics

in the bulk and how this contributes internally to the brane, without considering

internal brane dynamics beforehand.

4.1. Junction conditions

The junction conditions for unperturbed space{time have already been studied in the

literature, we now want to impose such conditions for perturbed space{time. Suppose

that a continuous coordinate system yA, distinct from y�
A, can be introduced on both

sides of the Brane.

Let us think that a congruence of geodesics of the bulk crosses orthogonally the brane.

Wehave a scalar ¯eld along the geodesics, andwewill adjust the parameterization such

that ¼ 0 when the geodesics cross the brane; will be considered positive or negative

for the region above or below the brane, respectively. The displacements along the

geodesic away from the brane are described by dyA ¼ nAd , and that43

nA ¼ @A ; ð84Þ
with  ¼ nAn

A. Thus, we have the bulk metric gAB of the system yA, expressed as a

distribution:

gAB ¼ 	ð Þgþ
AB þ	ð� Þg�

AB; ð85Þ
where 	ðlÞ is the Heaviside step function. We want to know if the metric of Eq. (85)

makes a valid distributive solution for the Einstein ¯eld equations. Di®erentiating

Eq. (85), we obtain

gAB;C ¼ 	ð Þgþ
AB;C þ	ð� Þg�

AB;C þ 	ð ÞhgABinC ; ð86Þ
for this we use Eq. (84), and 	ð Þ is theDirac delta function. The last term is singular and

causes problems when we calculate the Christo®el symbols, and consequently all the

geometric quantities derived from them. To eliminate this term we impose continuity of

Perturbations in branes
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themetric across the brane: hgABi ¼ 0. This statement holds in the yA coordinate system

only. However, we can easily convert this into a coordinate invariant statement:

0 ¼ hgABi�A��B� ¼ hgAB�A��B� i; this is due to the condition

h�A� i ¼ 0; ð87Þ
where �A� ¼ @yA

@x� and x� is the brane coordinate system. So, we have to

h���i ¼ 0; ð88Þ
in order to have the claim that the induced metric must be the same on both sides of the

brane. This is necessary for the brane to have awell-de¯ned geometry. Equation (88) will

be our ¯rst join condition and is expressed regardless of the coordinates yA or yA
�.

The same treatment can be applied to a perturbed space{time and we would

obtain h����i ¼ 0, and as a consequence

���
 � ¼ 0; ð89Þ

this is the ¯rst junction condition for the perturbation of the metric.

To ¯nd the second junction condition we must calculate the Riemann tensor with

distribution value. Using the results obtained so far, we have that the Christo®el

symbols are

�A
BC ¼ 	ð Þ�þA

BC þ	ð� Þ��A
BC ; ð90Þ

di®erentiating we have

�A
BC;D ¼ 	ð Þ�þA

BC;D þ	ð� Þ��A
BC;D þ 	ð Þh�A

BCinD; ð91Þ
and from this follows the Riemann tensor

RA
BCD ¼ 	ð ÞRþA

BCD þ	ð� ÞR�A
BCD þ 	ð ÞhAA

BCDi; ð92Þ
where

AA
BCD ¼ ðh�A

BDinC � h�A
BCinDÞ: ð93Þ

With this we form the part of the 	-function of the Einstein tensor, and after using the

Einstein ¯eld equations, we obtain an expression for the energy{momentum tensor

AB ¼ 	ð Þ þ
AB þ	ð� Þ �

AB þ 	ð ÞTAB; ð94Þ
where �TAB � AAB � 1

2 AgAB. The term of the 	-function is associated with the pres-

ence of a ¯ne distribution of matter in the brane. Supporting us with

hnA;Bi ¼ �h�C
ABinC ; ð95Þ

allows us to write

hK��i ¼ hnA;Bi�A��B� ; ð96Þ
and we get

hKi��� � hK��i ¼ �T��; ð97Þ

Z. Delf�{n et al.
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where T�� ¼ �M� �N� TMN .
39We conclude that a smooth transition requires hK��i ¼ 0,

this eliminates the term of the 	-function of the Einstein tensor and also implies that

the Riemann tensor of the Bulk is nonsingular on the brane.

