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In this work, we generalize the theory of perturbations in a (D + 1)-dimensional space—time with
cosmological constant, studying scalar, vector and tensor perturbations, as well as its structure in
Newtonian and Synchronous gauge. We also show the theory of perturbations in the context
of brane cosmology, where branes are embedded in a set of D-spatial dimensions, a temporal
dimension, and an additional spatial dimension. In both standard and brane cosmology, an
unperturbed space-time is provided with a Friedmann-Lemaitre-Robertson—Walker metric and
arbitrary sectional curvature, the matter content has the shape of a perfect fluid. In addition, we
consider the arbitrary sectional curvature, obtaining the respective equations in the Newtonian
and Synchronous gauge. We highlight that the results presented in this paper can be used to treat
brane cosmology with two concentric branes or tackle the og tension with a braneworld approach.
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Finally, as an example of the utility of all the technology presented in this paper, we show an
application to the energy flux and the repercussions in the framework of the braneworlds.
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1. Introduction

Braneworlds have been extensively studied in the literature to solve problems in
scenarios associated with particle physics and cosmology. In cosmology, the main
objectives are to address the problem of the observed acceleration of the Universe!-?
and the nature of dark matter, which have not yet been resolved. For now, the best
candidate to understand the puzzle of accelerating expansion is the well-known
cosmological constant (CC). For dark matter, the best candidates for this missing
mass are supposed to be dust or an ultralight scalar field.?* However, we do not have
any detection of any of them, and the CC is plagued of unsolved problems like the
fine tuning and coincidence problems (see Ref. 5 for details), seeing ourselves in need
to change the paradigm and explore other alternatives for the Universe acceleration®
and the dark matter.

The idea of incorporate extra dimension was born due to the hierarchy problem
associated with the weakness of gravity in comparison with the other forces. From
heuristic point of view, the addition of extra dimensions generates corrections in the
gravitational potential that scales as ~ 7~ (¢*1) where d is the number of dimensions.
In this case, several experiments contribute with stringent values for the existence of
extra dimensions.” The Randall-Sundrum (RS) models incorporate one or two cos-
mological branes into a five-dimensional bulk with anti-de Sitter geometry, with the
aim of alleviate the hierarchy problem, in this case, the RS model with only one brane
is more successful due to its simplicity.®” Thus, under this background, it is possible
to construct the covariant approach in where a modified Einstein equation rise with
extra terms that provides with extra richness to the behavior of gravity in our brane.
We mention also the Arkani-Hamed-Dimopoulos—Dvali (ADD) model'*'? in where
the idea of a large volume for the compact extra dimensions would generates changes
in the fundamental Planck scale. The Dvali-Gabadadze-Porrati (DGP)!? is another
brane model in where the transition to a five-dimensional space—time mimics the
observed Universe acceleration. However, when the equations are transferred to a
cosmological context and put into the test using cosmological data samples, the DGP
model present conflict with observables.!

The covariant form of the Einstein equation modifies the standard model of
cosmology, existing new fields like the well-known dark radiation that comes from
the projection of the Weyl term in five dimensions. In the same fashion as happens in
standard cosmology, in braneworlds linear perturbations of the modified field
equations are used in order to study the acoustic peaks of the cosmic microwave
background radiation (CMB) noticing changes mainly in the first acoustic peak.!®
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From the astrophysics and cosmological point of view, the gravitational waves
generated in the braneworld context also have been studied and in particular in the
inflationary scenario.'® Recent studies shown that braneworld cosmologies based in
RS context present difficulties due to the tension observed in the constraints of the
free parameters when it is exposed to cosmological data samples.!” However, the
braneworlds based in RS model but with a variable brane tension are successful in
alleviate the tension with observables and additionally, the brane tension acts like
the causative of the current Universe acceleration.'® We encourage to the reader the
revision of Ref. 19 in where it is presented several brane world models.

Linear perturbations are required to study effects related with the growth of
structure, CMB, inflation, among others. In particular, for the extra-dimensional
case, perturbations are extensively studied in several references (see for instance
Refs. 20-35 and references therein), studying the consequences of brane tension, the
dilaton dynamics, inflation, the tachyon condensation, among others. In order to
mention some studies is for example the case of Ref. 20 in where it is described the
case of perturbations and in particular, pointing out the vector perturbations which
its dilution is not in the same way as in the standard case. Other is for example, in
Ref. 22, in where additionally to the perturbation study, they remark the main
differences with the standard 4D knowledge.

These kinds of studies are the cornerstone to understand the effects of extra
dimensions in the Universe evolution in order to compare with recent observations
provided by different telescopes. Additionally to this, linear perturbations provide
with restrictive constraints of the brane tension effects, no local terms and quadratic
terms, which are characteristic of theories such as those shown in this investigation.
Thus, in this work, we are interested in developing a formalism where the branes
when interacting generate perturbations that later give rise to the formation of
structures or gravitational waves. The branes studied in this paper can be consti-
tuted of arbitrary matter (for example, scalar fields for dark matter or spin 1 fields for
the interactions of the standard model of particles). We present a revision, beginning
with perturbations with a generalization of D + 1 space-time, showing the scalar,
vector and tensor modes together with its expressions written in different gauges. In
addition, we show the brane perturbations embedded in a (D + 1)-dimensional bulk
assuming a Friedmann—Lemaitre-Robertson-Walker (FLRW) metric geometry for
the brane, where the Newtonian and Synchronous gauges for perturbations are also
shown. The geometrical structure of the configuration studied in this paper is de-
scribed as follows: We chose a generic geometrical structure of the bulk (D + 1) + 1
(D + 1 space—time plus 1 extra spatial coordinate) always under the restriction of
homogeneity and isotropy in the spatial part. Furthermore, we consider an embed-
ded brane D + 1 (D spatial plus 1 temporal coordinate) restricted also to homoge-
neity and isotropy. We consider that the bulk has #time while for the brane it has a
proper time 7. This mentioned structure, could be easily applied to cosmological
models and in particular for the og tension in which exist discrepancies among CMB
Planck results and weak gravitational lensing measurements (see Refs. 36 and 37).
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Traditionally, the study of linear perturbations in extra dimensions has a particular
geometry for the bulk and the branes. Thus, this generalization allow us to study a
diversity of models including cosmology, black holes and especially gravitational
waves, among others. Finally, notice that our expression can help with a more efficient
computational analysis when it studies the cosmic background radiation, structure
formation and inflation.

The outline of the paper is in the following form. In Sec. 2, we revisit the per-
turbations in D 4 1 dimensions, adding new information lacked in other papers,
showing the scalar, vector and tensor modes. In Sec. 3, we present the different
gauges centering our attention in the Newtonian and Synchronous gauges. In Sec. 4,
we develop a study of perturbations on a (D + 1)-dimensional brane embedded in a
(D + 1) 4 1-dimensional bulk, in similarity to that realized in standard cosmology.
Section 5 is devoted to present the Newtonian and Synchronous gauges for a brane.
In all sections, we consider that the spatial part of the metrics is of D dimension and
with arbitrary sectional curvature. The linear perturbations presented in this paper
have application in models like these associated with two concentric branes and in
the analysis of the og tension associated with linear perturbations. Finally, in Sec. 6,
we present the discussion and conclusions. We henceforth use units in which 7z =
¢ =kp =1 (natural units).