This is the second condition, and it is expressed independently of the coordinates

y� or y�
�. If this condition is not met, then space{time is singular on the brane and in

turn is provided with matter. In this case we can use Eq. (97) to study the dynamics

of the brane.

As we mentioned before, this same treatment can be applied to a perturbed

space{time, thus having h �K��i ¼ 0 and therefore we have the version of the second

condition for the perturbed part

h	K��i ¼ 0; ð98Þ

similarly, if this condition is not met, then the perturbed part of the brane is made up

of matter, and the equation that describes the dynamics for perturbations is

h	Ki��� þ hKi��� � h	K��i ¼ �	T��: ð99Þ

4.2. Dynamic equations

Therefore, from the previous subsection and considering  ¼ 1, the equation of mo-

tion of the branes is

hKi��� � hK��i ¼ �T��: ð100Þ

Equation (100) can be rewritten in terms of the source tensor hK��i ¼ �S��,
38 where

S�� ¼ �T�� þD�1T 


���: ð101Þ

In addition, the extrinsic curvature is de¯ned as

K�� ¼ ��A� �
B
� rBnA ¼ ��A� @�nA þ �A� �

B
� nC�

C
AB; ð102Þ

The subscript � will be omitted, and it will be shown explicitly when necessary,

however it must be understand that every quantity that depends onA, B, depends at
the same time on the subscript �.

Taking into account that � 0� ¼ _t and � a� ¼ _a, we ¯nd that the extrinsic curvatures are

K�
�� ¼ � N

2
ffiffiffiffiffiffiffiABp

_t
_t2@aAþ _a2@aB þ 2B €a � _a _N

N2

� ��

þ _a2 _t2

N2
ð1�NÞðB@aAþA@aBÞ

!
; ð103Þ

K�
ij ¼ �

_t

2N

ffiffiffiffiffi
A
B

r
~� ij@aC; ð104Þ

Perturbations in branes
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where

_t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ B _a2

A

r
; ð105Þ

we found this by taking into consideration

UMUM ¼ �1; nMUM ¼ 0; nMnM ¼ 1; ð106Þ
where UA ¼ ð _t

N ; _a
N ; 0; . . . ; 0Þ and nA is the normal vector to the brane, where

n�
0 ¼ �

ffiffiffiffiffiffiffi
AB

p _a

N
; n�

a ¼ �
ffiffiffiffiffiffiffi
AB

p _t

N
: ð107Þ

We consider that the unperturbed energy{momentum tensor must have the form of a

perfect °uid, therefore its components are those found in (12). Then the source tensor is

S�� ¼ � D� 1

D
�þ P

� �
N2; Si� ¼ 0; Sij ¼ � 1

D
�a2~� ij; ð108Þ

and we ¯nd that the density and pressure are

� ¼ � D

2a2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�1þ þ _a2

N2

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�1� þ _a2

N2

r !
@aC; ð109Þ

P ¼ 1

2N2�

1

_tþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiAþBþ

p _t
2
þ@aAþ þ _a2@aBþ þ 2Bþ €a � _a _N

N2

� ��"

þ _a2 _t2

N2
ð1�NÞðBþ@aAþ þAþ@aBþÞ

!
þ ðþ ! �Þ

#

þ D� 1

2a2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�1þ þ _a2

N2

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�1� þ _a2

N2

r !
@aC: ð110Þ

The bulk metric perturbation is h�
AB and the brane metric perturbation is ���. Thus, the

source perturbation tensor is

	S�� ¼ �	T�� þ
1

D
ð���	T 



 þ T 


���Þ; ð111Þ

and the extrinsic curvature perturbation is

	K�� ¼ ��A� @�	nA þ �A� �
B
� ð�C

AB	nC þ nC	�
C
ABÞ: ð112Þ

Hence, the perturbed part of the equation of motion is

h	K��i ¼ �	S��; ð113Þ
or explicitly

h��A� @�	nA þ �A� �
B
� ð�C

AB	nC þ nC	�
C
ABÞi

¼ � �	T�� þ
1

D
���	T




 þ T 



���
� �� �

: ð114Þ

Z. Delf�{n et al.
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The perturbations of the Christo®el symbols are

	�0
00 ¼

1

2A
1

B h0a@aA� @0h00

� �
;