2. Perturbations in D + 1 Dimensions

We initiate our analysis with the line element for this space—time which reads as
ds? = y,..dr* + %-jdxidxj = —N2dr? + aQ'?Z-jdxidxj. (1)

Considering small perturbations around the metric v, in D + 1 dimensions,***’ we
have 7, = v, + 7,u, where v, is the unperturbed metric tensor and 7,,, < 1 is the
perturbation which is symmetric under index commutations as 7, = 7,,. All per-
turbed quantities will be denoted with a bar, in the form H# = v + piv 34, = ~%,.
Considering the first-order perturbation under the FLRW D + 1 metric, with arbi-
trary sectional curvature denoted by K, we have that the metric tensor can be
written as follows 7,, = —N2, v,, = v,; = 0, Vij = aZ'?ij, where a = a(7) is the scale
factor and N = a (for the conformal time) and N = 1 (for the cosmic time). We use the
tilde notation to indicate that the object in question is purely spatial. Perturbations
fulfill the following relations:

77/”/ = _,y,u,p,wanpm 77;11/ = _Wup’}/uanpga 7"’”7701/ = ﬂ?“”%w (2)

In order to construct the perturbed D + 1 Einstein field equation, we proceed to find
the perturbed Christoffel symbols through the following formula:

1 o
6F5A = §7up[_2npar wA T 8)\7]/)1/ =+ 81/77p)\ - apnl/)\L (3)
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where ¢ indicates perturbation. Therefore, the nonnull perturbed symbols are

1 N
TT =——|2°"2n_ —4
TT 2N2< NnTT nTT>J

1 (. a
T =—— (25, — 0,
T 2N2 ( a 7727' ZnTT) )

. 1 aa . ;
ory = INT (QWWWTT = Vjnir = Vinj: + 777:,;‘>,

1

: N
DK 7 —2 2 Dy + i — O
TT 2a2 ’V ( N nm‘r + an mnTT) )

i 1 ~im a .
(5F 2 9 52327 <_2 Enmj + nmj + anrm’ - v77Lan> )

i 1 ~im aa .
6F 2&2 5.9 ) < 2— N2 ijnmr + vk:nmj + an’m,k - vmﬁjk) )

where 7, and V)7, are the temporal and covariant derivatives of 7, respectively.
Moreover, the perturbed Ricci curvature tensor can be calculated through the following
formula:

R, = 0,603, — 03T, + T 0T 7y + T80 0, — T0 809, — T L%,,  (5)

thus
1 Da N
SR = ~ml . —9
TT 2 2'7 A% V1777'7' 2aN2 <777'T Nn‘r‘r)
+ Ly 2a+N o a2+a1\’r i
20‘2’7 Nmi a N nml aN a Mt
1 ~m : N
a2 -7 lvm <7717' - Nnh—) ) (6)
D—1)a 1
6R7'j = ( 2aN2 vjnTT +53 2a2 g™ (v Vl77j‘r vjvlnm‘r)
i @ N 1o1
N LNQ +(D - )a2N2 - —aNg]Ujr 20t {EV Z(Vﬂ?mz - vlnmj):|7 (7)

2

a ad aaN| _ 1aa _

1 .
OBy, = — o535 ViVt — [(D - 1)m TN N5] Virter = 5 ga Viller

1 R ~nm ~nm
+ o """V Vot = Vo V(3" k) = Vi Vi (5" 1)

2a?
nm 1 ' N .
+ V(3 )] = 5 i+ (3= D)o N2+W s
' ~nm a2 S nm d g S nm
20,N2 7]/?7 Tm + 2N2 ( 27’jk + 7]147 nn'm) + W’)/jk,ﬂy Vnnmr
1 . . 1 @ N
o (Ve + Vi) + INZ {(D -2) Pl N} (Vinir + Vinjr). (8)
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Until now, we have developed the geometric side of the perturbed part of Einstein’s
equation. To continue with the matter side, we will first work with the unperturbed

equations.
Einstein equation can take the following form:
R,uz/ = K’S/J,VJ (9)
where k = —87G, G is the Newton gravitational constant and S, is the source

tensor and can be written in terms of the energy—momentum tensor and A as the
cosmological constant

1 2
S/w = zjlw - ﬁ (’7/LVT))\\ - KIA’V/U/> . (10)

We consider that the unperturbed energy—momentum tensor must be in the form of a
perfect fluid as

T, = P’YW + (P + p)u,u,uw (11)

where p is the energy density, P is the pressure and the D + 1 velocity components
are u, = —N and u; = 0 in a comoving system, then, the components of the energy—
momentum tensor are

T‘r‘r = N2pa T‘ri = ET = Oa T’Lj = T]L = Cﬁp’?ijv

T i _ pgi ko A (12)
T7.=—p, T,=Psi, Th=DP, T\=—p+DP,

therefore the components of the source tensor are
1 2 9-
Sy = D1 (P— P—&—EA)a Yij»  Sir =0,
A (D—2)p+ DP 2| w2
T — D _ 1 p K bl
and the components of the Ricci tensor are

a2 ai] . aN i
Rij* |:(1—D)<K+m> _ﬁ]’ﬁjv RinO, RTTD<_CL_N+E) (14)

By substituting (13) and (14) into Eq. (9), we obtain the components of the Einstein
equation

a? ad K 2
1-D)K+2 ) -22 - —P+2A)a?
( )< +N2> N? D—1<p i >a’

aN i K 2
Dl——+-) = D-2 DP — ZA|N?
< aN+a) D—l{( o+ K } ’

thus we obtain the Friedmann equations in D + 1 dimensions as
D[(1-D a? aN  2A
P~ %% {( a? )( +N2> aN3 D]’ (16)
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P:l[(D_Q)(D_l)<K+d2)—DdN+2(D—1) i +2A} (17)

2K a? N2 alN3 aN?

We continue developing the perturbation of the source tensor similarly as the pre-
vious objects in the following form:

1

2
6S;w = 511/w - ﬁ |:7,uu6T)/\\ + (T/} - EA> 77/1,1/:| ) (18)

and substituting (16) and (17) in (18), we have

1
68, =6T., +———N26T"

D-1
D [(D-1) a2 aN i 4 ]
- K+— |- - A 19
% | a2 ( +N2) o o oot (19
D [(D-1) a2 aN i 4 ]
=T, — — K+— |- 2 - Aln; 2
A < +N2> o T T Do e (20
1
D [(D-1) a2 aN i 4 ]
- K+—)— 2 - Aln;. (21
% | a ( +N2) o Pl Dot (Y

Putting together all the elements to present the perturbed version of Einstein
equations gives us

K <§TTT + ;N%Tﬁ)

D-1
D[(D-1) a2 aN i 4
=— Kt+—) -3 4o & Aln,.
2 [ a2 < T o' PN T D=1 "
1 Da
Ay .
+ 2a2 Y m Y M7 =+ 2aN2 Nrr
N IR 2a+N o a2+az\'/ i
2a2 Y Nmi a N Nmi a2 aN a Nl
1 M > N
- ﬁry lvm, <7717— _NWIT)’ (22)
D-1)a .
"ﬂsT‘rj = (%ijnr‘r + Q—GQ’Y /l(vmvlnjr - Vjvlnm‘r)
1[D(D-1) a2 aN
—|—K+D-2)D—-1)—=—-(D—-2
[P K (D=0 - 1) - (-2

i 4 101
+ 2<D — 1>W — mA} 77J-,— +§§ [ﬁv l(vjnml - mej) ) (23)
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1 - oA
"6<5Tjk: D51 a*y 46T A)

1 a®  aa aaN 1aa _
=52 ViVHler = {(D - 1)ﬁ tvi i ]’Y]WTT — 51 Vil
+ 53 242 [ Y V'mnﬂs vnvj(’?nmnmk) - ank(’?nmnmj)
~nm 1 .. a N .
+ Vi Vi3 m)] — oz i + (4= D)5 2aN? +W Mk
d gt Snm, dQ g ~nm ~nm
= SN2 LT + 2N Vi N + WW’]‘W Vo s
1 , . 1 @ N
toN2 (Viir + Vi) + IN? [(D —-2) - N] (Vimer + Vinjr)
D K 4\ @ aN
Zlo-ncy(p-1-2) 2o
* 2 {( )a2 + < D) a®’N?  aN3
a 4
2N T DD 1) A] k- (24)

The energy-momentum tensor is restricted to the conservation condition 79, = 0.
The respective perturbed version is given by

8,6T, +T3,6T", + 6T'0 T4, —T'4,6T% — 6T2,T% = 0, (25)

setting v = j gives the equation of momentum conservation

N
T l T l
8,6T7 + V,6T"; + {—, +(D-1) ]6T e ol s ST

1
2N2 (2 Njr — vj”‘r‘r) (p + P) =0, (26)
and setting v = 0 gives the equation of energy conservation
T l a T a l ~lm a .
00T + V6T + DgéTr —55Tz 52 ) anmz — i | (p+P)=0. (27)

Perturbation of the metric can be decomposed into scalars, divergenceless vectors
and divergenceless traceless symmetric tensors, which are not coupled to each other

Nrr = _N2E7
N = Nir = aN[V,F + G, (28)
where A, B, C;, D;;,
€i.jk7jlvl§/kmva = 07 ai‘jk&jlvl’?kmva = 07
V,Gi=0, V,Ci=0, V,D';=0, (29)

E, Fy G, are functions of x and ¢, satisfying the conditions
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Let us consider that the perturbed energy—momentum tensor is also a perfect fluid, then
6T,u1/ = Pnul/ + (p + P)UM(SU,, + (p + P)éuuuu + (6/) + (SP)UMU,, + ’}/M,(SP, (30)

for this, we have the D + 1 perturbed velocity u, = u, + 6u,, which must comply with
the normalization conditions v*"u,u, = —1, so we have the following relation:

1
Y S, = — 57}“’%# or but =y"8u, — ’y”’\"y”“r])‘*um (31)

then we have du, = n,./2N.
In general, the perturbation of velocity éu; can be decomposed into the gradient of
a scalar potential du and a divergenceless vector 6u}/ . For the perturbation of the

energy—momentum tensor, we can add the terms vivjws , V,;W}/ + Vﬂr}/ and wiTj,

which represent dissipative corrections to the inertia tensor and the following con-
ditions are satisfied:

ViV =V6u’V =0, V'l =0, 77 =0, (32)
with these corrections, the perturbation of the energy—momentum tensor for a perfect
fluid takes the following form:

6TT7' = —PNrr + NQ(SP? 6ﬂr = 6Tn = P77i7 - N(p + P) (Vléu + (S’U,ZV), (33)

From the mixed perturbed energy-momentum tensor T, = 4#*T),,, we can obtain the
perturbed part

6T}11/ = ’y“)‘(éT)\u - nAUT?/)ﬂ (34)

where we have the components

) ) 1
6T = —8p, 81" =856P, 617 =~ (p+ P)bu,

) 1 _.
(STZ.r = ;’Ylm[(p + P) (77m7 - Néum)]’

6T = —6p + DSP.

2.1. Scalar modes
In these modes, the eight scalars E, F, A, B, 6p, 6P, m° and éu are involved. The part
of Eq. (24) proportional to 7, gives

Kka

2
o __ xnm S
D1 [6p — 6P — 4"V, V,, 7]

L.‘LQ

ai  aaN 1aa -
- {<D‘1)m+m—m}’3

1 ~nm
§ﬁE +37 VvV, VA
a’N ad\ a2 - aa .G
I3 pl)i- L i 2wy v, Bt Ly, v, F
* <2N5 N2) oN? 4 TNz Ve BT Vi

iN 2
aa —Aaﬂ A, (36)

+ [(D—1)K+W—D_1
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additionally, the part of Eq. (24) of the form V,VkS (where S is any scalar) is
a’N aa
28
vjvk{—%a S+ E+(D-2)A— N ~ s ( e DNQ)B—i—QNF

aaN
N3 D-1

+ 2(D_1)%F+ {2(D—1)K+2 Aa2]3} —0,  (37)

for the part of Eq. (23) of the form V ;S (where S is any scalar) gives

2N a : N 2 aN 4
(38)
for Eq. (22), we have
N2
]’; — (D = 2)6p + DSP + 5"V, V]

2 .

_ N — A", VE—&E N”’”VmVlF

24 a

~ml E 7ﬂ 2 2
N’y Vi Vi + D D(a T ) )AN)E

+ L5y, B+ i— Es (DA+4™V,,V,B) (39)
T a 2N TV mViB)-

Finally, the momentum conservation condition (26) which is a derivative V; is

1 ] 1
v, [513 + 3V, VS + <0, l(p + P)oul + D= (p+ P)ou+ 3 (p+ P)E} —0,
(40)
and the energy conservation condition (27) is
Da N j
6p +— (6p + 6P> + ,;/mlvmv] (,0 + P)( r + a_l(su) + ZTFS:|
1 -
+5(p+ P)O-[DA+ "N, V1 B] = 0. (41)

Note that Eqgs. (40) and (41), §p, P and 7% are elements of the perturbation to the
total energy—momentum tensor, but the same equations apply to each constituent of
the universe that does not exchange energy and momentum with other constituents.

2.2. Vector modes

These modes that involve the divergenceless vectors are G;, C;, éu) and w}. The
part of Eq. (24) for the form V,V; (where V; is a divergenceless vector) gives us
2

2N '
Vk{QnaQW}/—i— (D%— )C —I—‘]C\lmC' —(D—l)%Gj

_Z‘\lf;ijr{_z(D_nKJrD_lAa]C}:O, (42)
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while the part of Eq. (23) of the form V; (where V; is any divergenceless vector) reads

1N 1 .
—Kl(p + P)N&uy = 5; ~lemVlGj — 5’7mlvmvl C]

anN LA(ZN G

N
D-1)K—+"—
+ i > B J

(43)
The equation associated to the conservation of momentum (26) that takes the form
of a divergenceless vector is as

- 1 a

MY, Vil + ~ Orllo+ P)éul] + D—=(p+ P)éu} =0. (44)

In particular, for a perfect fluid 7} = 0 and Eq. (44) tells us that (p + P)éu}/ decays
as a~P. In this case with K =0 and A =0, Eq. (42) imply that the quantity G; —
aC;/N decays as a~P+1. Note that they decay of vector modes do not play an
important role in cosmology and therefore do not emerge from inflationary models.