	�0
0a ¼ 1

2A
1

A h00@aA� @ah00

� �
;

	�0
0i ¼ � 1

2A @ih00;

	�0
aa ¼ 1

2A
1

B h0a@aB � 2@ah0a þ @0haa

� �
;

	�0
ij ¼

1

2A � 1

B h0a~gij@a C �rjh0i �rih0j þ @0hij

� �
;

	�0
ai ¼

1

2A
1

C h0i@aC � @ih0a � @ah0i þ @0hai

� �
;

ð115Þ

	�a
aa ¼ 1

2B � 1

B haa@aB þ @ahaa

� �
;

	�a
0a ¼ 1

2B � 1

A h0a@aAþ @0haa

� �
;

	�a
ai ¼

1

2B � 1

C hai@aC þ @ihaa

� �
;

	�a
00 ¼

1

2B � 1

B haa@aAþ 2@0h0a � @ah00

� �
;

	�a
ij ¼

1

2B
1

B haa~gij@aC þrjhai þrihaj � @ahij

� �
;

	�a
0i ¼

1

2B ð@ih0a þ @0hai � @ah0iÞ;

ð116Þ

	� i
jk ¼

1

2C ~gil
1

B hal~gjk@aC þrkhlj þrjhlk �rlhjk

� �
;

	� i
0j ¼

1

2C ~gilðrjh0l þ @0hlj �rlh0jÞ;

	� i
aj ¼

1

2C ~gil � 1

C hlj@aC þrjhal þ @ahlj �rlhaj

� �
;

	� i
00 ¼

1

2C ~gil � 1

B hal@a Aþ 2@0h0l � @lh00

� �
;

	� i
aa ¼ 1

2C ~gil � 1

B hal@aB þ 2@ahla � @lhaa

� �
;

	� i
0a ¼ 1

2C ~gil � 1

A h0l@aAþ @ah0l þ @0hal � @lh0a

� �
:

ð117Þ
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It is possible to calculate the perturbations of extrinsic curvature

	K�
�� ¼ � � _t	 _n0 � _a	 _na þ

1

2AB ð2B _a _t@aA	n0 þAð _t2@aAþ _a2@aBÞ	naÞ þ
ffiffiffiffiffiffiffiABp

2NA2B2

"

	 ð2B2 _a2 _t@aAh00 þA2 _tð _t2@aAþ _a2@aBÞhaa þAB _að3 _t2@aAþ _a2@aBÞh0aÞ
� 1

2N
ffiffiffiffiffiffiffiABp ðB _a _t2@0h00 þ 2A _t3@0h0a þ ð2A _t2 _a�B _a3Þ@0haaÞ �

1

2N
ffiffiffiffiffiffiffiABp

	 ð2B _a3@ah0a þA _t _a2@ahaaþð2B _a2 _t �A _t3Þ@ah00Þ �
1

D
�hij

�
; ð118Þ

	K�
�i ¼ � �	 _ni þ

_a@aC
2C 	ni þ

1

2N
ffiffiffiffiffiffiffiABp _a@aC

C ðB _ah0i þA _thaiÞ
��

þN2ð@ah0i � @0haiÞ � ðB _a _t@ih00 þ ðA _t2 þ B _a2Þ@ih0a þA _a _t@ihaaÞ
��

; ð119Þ

	K�
ij ¼ � 1

2N
ffiffiffiffiffiffiffiABp � @aC

B ~gijðB _ah0a þA _thaaÞ � B _aðrjh0i þrih0j � @0hijÞ
��

� A _tðrjhai þrihaj � @ahijÞ
�
� @aC

2B ~gij	na �ri	nj

�
: ð120Þ

The relationship between brane perturbations and bulk perturbations is ��� ¼
�M� �N� hMN and it is the same relationship for all tensors involved, thus

��� ¼ _t2h00 þ 2 _a _th0a þ _a2haa;

��i ¼ _th0i þ _ahai;

�ij ¼ hij:

ð121Þ

The perturbations of the equations of Einstein for a perfect °uid take the following form:

h	K�� i ¼� �	T�� þ
1

D
ð�a2	T 



 þ T 


 ���Þ

� �

¼�
1�D

D
a2	�� a2	P � a2

D
~�mlrmrl�

S

�

þ D� 1

D
�þ P

� �
ð _t2h00 þ 2 _a _th0a þ _a2haaÞ

�
; ð122Þ

h	K�ii ¼ � �	T�i þ
1

D
T 


 ��i

� �
¼ � að�þ P Þ	ui �

1

D
�ð _th0i þ _ahaiÞ

� �
; ð123Þ

h	Kiji ¼� �	Tij þ
1

D
ða2~� ij	T




 þ T 



 �ijÞ
� �

¼� � a2

D
~� ij	�þ

a2

D
~� ij~�

mlrmrl�
S � a2ðrirj�

S þri�
V
j þrj�

V
i þ �T

ijÞ
� �

� 1

D
�hij

�
: ð124Þ
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Perturbation of the bulk metric can be decomposed into scalars, divergenceless vectors

and divergenceless traceless symmetric tensors

h00 ¼ �AWB; h0a ¼
ffiffiffiffiffiffiffiABp

V B; haa ¼ BUB;

h0i ¼
ffiffiffiffiffiffiffiACp ðriP

B þQB
i Þ; hai ¼

ffiffiffiffiffiffiBCp ðriR
B þ SB

i Þ;
hij ¼ CðAB~gij þrirjB

B þriC
B
j þrjC

B
i þDB

ijÞ;
ð125Þ

where same conditions to those seen in (29) are complied, also similarly as 	ui we have

that 	n�
i ¼ ri	n

� þ 	nV�
i . Perturbations of the energy{momentum tensor on the

brane, as well as their respective conservation conditions, have the form that was de-

veloped in Sec. 2.

Hereafter, we show the scalar, vector and tensor modes of Eqs. (122){(124).

4.3. Energy °ux

The equations seen in this section generally indicate how when the matter content

inside the brane is altered, this implies an alteration in its normal vectors, having

repercussions on the bulk. One of the most important repercussions when talking

about extra dimensions is knowing if there is an energy °ow, the ð�; iÞ-component of

the energy{momentum tensor indicates the energy °ow in thei-spatial direction, this

occurs internally in the brane, However, Eq. (23) shows us how the internal geometry

of the brane is altered due to this internal °ux, and Eq. (123) shows us how the

external geometry of the brane is altered due to that same °ow. On the other hand,

the ð0; aÞ-component of the energy{momentum tensor tells us the °ow of energy in

the bulk in the direction of thea-extra dimension.44 To ¯nd this component, we must

take into account that in this paper, we consider that the matter is contained ex-

clusively in the brane and the rest of the bulk is empty, however not necessarily the

ð0; aÞ-component of the energy{momentum tensor is null, through the transforma-

tion T�� ¼ �M� �N� TMN , we ¯nd the component T0a, which is obtained from

TMN ¼ PgMN þ ðP þ �ÞUMUN : ð126Þ

For the case of perturbations, by performing the same transformation to Eq. (122), we

can extract the part corresponding to the ð0; aÞ-component, and we have h	K0ai ¼
	T0a or explicitly

� 1

2
ð@a	n0 þ @0	naÞ þ

1

2AB ðB@aA	n0 þA@0B	naÞ
�

þ @aA
2A2B2

ðB2n0h00 �ABnah0aÞ �
1

2AB ðn0B@ah00 � naA@0haaÞ
�

¼ �ð�þ P ÞðU0	Ua þ Ua	U0Þ � ð	�þ 	PÞU0Ua �
�

D
h0a; ð127Þ

which indicates the dynamics of the energy °ow in thea-direction, due to the pertur-

bations of the brane.
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4.4. Scalar modes