2.3. Tensor modes

These modes involve the 2-symmetric traceless and divergenceless tensors D;; and
7r71; The part of Eq. (24) of the form of a traceless and divergenceless tensor is the
wave equation for gravitational radiation, given by the expression

2

. 2 -
T em a* aa a*N
2/{(12#7:]4 =7 lvmleij — mD” - (DW - W) ij
aaN 2

Finally, we have the condition of conservation of the current V,(nu*) = 0. This
condition tells us that the unperturbed density number complies n oc a2, therefore
from the perturbed part, we have

. n on
’)/lmhml + N(‘QT <7> + Vl(n5u[) =0. (46)

2a2N
From the previous equation when considering only the scalar part of the perturba-

tion of the metric, we have

1 on 1 A ~lm > 1 ~Ilm _
Nar (7) ToN (DA+5"V,,V,B) + petl Vi Vi(bu —aF)=0.  (47)

Thus, Egs. (40), (41) and (47) form a complete set for scalar modes.

3. Gauges in Perturbations

The solutions of the equations derived so far are nonphysical scalar and vector modes,
they correspond to a coordinate transformation of the metric and the ener-
gy—momentum tensor, to avoid this problem it is possible to adopt a suitable conditions
for the perturbed metric and energy—momentum tensor.
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Let us start considering a space-time coordinate transformation as®®
at — gt =gt + (), (48)

with e#(z) < 1. We work with the gauge transformations, which affect only the field
perturbations. For this purpose, after making the coordinate transformation (48),
we relabel coordinates by dropping the prime on the coordinate argument, and we
attribute the whole change in 7, () to a change in the perturbation 1,,, (). The field
equations should thus be invariant under the gauge transformation n,,(z) —
M) + A1y, (), where

An;tu(x) = r_y;w(x) - RYW(JU)- (49)
To first-order in €(z) and 7, (), Eq. (49) in terms of the unperturbed metric is

0 (x
Anuu(x) :'S/QLV(:E,) - %EA«E) - 'S’;W(x)

86)‘(1’) 86/\(1') 3mu($) A
= _'7)\;1(37> O _'7)\1/(33) Ot - x> € (33), (50)
this applied to the FLRW metric
N Oe
An..=2—e¢ —2—"
Nrr N€T 8t )
O¢; a
Ap. = ——L_V, 2 €, o1
i == = Vi +2-6;, (51)
aa

with all quantities evaluated at the same space—time coordinate point. The field
equations will be invariant only if the same gauge transformation is applied to all
tensors, and in particular to the energy—momentum tensor. A more generalized
formula analogous to Eq. (50) is

e\ () oeMNx) 0Z,,(x)
AéZ;W(z) = 7Z/\11,(I) oV - )\u(m) oz - 8#1"\ EA(I’), (52)
or explicitly for FLRW
N Oe .
AbZ = —2— 20 ==
6 T NC€T+ C ot +C677
A8z, =~ 204 (Ve 262, (53)
ot a
10, ...
A6Z;j = —&(V e + Viey) + ma(a E)7ijer-
This applies to a tensor of second-order, with components
Zy =CON* Zy=Zyp =0; Z; = &(t)a*T,;. (54)
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Note that the transformations (50) and (52) are for any arbitrary metric and second-
order tensor. Note also that we use ¢ for a perturbation, while A denotes the change
in a perturbation associated with a gauge transformation. In particular, for the
energy—momentum tensor of a perfect fluid ( = p and £ = P.

In order to write these gauge transformations in terms of the scalar, vector and
tensor components, it is necessary to decompose the spatial part of €* into the
gradient of a spatial scalar, plus a divergenceless vector, in the form

6=V, +ef, Vel =0. (55)

Thus the transformations (51) and (53) give us the gauge transformations of the
metric perturbation components defined by Eq. (28)

2 N 1 a
AE=—" (¢ —= AF =— (- —é542—¢€°
N2 <eT NET), aN( €, — €2 + ae >,

1 v a v a 2 ¢ 56
AGZG—N(GZ +2562>7 AAZQWET, AB:*EG s ( )
1
ACZ' = —7262/, ADU = 0,
a
and from (33) for the pressure, energy density and velocity potential, reads
Asp= P asp =TT as o (57)
= — = — U= ——.
p N2 ) N2 ) N
The other ingredients of the energy—momentum tensor are gauge invariant
AT = Arl, = Al = Asu) = 0. (58)

Note in particular that the conditions 75 = 7i, = 7T7T] =0 for a perfect fluid and
the condition du) =0 for the potential flow are gauge invariant. In general,
any space—time-scalar J(z) for which ¢'(2’) = ¥(x) under arbitrary coordinate
transformations would undergo the change Add(z) = ¥ (x) — I(x) = ¥ (z) — ¥ (2'),
which to first-order in perturbations is

o) . . 9()
~ o € (x) = (59)

AbY(z) = I(z) —I() =

This applies for instance to the number density n or a scalar field . For a perfect
fluid both p and P are defined as scalars, and the gauge transformations in Eq. (57) of
6p and 6P are other special cases of Eq. (59). Likewise, for a perfect fluid the gauge
transformation in Eq. (57) of du can be derived from the vector transformation law of
u,. Because the gauge transformation properties of 6p, 6P, éu, etc. do not depend
on the conservation laws, Egs. (57) and (58) apply to each individual constituent
of the universe in any case in which the energy—momentum tensor is a sum of terms
for different constituents of the universe, even if these individual terms are not
separately conserved.
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It is possible to neglect the gauge degrees of freedom either by working only with
gauge-invariant quantities, or by choosing a gauge. The tensor quantities m;; and D,
appearing in Eq. (45) are already gauge invariant, and nongauge-fixing is necessary
or possible. For the vector quantities 7}, 6u)’, C; and G;, we can write Eqs. (42)—(44)
in terms of the gauge-invariant quantltles 7Y, 6u) and G; — (a/N)C;, or we can fix a
gauge for these quantities by choosing Gz , SO that either C; or G; vanishes. For the
scalar perturbations, it is somewhat more convenient to fix a gauge.

3.1. Newtonian conformal gauge

In this gauge, only scalar perturbations are considered.?* 4 The line element of such
gauge is

ds? = =N?*(1 + 2®)dt* + a*(1 — 20)7,,dx’ da’, (60)

where we choose € so that B = 0, and then choose €. so that F' = 0. Both choices are
unique, so that after choosing Newtonian gauge, there is no remaining freedom to
make gauge transformations. Thus, in this gauge, we have A = -2V E =20, B=0
and F = 0.

The gravitational field equations (36)—(39) take the following form:

e — Y, V]
@  ai  aaN om
:{(D 1)N2+ﬁ_ N3}2<I>+—<I> V,V,, U
a’N a a? aaN 2 )
— (W_DN2>2\I}+N \I/— |:(D—1)K+W—D1Aa 2\11, (61)
V,Vi{—kra’n® +® — (D —2)¥} =0, (62)
N ; .
—%(p + P)Vbu = —gvj@ — V¥, (63)
N2
; -[(D —2)6p + D6P +5"'V,, V]
N _ Da aN 2
= 4m <1>——<1> S _AN?)20
2 1 VmVi D(a oN T DD-1) )2
@ N
— DV -D(225- )% 4
(22-5) (64

The conservation conditions (40), (41) and (47) become

, :
6P + 5"V, V7 + =0, [(p + P)ou] + DiN (p+P)su+ (p+P) =0, (65)

Da .
op + —((5p +6P) +5MV,,V, { (p+ P)ou + 8| - D(p+ P)T =0, (66)
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1 on 1, D.