The part of Eq. (124) proportional to ~gjk gives

1

2N
ffiffiffiffiffiffiffiABp � @aC

B ðB
ffiffiffiffiffiffiffi
AB

p
_aV B þAB _tUBÞ þ BC _a@0A

B þA _tðAB@aC þ C@aA
BÞ

� ��

� @aC
2B 	na

�
¼ ��

a2

D
ð	�þ �AB � ~� lmrmrl�

SÞ: ð128Þ

The part of Eq. (124) of the form rjrkS (where S is any scalar) gives

rjrk

1

2N
ffiffiffiffiffiffiffiABp ð�B _að2

ffiffiffiffiffiffiffi
AC

p
PB � C@0B

BÞ
��

�A _tð2
ffiffiffiffiffiffi
BC

p
RB � C@aB

B �BB@aCÞÞ � 	n

�
þ �a2 �S þ �

D
BB

� �	
¼ 0: ð129Þ

The part of Eq. (123) of the form rjS (where S is any scalar) gives

�ri	 _n þ _a@aC
2C ri	nþ 1

2N
ffiffiffiffiffiffiffiABp _a@aC

C ðB
ffiffiffiffiffiffiffi
AC

p
_ariP

B þA
ffiffiffiffiffiffi
BC

p
_triR

BÞ
��

þ N2ðriP
B@a

ffiffiffiffiffiffiffi
AC

p
þ

ffiffiffiffiffiffiffi
AC

p
ri@aP

B �
ffiffiffiffiffiffi
BC

p
ri@0R

BÞ

� ð�AB _a _triW
B þ

ffiffiffiffiffiffiffi
AB

p
ðA _t2 þ B _a2ÞriV

B þAB _a _triU
BÞ
��

¼ ��

ffiffiffiCp
�

D
rið _t

ffiffiffiffi
A

p
PB þ _a

ffiffiffiffi
B

p
RBÞ � aðP þ �Þri	u

 !
: ð130Þ

Equation (122) gives

� _t	 _n0 � _a	 _na þ
1

2AB ð2B _a _t@aA	n0 þAð _t2@aAþ _a2@aBÞ	naÞ
�

þ
ffiffiffiffiffiffiffiABp

2NA2B2
ð�2B2 _a2 _tAWB@aAþA2B _tð _t2@aAþ _a2@aBÞU

þ AB
ffiffiffiffiffiffiffi
AB

p
_að3 _t2@aAþ _a2@aBÞV BÞ

� 1

2N
ffiffiffiffiffiffiffiABp ð�AB _a _t2@0W

B þ 2A
ffiffiffiffiffiffiffi
AB

p
_t3@0V

B þ Bð2A _t2 _a � B _a3Þ@0U
BÞ

� 1

2N
ffiffiffiffiffiffiffiABp ð2B _a3ð

ffiffiffiffiffiffiffi
AB

p
@aV

B þ V B@a

ffiffiffiffiffiffiffi
AB

p
Þ þ A _t _a2ðB@aU

B þ UB@aBÞ

� ð2B _a2 _t �A _t3ÞðA@aW
B þWB@aAÞÞ

�

¼ �
1�D

D
a2	�� a2	P � a2

D
~�mlrmrl�

S þ D� 1

D
�þ P

� �
ð� _t2AWB

�

þ 2 _a _t
ffiffiffiffiffiffiffi
AB

p
V B þ _a2BUBÞ

�
: ð131Þ

Z. Delf�{n et al.
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4.5. Vector modes

The part of Eq. (124) of the form rkVj (where Vj is a divergenceless vector) gives

1

2N
ffiffiffiffiffiffiffiABp ð�B _að

ffiffiffiffiffiffiffi
AC

p
riQ

B
j � C@0riC

B
j Þ � A _tð

ffiffiffiffiffiffi
BC

p
riS

B
j

�

�ðCri@aC
B
j þriC

B
j @aCÞÞÞ � ri	n

V
j

�
¼ �� a2ri�

V
j þ a2�

D
riCj

� �
; ð132Þ

while the part of Eq. (123) of the form Vj (where Vj is any divergenceless vector) gives

�	 _n V
i þ _a@aC

2C 	nV
i þ 1

2N
ffiffiffiffiffiffiffiABp _a@aCffiffiffiCp ðB

ffiffiffiffi
A

p
_aQB

i þA
ffiffiffiffi
B

p
_tSB

i Þ
��

þN2ðð
ffiffiffiffiffiffiffi
AC

p
@aQ

B
i þQB

i @a

ffiffiffiffiffiffiffi
AC

p
Þ �

ffiffiffiffiffiffi
BC

p
@0S

B
i Þ
��

¼ � að�þ PÞ	uV
i � 1

D
�aNGi

� �
: ð133Þ

4.6. Tensor modes

The part of Eq. (124) of the form of a traceless and divergenceless tensors is

1

2N
ffiffiffiffiffiffiffiABp ½B _aa2@0Dij þA _tða2@aDij þ 2aDijÞ�

� �
¼ ��a2 �T

ij þ
�

D
Dij

� �
; ð134Þ

the conditions of conservation of the current are internal properties of the brane,

therefore they are the same as in previous equations.