By performing algebra in the previous equations, we arrive to the following constraint:

3
3 _ a _ g~lm B _ aN _
a*8p — DH < (p+ P)ou+ (D = 1) =4V, V¥ + = |(D ~ 1)Ka 4207 N | v =0

(68)

3.2. Synchronous gauge

In the synchronous gauge, we have A £ 0, B # 0, E = 0 and F' = 0. The line element
of such a gauge is

Hence, the gravitational field equations (36)—(39) for this gauge take the following
form:

2
ra -[8p— 6P = 5"V, V7]

D—
- ; Sy, A+ (ZN]Z D%)A—Qa—]\;A

2‘;@ 5, B+ {(D— 1)K+Cl]$—§— DQ_ : Aaﬂ A (70)

—2na27r5+(D72)A—;—223+ (%D%)B
+ [2(17— 1K + 2%—?—%/&@2}3 =0, (71)
= g”_Nl (p+ P)su = A, (72)

;Jf i (D — 2)ép + DSP + 7™V, V,75]

= —A += ~mlv,,,le + (g - %) (DA +4™V,,V,B). (73)

The conservation conditions given by Eqgs. (40), (41) and (47) become
6P + 3"V, V,, 15 + — 3 [(p+ P)ou] + DLN (p+ P)ou =0, (74)
. Da
5p+7(5p+5p) +7 val[ (p+P)5u+ T ]

(p + P)aT[DA + ,?mlvmle] = Oa (75)

1
2
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1 on 1 . . 1
— 0. — ) + == (DA+ 7™ B) + 4™ Su = 0. 76
N T<n>+2N( +’7 vmvl )+a27 vmvlu ( )
Before finishing, we remark that all equations shown in this part of the study
recover the successes of GR in the limit where D — 3, having the standard 3 + 1
space—time structure.

4. Branes Perturbations: A Brane Embedded in a D + 1 + 1 Bulk

Our configuration is a bulk of dimension M, in this space—time there is a embedded purely
spatial hypersurface of dimension D, whose coordinate system is (... %, z/, 2% ...), there
is one extra spatial dimension, whose coordinate system is a, and one temporal dimension.
So M =D+ 1+1 and the coordinate system for the bulk is (¢,a,x?, z7, 2% ...). 142
Let us consider that our bulk has a cosmological constant. The gravitational interaction
inside the brane is not taken into account, so we have the following action:

S=S5 gravity + Sbranca (77)

where

Sty = / dt dadPz Y9 (—A + lR), (78)
© - KB 2

Sy = / dt dDas\/—_y(ei (or K + .c). (79)
In the bulk, we have that g is the determinant of the metric, R is the scalar of curvature
of Ricci and kg x G, Gy is a gravitational constant for bulk. On the brane, we have
that v is the determinant of the metric, trK is the trace of the extrinsic curvature K ,,,
L is the Lagrangian of the content of the fields on the brane, € is 41 if the brane is
temporalloid and —1 if it is spatialloid, for our case ¢ = —1, the bracket
(trK) = trK™ — trK—, it would be the same for all objects, the subscript + or —
indicates whether it is considering the metric above or below the brane, respectively.
Note that GR in four-dimensional space-time is recovered in all the equations when
brane does not exist implying null extrinsic curvature and D = 2 for this particular
case. Thus, we recover GR with 3 + 1 space-time manifold, specifying that it would
only be maximally symmetric in two spatial dimensions.
The line element in the bulk is

ds? = goodt* + geda® + g;jda’da’
= — A.dt? + Bida® + Cgyjdaidal, (80)

where A, B, and C are functions of the scale factor a, furthermore, g,, = g,; =

gy, = 0. The metric for space-time complies with gy, = g, where M, L
t,a,i, 5, k,....
The line element in the brane is

ds® = ~,.dr* + %jdxidxj = —N2dr? + aQﬁijdxidxj, (81)
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where N and a are functions of the time 7 (proper time of the brane). The spatial
hypersurface is endowed with an arbitrary sectional curvature K and of dimension D,
which is the same metric as in Sec. 2. A, and 5, are also functions of K. Note that
the temporal coordinate for the bulk is ¢ and for the brane is 7.

With this we indicate that the capital Latin indices are for the bulk, the Greek
indices are for the brane and the small Latin indices are for the purely spatial
hypersurface.

Note that the line element on the brane must match that of the bulk, i.e.

ds %rane =ds ]23111}{’ (82)

For the particular case of this paper, the spatial coordinates of the brane are
comoving and the extra and temporal dimension of the bulk are parameterized by the
temporal coordinate of the brane, therefore

—N?d7r* = —Aydt® + Bida®, and a*y;da'da’ = Cgjda’da’, (83)

We modeled the linear perturbations in this way because we focus on brane dynamics
in the bulk and how this contributes internally to the brane, without considering
internal brane dynamics beforehand.

4.1. Junction conditions

The junction conditions for unperturbed space—time have already been studied in the
literature, we now want to impose such conditions for perturbed space—time. Suppose
that a continuous coordinate system y*, distinct from yﬁ, can be introduced on both
sides of the Brane.

Let us think that a congruence of geodesics of the bulk crosses orthogonally the brane.
We have a scalar field £ along the geodesics, and we will adjust the parameterization such
that # = 0 when the geodesics cross the brane; # will be considered positive or negative
for the region above or below the brane, respectively. The displacements along the
geodesic away from the brane are described by dy4 = n4d¢, and that*

ny = EaAf, (84)

with € = nyn4. Thus, we have the bulk metric g5 of the system 34, expressed as a
distribution:

gap = O&)gap +O(—C)gan, (85)

where O(1) is the Heaviside step function. We want to know if the metric of Eq. (85)
makes a valid distributive solution for the Einstein field equations. Differentiating
Eq. (85), we obtain

daBc = @(f)QXB,C +O(—=£)gapc + €d(£)(gap)nc, (86)

for this we use Eq. (84), and §(#) is the Dirac delta function. The last term is singular and
causes problems when we calculate the Christoffel symbols, and consequently all the
geometric quantities derived from them. To eliminate this term we impose continuity of
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the metric across the brane: (g 45) = 0. This statement holds in the y 4 coordinate system
only. However, we can easily convert this into a coordinate invariant statement:
0= <gAB>§£§§ = (gapEd ?}, this is due to the condition

(€2 =0, (87)
where ¢/ = gg and z is the brane coordinate system. So, we have to
<7aﬁ> =0, (88)

in order to have the claim that the induced metric must be the same on both sides of the
brane. This is necessary for the brane to have a well-defined geometry. Equation (88) will
be our first join condition and is expressed regardless of the coordinates y4 or yﬁ.

The same treatment can be applied to a perturbed space-time and we would
obtain (y,5) = 0, and as a consequence

(Nag) =0, (89)

this is the first junction condition for the perturbation of the metric.

To find the second junction condition we must calculate the Riemann tensor with
distribution value. Using the results obtained so far, we have that the Christoffel
symbols are

e = 0T + O(=£) 5e. (90)
differentiating we have
T5ep = O 5 p+ O(=A)T 5 + €6(£)(T Be)np, (91)
and from this follows the Riemann tensor
Rep = O(€)Ricn + ©(~¢) Ricp + 8(¢)(Aen), (92)
where
Aep = e((Tp)ne — (T ge)np). (93)

With this we form the part of the d-function of the Einstein tensor, and after using the
Einstein field equations, we obtain an expression for the energy—momentum tensor

Tap =0O@)T iz +O(=O)T ap + 6(£)Tap, (94)

where kTyp = Ayp — 3 Agap. The term of the é-function is associated with the pres-
ence of a fine distribution of matter in the brane. Supporting us with

<nA;B> = —<F23>nc7 (95)
allows us to write
(Kop) = (nap)aéh, (96)
and we get
(K)v, — (K) = esT,, (97)
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where T, = ¢ ﬁfg NTyn-2We conclude that a smooth transition requires (K w) =0,
this eliminates the term of the é-function of the Einstein tensor and also implies that
the Riemann tensor of the Bulk is nonsingular on the brane.