5. Gauges in Perturbations of Branes

We have been studying up to this point the perturbations of the Bulk, its decom-

positions, its relationship with the intrinsic perturbations of the brane, the latter

through covariant transformations, from this we have derived equations of motion,

equations that can be complicated to solve. However, some perturbations may lack

physical meaning, it is of great interest to observe if by discarding such perturbations,

the equations of motion remain invariant, in addition to possibly being easier to solve.

For this, a study with Gauge transformations must be carried out. In Sec. 3, the

gauge transformations and choices for Cosmology in Dþ 1 dimensions have been

carried out, a topic that has already been discussed in the literature for the case

D ¼ 3. Now, we want to apply the respective gauge transformations to the bulk

perturbations in order to keep the perturbation equations invariant. Our treatment

will be similar to that shown in Sec. 3.

Here, we consider a space{time coordinate transformation para el Bulk as38

xA ! x0A ¼ xA þ eAðxÞ: ð135Þ
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Equations (50) and (52) can be applied to bulk, since they are carried out for arbi-

trary metrics and second-order tensors in general, thus we obtain the transforma-

tions �hAB for our bulk in particular

�h00 ¼ �2@0e0 þ
1

B ea@aA; �h0a ¼ �@0ea � @ae0 þ
1

A e0@aA;

�haa ¼ �2@aea þ
1

B ea@aB;

�h0i ¼ �@0ei �rie0; �hai ¼ �@aei �riea þ
1

C ei@aC;

�hij ¼ �rjei �riej �
1

B ~gijea@aC:

ð136Þ

and the gauge transformations for a second-order tensor of our bulk are

�	Z00 ¼ ���h00 þ e0@0� �
A
B ea@a�; �	Z0a ¼ �@ae0 �

1

A e0�@aA� �@0ea;

�	Zaa ¼ ��haa � ea@a�þ B
A e0@0�;

�	Z0i ¼ �@ie0 � �@0ei; �	Zai ¼ ��@iea þ
1

C ei�@aC � �@aei;

�	Zij ¼ ��hij þ C~gij
1

A e0@0� �
1

B ea@a�

� �
;

ð137Þ
where Z00 ¼ �ðt; aÞA, Zaa ¼ �ðt; aÞB, Zij ¼ �ðt; aÞC~gij.

The covariant transformation T�� ¼ �A� �
B
� TAB

39 between energy{momentum tensors

indicates that in particular � ¼ �� ¼ � and � ¼ P . Then, Eq. (136) gives the gauge

transformations of the metric perturbation components de¯ned by Eqs. (125)45:

�WB ¼ 1

A 2@0e0 �
1

B ea@aA
� �

; �V B ¼ 1ffiffiffiffiffiffiffiABp �@0ea � @ae0 þ
1

A e0@aA
� �

;

�UB ¼ 1

B �2@aea þ
1

B ea@aB
� �

; �PB ¼ � 1ffiffiffiffiffiffiffiACp @0e
S þ e0

� �
;

�QB
i ¼ � 1ffiffiffiffiffiffiffiACp @0e

V
i ; �RB ¼ 1ffiffiffiffiffiffiBCp �@ae

S � ea þ
1

C eS@aC
� �

;

�SB
i ¼ 1ffiffiffiffiffiffiBCp @ae

V
i þ 1

C eV
i @aC

� �
; �AB ¼ � 1

BC ea@aC;

�BB ¼ � 2

C eS; �CB
i ¼ � 1

C eV
i ; �DB

ij ¼ 0:

ð138Þ

The transformation �	T�� ¼ �A� �
B
� �	TAB and (137), indicates that the gauge

transformations for the perturbations to the pressure, energy density, velocity

potential and dissipative terms, are the same as those shown in Eqs. (57) and (58).