This is the second condition, and it is expressed independently of the coordinates
y® or y4. If this condition is not met, then space—time is singular on the brane and in
turn is provided with matter. In this case we can use Eq. (97) to study the dynamics
of the brane.

As we mentioned before, this same treatment can be applied to a perturbed

space-time, thus having (K ,,) = 0 and therefore we have the version of the second
condition for the perturbed part

<5Klw> =0, (98)

similarly, if this condition is not met, then the perturbed part of the brane is made up
of matter, and the equation that describes the dynamics for perturbations is

<6K>7yu + <K>nuu - <6Kuu> = €H6THV' (99)

4.2. Dynamic equations

Therefore, from the previous subsection and considering € = 1, the equation of mo-
tion of the branes is

<K>7#y - <Kul/> = ’%Tuu' (100)
Equation (100) can be rewritten in terms of the source tensor (K,,) = x5,,,** where

S

2 _T;w + DilTﬁ\’ylw' (101)

In addition, the extrinsic curvature is defined as
K, = —fﬁfva”A = _ﬁf}aunA + fﬁﬁfncri& (102)

The subscript + will be omitted, and it will be shown explicitly when necessary,
however it must be understand that every quantity that depends on A, B, depends at
the same time on the subscript +.

Taking into account that £ = £ and £¢ = @, we find that the extrinsic curvatures are

. N [, Yy . aN
KTT—¢2mt(t8aA+a8aB+2B a N2
92
+ C;V—i (1— N)(Ba, A+ Aaa3)> , (103)
Ki= :I:% \/gaijaac, (104)
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where

2 "2
i= \/—N ;Ba, (105)

we found this by taking into consideration

U]L[UJM = —1, 'I’L[\,[(]Ju = O, nMnM = 17 (106)
where U4 = (ﬁ , ﬁ ,0,...,0) and n4 is the normal vector to the brane, where
' t
nE =+vVA % ny = FVAB~. (107)

We consider that the unperturbed energy—momentum tensor must have the form of a
perfect fluid, therefore its components are those found in (12). Then the source tensor is

D-1 1
STT = _< D P + P> N2 SiT = 07 St} = _Epa?:%l’ (108)

and we find that the density and pressure are

D 2
p:_Qa%(\/B;%LNQ \/B + )ac (109)

1 1 AN
[. (t 0, A, + 20,8, —|—28+<a ¢ )
K

+ 7.( - N)(B 0, Ay + «4+3a5+)> +(+— —)]

D-1
+m<\/3+ +m+\/3 + )80 (110)

The bulk metric perturbation is A j p and the brane metric perturbation is 7,,,. Thus, the
source perturbation tensor is

1
68, =—8T,u + (VT + TANw),s (111)

and the extrinsic curvature perturbation is
88, = —€0,6n4 + €167 (T pone + nedl p). (112)

Hence, the perturbed part of the equation of motion is
(0K,,) = K0S, (113)
or explicitly

(—€,10,6n, + E4E0 (T (pone +nedl (p))

1
= k| 6T}, + - (YT + TA0) |- (114)
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The perturbations of the Christoffel symbols are

1
6F80 oA ( hog0g A — 80h00>
1
o0 = 5 (AhooaA ) hm),
6FOL - 2./48 hOOa
1
6rga = 2./4 ( hOa8 B 2aah[]a + aOhaa)v
o 1/ 1
oLy = 24 _Eh’oagijaa C = V,hy; = Vihg; + Ophij |,
1
6Ty = 24 ( hy;0,C — O;hoy — Oyho; + 30hm:>7
ore, = L h 0,B + 9,h
aa — 26 B aa a’vaa k)
1 1
6F8a_%( ] 0(16“4—"_80 aa>7
L1/
. —25( : macmhm)
a 1 1
11
oIy, = =35 (B h(mg”a C+ V; ihai +Vi ha7 aahi]),
1
org, = %(azhﬂa + Ophgi — 0uhy;)s
1, (1
5F]k =3¢9 \ 5 ha§x0,C + Vb + Vihy, — Vihg, |,
1
ol = %gll(v,hoz + Ophy; — Vihy;),
i L 1
5Fdj_%g C 1;0,C + V hg + 0,hyj — Vi |,
i Ly 1
ol = 29\ 35 haOq A+ 200hg — O0ihyg |,
i L 1
(ﬂ_‘aa = %g _E alaaB + 28ahla - alhau )
i L 1
org, = 209 A hg0y A+ Oyhg + Oghg — O1hy, |-
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It is possible to calculate the perturbations of extrinsic curvature

+ 7YY L. " o 7.@43
0K ;. = £ | —tdny — adn, + 5 1B (2Batd, Aény + A(t°0, A+ a~9,B)én,) + N A2
x (282240, Ahg + A2H(H20, A + d20,B)h,, + ABa(3t20, A + 420,B)hy,)
1 - 12 i3 2 . -3 1
— ———(Bai*dyhgy + 2AP0yho, + (2A1% 6 — Bi?)dghgy) — ———
2N\/E(a 07200 070, ( a a)O)QN\/E
. . . . 1
X (2Ba0,hg, + ALa? 0y hoe+(2Ba2t — Ai*)0,hey) — ) phi]} , (118)
[ 10,C 1 ad,C .
SKE = + |60, + 29 gp, "~ (Bahy, + Abh,,
Ti I nz+ 2C nz+2Nm( C ( a. OZ+‘A az)

+ N2(8,ho; — Oghy;) — (Batd;hgy + (A + Ba?)d;ho, + Adi&ihw)ﬂ . (119)

1 0,C _ . ; .
5K$ ==+ m (‘ ?gz’j(BahOa + Ath,,) — Ba(V jho; + Vihg; — Ohij)

- Ai(vjhm? + Vih,; — aahij)> %€

The relationship between brane perturbations and bulk perturbations is 7, =

13 ﬁfg Nhan and it is the same relationship for all tensors involved, thus
Ner = iQhOO + 2aih0a + tham
Nri = thy; + by, (121)
Nij = hij-

The perturbations of the equations of Einstein for a perfect fluid take the following form:

1
(6K..) =k <6TTT +5 (—a?8T5 + T?nw))

1-D a’ _
= /i( ) a’6p — a*6P — BymZVmVﬂrS

D-1 : ,
+ <Tp + P) (hog + 2athg, + a%w), (122)

(6K.;) = ’€<_5Tri + %Tfnn-) = m(a(p + P)éu; — %P(’fh()i + dhai))v (123)

1 -
0,2

a’ _
=K ——Vij5P+D

D ﬁij’?mlvmvlﬂs - CL2 (Vzvjﬂ's + Vﬂr;/ + v]ﬂ'y + 71'5))

1
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Perturbation of the bulk metric can be decomposed into scalars, divergenceless vectors
and divergenceless traceless symmetric tensors

hoy = —AWPE,  hy, = VABVE, h,, =BUP,

hoi = VAC(V, PP +Q7F), hy =vVBC(V,RP +SP), (125)
hij = C(APG,; + V;V,BP + V,CF +V,CP + DJ),

where same conditions to those seen in (29) are complied, also similarly as éu; we have
that éni = V;6n* + 6n)®. Perturbations of the energy-momentum tensor on the
brane, as well as their respective conservation conditions, have the form that was de-
veloped in Sec. 2.

Hereafter, we show the scalar, vector and tensor modes of Eqs. (122)—(124).

4.3. Energy flux

The equations seen in this section generally indicate how when the matter content
inside the brane is altered, this implies an alteration in its normal vectors, having
repercussions on the bulk. One of the most important repercussions when talking
about extra dimensions is knowing if there is an energy flow, the (7,4)-component of
the energy—momentum tensor indicates the energy flow in thei-spatial direction, this
occurs internally in the brane, However, Eq. (23) shows us how the internal geometry
of the brane is altered due to this internal flux, and Eq. (123) shows us how the
external geometry of the brane is altered due to that same flow. On the other hand,
the (0, a)-component of the energy—momentum tensor tells us the flow of energy in
the bulk in the direction of thea-extra dimension.** To find this component, we must
take into account that in this paper, we consider that the matter is contained ex-
clusively in the brane and the rest of the bulk is empty, however not necessarily the
(0, a)-component of the energy—momentum tensor is null, through the transforma-
tion T, = ¢ ﬁ% NTyn, we find the component Tj,, which is obtained from

Tnn = Pgun + (P + p)Up Uy (126)

For the case of perturbations, by performing the same transformation to Eq. (122), we
can extract the part corresponding to the (0, a)-component, and we have (§K,) =
6Ty, or explicitly

B3, Abng + A9 Bén,,)

1
<_§(6a6n0 + 0pon,) + 2AB(

0,A
+ 579 A282 (B nOhOO ABnahOa) 2AB (nOBa h’OO na-AaOhaa)>
_([) + P)(UO(SUa + UaéUO) - ((5[) + 6P)U0Ua - %hﬂav (127)

which indicates the dynamics of the energy flow in thea-direction, due to the pertur-
bations of the brane.
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4.4. Scalar modes

The part of Eq. (124) proportional to g, gives

1 ; '
< (_ OiC (BVABGV? + ABIUP) + BCad, AP + Ai(AP0,C + CaaAB)>

2NV AB B
_ %€ on, ) = —na—Q (6p + pAB — Fimy V7). (128)
2B ¢ D "

The part of Eq. (124) of the form V,;V;.S (where S is any scalar) gives

1
V.Vt { ————=(-Ba(2v.ACP? — Co,B?
j k{<2N\/Z—B ( a( 0 )
— Ai(2VBCRP - €9,B” — BP9,C)) — 6n> + Ka? (71'5 + %BB) } 0. (129)
The part of Eq. (123) of the form V;S (where S is any scalar) gives

(BVACaV, PP + AVBCIV;RP)

<V,;(57'z N ad,C 1 (a@aC

Vin 4 ——
oc " TONVAB\ €
+ N%(V;PB9,AC + VACV;8, PP — VBCV,0,RP)

— (= ABaiV, WP + VAB(AP® + Bi®)V,VP + ABdiViUB)> >
=k (g V,(ivVAP? + aVBR?) — a(P + p)wsu) : (130)

Equation (122) gives

<—i(5n0 iy + —— (2Baid, ASng + A(20, A + i9,B)6n,)

2AB
W% (—2B2a*iAWP0, A + A’Bi(#0,A + i29,B)U
+ ABVABu(3t*0,A + a*9,B)V?)
— m (—ABai?9, WP + 2AV AB#9,VP + B(2Ai* o — Ba?)9,U")
- m (2Ba*(VABI,VE + VPa,VAB) + Aid*(Bd,UP + UPd,B)

—(2Ba%i — AP*)(AD, WP + WBaaA))>

1-D a? _ D-1 .
= hj( ) a*6p — a*6P — 57'"’vmvﬂr5 + (Dp + P) (—i*AWE

+ 24tV ABVE + dzBUB)). (131)
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4.5. Vector modes

The part of Eq. (124) of the form V,V; (where V; is a divergenceless vector) gives

1 .
<m (—Ba(VACY,QY — €0,V,C7) — A{(VBCV,;S}
2

while the part of Eq. (123) of the form V; (where V; is any divergenceless vector) gives

10,C 1 10,C .
<—5n¥+ “Qg 5ny+m (“ﬁ (BVAQP + AVBiSP)

+ N2 (VACD,QF + P, VAC) - \@aosﬂ»

1
= /i(d(p + P)éu) — BpaNGi). (133)

4.6. Tensor modes

The part of Eq. (124) of the form of a traceless and divergenceless tensors is

[Baa?d,D;; + Ai(a?0,D;; + 2aDij)]> = —ka? (W,Tj n %D,,;j), (134)

1
<2N Vv AB
the conditions of conservation of the current are internal properties of the brane,
therefore they are the same as in previous equations.

5. Gauges in Perturbations of Branes

We have been studying up to this point the perturbations of the Bulk, its decom-
positions, its relationship with the intrinsic perturbations of the brane, the latter
through covariant transformations, from this we have derived equations of motion,
equations that can be complicated to solve. However, some perturbations may lack
physical meaning, it is of great interest to observe if by discarding such perturbations,
the equations of motion remain invariant, in addition to possibly being easier to solve.

For this, a study with Gauge transformations must be carried out. In Sec. 3, the
gauge transformations and choices for Cosmology in D + 1 dimensions have been
carried out, a topic that has already been discussed in the literature for the case
D = 3. Now, we want to apply the respective gauge transformations to the bulk
perturbations in order to keep the perturbation equations invariant. Qur treatment
will be similar to that shown in Sec. 3.

Here, we consider a space—time coordinate transformation para el Bulk as*®

ot — ' =24 (). (135)
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Equations (50) and (52) can be applied to bulk, since they are carried out for arbi-
trary metrics and second-order tensors in general, thus we obtain the transforma-
tions Ah 4p for our bulk in particular

1
Ahoo = —28060 +E€a8aA, Ah(]a = —806 -0 €0 + Aeoa .A

1
Ahg, = —20,¢e, + Eeaaalg,

1 (136)
Ahg; = —0pe; — Vieg, Ahy = —0,e; — Ve, + 567:3@07
1

Ah” = —Vje,; — VLE] BQUG 8 C

and the gauge transformations for a second-order tensor of our bulk are
A 1
AbZyy = —CAhg + €90pC — e 904G, A0Zy, = (0,0 — zeo@aA — Xx0o€q,
B
A(‘SZaa = XAhaa - eaaax + ]eOaOXa

1
A6Zy; = (Oieg — £Dpe;,  AOZ, = —x0ie, +

C eixaac - faaezﬁ

AbZ; = EAh;; + Cgi]( e00o€ — B¢ aa§>

(137)

where Zy, = ((t,a)A, Z,, = x(t,a)B, Z;; = £(t,a)Cg;;.

The covariant transformation 7}, = £ f}f BT 5% between energy-momentum tensors
indicates that in particular ( = —y = p and £ = P. Then, Eq. (136) gives the gauge
transformations of the metric perturbation components defined by Eqgs. (125)%:

AWE = i <28060 - 16(,8(,,A> , AVP = 77148 (306(1, — €9 + ;eoa,,,A),
AUB:;< 286 + — 688) APB:—ﬁ(a[)es‘f‘eo)a
1 1 1 ¢
A qB:——a Y; ARB_—< (9 - baac)v
Qi C 0€ JBC e’ Ce
1 1
ASP = e -
S (\/Bzae —|— 36’) BCe@C
2
B_ _*%.8 B _ v B
AB® = Ce, AC; Ce“ AD;; = 0.