Z. Delf�{n et al.
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5.1. Newtonian gauge

The bulk line element for this gauge is38{40

ds2 ¼ �A�ð1þ 2
�Þdt 2� þ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
A�B�

p
��dtdaþ B�ð1þ 2	�Þda2

þ a2ð1� 2�Þ~gijdxidxj;
ð139Þ

then PB, RB and BB are null. The gravitational ¯eld equations (128){(131) take the

following form:

1

N
ffiffiffiffiffiffiffiABp � @aC

B ðB
ffiffiffiffiffiffiffi
AB

p
_a�þAB _t	Þ � BC _a@0��A _tð�@aC þ C@a�Þ

� ��

� @aC
2B 	na

�
¼ ��

a2

D
ð	�� 2��� ~� lmrmrl�

SÞ; ð140Þ

rjrkf�	nþ þ 	n� þ �a2�Sg ¼ 0; ð141Þ

�ri	 _n þ _a@aC
2C ri	n� 1

N
ffiffiffiffiffiffiffiABp ð�AB _a _tri
þ

ffiffiffiffiffiffiffi
AB

p
ðA _t2 þ B _a2Þri�

�

þAB _a _tri	Þ
�

¼ �aðP þ �Þri	u; ð142Þ

� _t	 _n0 � _a	 _na þ
1

2AB ð2B _a _tð@aAÞ	n0 þAð _t2@aAþ _a2@aBÞ	naÞ
�

þ
ffiffiffiffiffiffiffiABp

NA2B2
ð�2B2 _a2 _tA
@aAþA2B _tð _t2@aAþ _a2@aBÞ	

þ AB
ffiffiffiffiffiffiffi
AB

p
_að3 _t2@aAþ _a2@aBÞ�Þ � 1

N
ffiffiffiffiffiffiffiABp ð�AB _a _t2@0
þ 2A

ffiffiffiffiffiffiffi
AB

p
_t3@0�

þ Bð2A _t2 _a�B _a3Þ@0	Þ � 1

N
ffiffiffiffiffiffiffiABp ð2B _a3ð

ffiffiffiffiffiffiffi
AB

p
@a�þ�@a

ffiffiffiffiffiffiffi
AB

p
Þ

þA _t _a2ðB@a	þ	@aBÞ � ð2B _a2 _t �A _t3ÞðA@a
þ 
@aAÞÞ
�

¼ �
1�D

D
a2	�� a2	P � a2

D
~�mlrmrl�

S � D� 1

D
�þ P

� �
2N2�

� �
: ð143Þ

In this last equation, we have used: ��� ¼ �A� �
B
� hAB or�N2� ¼ � _t2A
þ 2 _a _t

ffiffiffiffiffiffiffiABp
�þ

_a2B	.

5.2. Synchronous gauge

In the synchronous gauge, we have AB 6¼ 0, BB 6¼ 0, all other scalars are null. The

line element of such gauge is

ds2 ¼ �A�dt
2
� þ B�da2 þ a2½ð1þ ABÞ~gij þrirjB

B�dxidxj: ð144Þ
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Hence, the gravitational ¯eld equations (128){(131) take ¯nally the following form:

1

2N
ffiffiffiffiffiffiffiABp ðBC _a@0A

B þA _tðAB@aC þ C@aA
BÞÞ � @aC

2B 	na

� �

¼ ��
a2

D
ð	�þ �AB � ~� lmrmrl�

SÞ; ð145Þ

rjrk

1

2N
ffiffiffiffiffiffiffiABp ð�B _að�C@0B

BÞ � A _tð�C@aB
B �BB@aCÞÞ � 	n

� ��

þ�a2 �S þ �

D
BB

� �	
¼ 0; ð146Þ

�ri	 _n
þ þri	 _n

� þ _a@aC
2C ðri	n

þ � ri	n
�Þ ¼ �aðP þ �Þri	u; ð147Þ

� _t	 _n0 � _a	 _na þ
1

2AB ð2B _a _tð@aAÞ	n0 þAð _t2@aAþ _a2@aBÞ	naÞ
� �

¼ �
1�D

D
a2	�� a2	P � a2

D
~�mlrmrl�

S

� �
: ð148Þ

6. Discussion and Conclusions

Here, we present a formulation of perturbations in more than the standard 3+1

dimensions, where the background metric is homogeneous and isotropic and consists