(138)

The transformation AT}, = §f}§fA6TAB and (137), indicates that the gauge
transformations for the perturbations to the pressure, energy density, velocity
potential and dissipative terms, are the same as those shown in Eqgs. (57) and (58).
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5.1. Newtonian gauge

The bulk line element for this gauge is?® 40

ds® = — AL (1 +28,)dt3 + 4/ A B Y dtda + B, (1 + 20, )da?

o 139
+ a*(1 — 2W)g;da’da’, (139)

then PB, RP and B” are null. The gravitational field equations (128)—(131) take the
following form:

< ! (— 9C BV ABaT + ABIO) — BCady ¥ — Ai(W,C + caaq/)>

NVAB\ B
- 82”; 6na> = —li%(é/) — 20V — §Imy V%), (140)
V,Vi{=6n" +én" + ka’n°} =0, (141)
<—v7;5n + 40,C V,6n — 1 (—ABaiV,E + VAB(AF + Ba®)V, T
2C NV AB
+ ABa£Vi®)> = ka(P + p)V,bu, (142)

. 1 . .
<—t6h0 — b1, + 5 (2B0(9,.A) g + A(0, A+ d20,B)6n,)

VAB 220 = 212442 -2

+ NAR (—2B%a*tA=0,A + A°Bt(t°0, A+ a°0,B)O
) 1 ) .
ABYV AB(3820, A+ a*9,B)Y) — ——— (—ABai*0,= + 2AVABi*9, T
+ a( +a ) ) Nm( a 0 + 0
) 1

+ B(2A# a4 — Ba*)9,0) — 2Ba* (V. ABO, Y + Y9,V AB

( a a ) 0 ) Nm( a ( )

+ Aid? (B9, + ©9,8) — (2Bat — Ai*)(AJ,ZE + EaaA))>

1-D a? D-1
- K( 5 a’6p — a’6P — Bwlvmvﬂrs - (T o+ P) 2N2<I>) . (143)

In this last equation, we have used: n,, = EA¢Ph g or —N2® = — A= + 2aiVABY+
a’Be.

5.2. Synchronous gauge

In the synchronous gauge, we have AP # 0, BB # 0, all other scalars are null. The
line element of such gauge is

ds® = —Aydt? + Bypda® + a?[(1 + AP)g,; + V,V;BF]dada’. (144)
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Hence, the gravitational field equations (128)—(131) take finally the following form:

1 . 0.C
(BCad, AP + Ai(APd,C + Co,AB)) — L s >
<2N —ea ( D -2 6

2

= _K% (6:0 + pAB - ,?lmvmvlﬂ.S), (145)
1 .
V.Vl (——— (—Ba(—C0,B®) — Ai(—Cd,BE — BB9,C)) — § >
9 (g (- Bal-Con”) - A )~ b0
2. s, P pB\ | _
+ Ka <7r +2B )} 0, (146)
) ._ad,C _
—Vént 4+ V61~ + (Vibnt — V;6n~) = ka(P + p)V;bu, (147)
. 1 . .
<—t67’10 — abn, + SAB (2Bai(d,A)ény + A(i*8,A + dQBQB)éna)>
1-D a? _
= n( ) a*6p — a’6P — D’y””V,,,,VWS). (148)

6. Discussion and Conclusions

Here, we present a formulation of perturbations in more than the standard 3-+1
dimensions, where the background metric is homogeneous and isotropic and consists
of an arbitrary sectional curvature where the content of matter is endowed with a
cosmological constant, being the geometry of space—time determined by the Ricci
tensor as usual. Thus, we develop a set of equations that indicate the evolution of
perturbations, where we also propose that the equations of general relativity are
fulfilled satisfied with the number of dimensions of space, such equations can be
particularized and be very useful for important models such as the case of structure
formation of the universe where initial conditions are considered and the content of
matter such as photons, baryons and neutrinos, or also the case of generation of
gravitational waves, either primordial or in the vicinity of a black hole, both due to
tensor perturbations.

In that, same line of thought and looking for a formulation of perturbations in
extra dimensions, we present a development of perturbations for branes where we
start from evolutionary equations and in where the geometry of space—time is de-
termined by the extrinsic curvature tensor. We have that the bulk where the branes
are embedded has a particular distribution of matter, however the homogeneity and
isotropy is fulfilled in the internal space of the brane, having in turn an arbitrary
sectional curvature. For this case, we also find equations for the evolution of
perturbations in branes, and their respective scalar, vector and tensor modes,
choosing also the Newtonian conformal and synchronous gauges, these in their
version of extra dimensions. When we study our equations with the Ricci tensor, we
observe the universe as a whole, but when we work with the extrinsic curvature
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tensor, we observe the universe as part of a whole; in both cases we consider the
energy-momentum tensor as a perfect fluid, which already has the structure to also
be treated as a scalar fields.

Subsection 4.3 deals with energy flows, where we mention that there are internal
energy flows in the brane and because of this there can be geometric alterations both
internal and external to the brane, in addition that there are external energy flows,
all of this when working with extra dimensions and perturbations.

Our work shown in this paper will be very useful for the development of pertur-
bations in the Bulk in a more efficient way, where both the Ricci tensor and the
extrinsic curvature will be considered in the same treatment to determine the geometry
of the space—time in where we have generalized evolutionary equations for perturba-
tions. Among the possible applications of this generalized model are: (i) the generation
of gravitational waves in the bulk or in extra dimensions, (ii) the formation of structure
into the brane due to the interaction with another brane (these may have different
matter contents) or even with the same bulk. Furthermore, the linear perturbations
shown in this paper has the idea to be applied in novel models with two concentric
branes like these studied in Ref. 42 or in models with variable brane tension'® in where
the Universe acceleration it is related with the dynamics of extra dimensions. We
expect that these models could tackle problems like the amplitude of matter pertur-
bations smoothed over 84 ~'Mpc, oy, where h is the dimensionless Hubble constant.
Under the ACDM scenario, it is observed that CMB anisotropies are not consistent
with weak gravitational lensing measurements.*”*%47 In fact, the tension is measured
through Sg = 051/, /0.3, where €, is the matter density parameter. Thus, the
Planck collaboration predicts Sg = 0.834 £ 0.016 while Kilo-Degree Survey (KiDS-
1000)37 predicts Sy = 0.7661’8:8%2, producing a tension of 30 between both results.
Another example where we could apply the equations that we developed is in the
perturbations that are generated in the neighborhood of black holes. We can model
this by imagining that the black hole is covered by a “Gaussian Surface” that will be
analogous to a brane with positive curvature, which could be located on the event
horizon, then for this case it is D = 2 and therefore the brane will have two spatial
dimensions (azimuth 6 and zenith ¢ coordinates) and one temporal, with the same
analogy, the bulk would occupy the place of the background space, being this of 3
spatial dimensions and one temporal, for this model, the radial coordinate r would
have the role of extra dimension. In this last example, it is important to note that the
model is not the same as the one used in the Arnowitt—Deser—Misner formalism.

We finally mention that all these future studies are only possible under the specific
form of the linear perturbations shown in this paper, however these studies will be
presented elsewhere.
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