of an arbitrary sectional curvature where the content of matter is endowed with a

cosmological constant, being the geometry of space{time determined by the Ricci

tensor as usual. Thus, we develop a set of equations that indicate the evolution of

perturbations, where we also propose that the equations of general relativity are

ful¯lled satis¯ed with the number of dimensions of space, such equations can be

particularized and be very useful for important models such as the case of structure

formation of the universe where initial conditions are considered and the content of

matter such as photons, baryons and neutrinos, or also the case of generation of

gravitational waves, either primordial or in the vicinity of a black hole, both due to

tensor perturbations.

In that, same line of thought and looking for a formulation of perturbations in

extra dimensions, we present a development of perturbations for branes where we

start from evolutionary equations and in where the geometry of space{time is de-

termined by the extrinsic curvature tensor. We have that the bulk where the branes

are embedded has a particular distribution of matter, however the homogeneity and

isotropy is ful¯lled in the internal space of the brane, having in turn an arbitrary

sectional curvature. For this case, we also ¯nd equations for the evolution of

perturbations in branes, and their respective scalar, vector and tensor modes,

choosing also the Newtonian conformal and synchronous gauges, these in their

version of extra dimensions. When we study our equations with the Ricci tensor, we

observe the universe as a whole, but when we work with the extrinsic curvature

Z. Delf�{n et al.
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tensor, we observe the universe as part of a whole; in both cases we consider the

energy{momentum tensor as a perfect °uid, which already has the structure to also

be treated as a scalar ¯elds.

Subsection 4.3 deals with energy °ows, where we mention that there are internal

energy °ows in the brane and because of this there can be geometric alterations both

internal and external to the brane, in addition that there are external energy °ows,

all of this when working with extra dimensions and perturbations.

Our work shown in this paper will be very useful for the development of pertur-

bations in the Bulk in a more e±cient way, where both the Ricci tensor and the

extrinsic curvature will be considered in the same treatment to determine the geometry

of the space{time in where we have generalized evolutionary equations for perturba-

tions. Among the possible applications of this generalized model are: (i) the generation

of gravitational waves in the bulk or in extra dimensions, (ii) the formation of structure

into the brane due to the interaction with another brane (these may have di®erent

matter contents) or even with the same bulk. Furthermore, the linear perturbations

shown in this paper has the idea to be applied in novel models with two concentric

branes like these studied in Ref. 42 or in models with variable brane tension18 in where

the Universe acceleration it is related with the dynamics of extra dimensions. We

expect that these models could tackle problems like the amplitude of matter pertur-

bations smoothed over 8h�1Mpc, �8, where h is the dimensionless Hubble constant.

Under the �CDM scenario, it is observed that CMB anisotropies are not consistent

with weak gravitational lensing measurements.37,46,47 In fact, the tension is measured

through S8 ¼ �8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0m=0:3

p
, where �0m is the matter density parameter. Thus, the

Planck collaboration predicts S8 ¼ 0:834� 0:016 while Kilo-Degree Survey (KiDS-

1000)37 predicts S8 ¼ 0:766þ0:020
�0:014, producing a tension of 3� between both results.

Another example where we could apply the equations that we developed is in the

perturbations that are generated in the neighborhood of black holes. We can model

this by imagining that the black hole is covered by a \Gaussian Surface" that will be

analogous to a brane with positive curvature, which could be located on the event

horizon, then for this case it is D ¼ 2 and therefore the brane will have two spatial

dimensions (azimuth � and zenith � coordinates) and one temporal, with the same

analogy, the bulk would occupy the place of the background space, being this of 3

spatial dimensions and one temporal, for this model, the radial coordinate r would

have the role of extra dimension. In this last example, it is important to note that the

model is not the same as the one used in the Arnowitt{Deser{Misner formalism.

We ¯nally mention that all these future studies are only possible under the speci¯c

form of the linear perturbations shown in this paper, however these studies will be

presented elsewhere.
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