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Abstract In recent works, we presented

a model for the dark matter in cosmos

supposing th¿t dark m¿tter is ¿ sc¿lar field endowed with a cosh scalar
potential. We obtained that the model fit well the observed mass and
angular power spectrums, is consistent with the observed acceler¿tion of
the expansion of the Universe and contains and natur¿l cutoff for sm¿Il
structure ¿t - 0.1 Mp.-t .In other works we presented ¿ model for the
dark matter in galaxies supposing th¿t d¿rk matter is a scalar field endowed with an exponenti¿l scalar potential. We found that the effective
energy density goes like t/t2 + b2) and the resulting circular velocity
profile of tests particles in it is in good agreement with the observed
one in spiral galaxies. In this work we give a connection between both
models, supposing that the cosmologicai scalar field fluctu¿tions are the
h¿los of the galaxies arid discuss some of the physical consequences of
the model.
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Introduction

Doubtless we are living very exiting times in cosmology. At this end
of Millennium many new crucial obser'¿ations have been carry out giving
the human beings a new vision of the Universe. Among others, observations of the luminosity-redshift relation of Ia Supernovae suggest that
distant galaxies are moving slower than predicted by Hubble's law, implying an accelerated expansion of the Universe[l, 2]. These observations
open the possibility to the existence of an enerry component in the Universe with a negative equation of state, u ( 0, being F : u) p, called dark
energy. Current observations of CMBR anisotropy by BOOMER.ANG [3]
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and MAXIM.A.[4], could implies a flat, homogenous and isotropic Universe.
The counting of the distribution of cluster and supercluster of galaxies
gives us a new vision of the large scale structure of the universe [5]. The
most successful cosmological model until now seems to be the A Cold
Dark Matter (ACDM). This model consists of cold dark matter 25T0,
75% of cosmological constant A.
whose nature is unknown, and
Nevertheless, in addition to the old problems of the cosmological constant, the A CDM model over predicts subgalactic structure and singular cores for the halos of galaxies[6]. Some problems of the cosmological

-

-

constant paradigm can be ameliorated by Quintessence: a fluctuating,
inhomogeneous scalar field (Q) rolling down a scalar potential v(a).
However, it has not been agreement about which scalar potential V(Q)
is the correct one. It is assumed that flat models with O¡¿ : 0.33 + 0.05
and a.rq: -0.65+0.07 are the most consistent with ail observations[7].
The matter component Q¡,¿ of the Universe decomposes itself in baryons,
neutrinos, etc. and dark matter. Observations indicate that stars and
dust (baryons) represent something like 0.3% of the whole matter of
the Universe. The new measurements of the neutrino mass indicate that
neutrinos contribute with a same quantity like matter. On other words,
say O¡a : f)-*OD u : {ltlQ,*' "*Qom - 0'05 Idlou, where O¿r¡4
represents the dark matter part of the matter contributions which has a
value of {lDM - 0.25. This value of the amount of baryonic matter is in
concordance with the limits imposed by nucleosynthesis (see for example [8]). But we do nbt know the nature of the dark matter component

{lou.

The flat profile of the rotational curves is maybe the main feature
observed in many galaxies. There are some particles with nice features
in super-symmetric theories which could be candidates to be the dark
matter, they are called WIMP'S (Weak Interacting Massive Particles).
However, since these candidates behave just like standard cDM, they
can not explain the observed scarcity of dwarf galaxies and the smoothness of the galactic-core matter densities [111. This is the reason why
we need to look for alternative candidates that can explain both the
structure formation at cosmological level, the observed amount of dwarf
galaxies, and the dark matter density profile in the core of galaxies.

2.

Scalar field as cosmological dark matter

We have proposed a scalar field model for dark matter in galaxies
the problem
[12]. This model has created a great expectation for solving
not
only gives
field
The
scalar
141.
of the nature of dark matter [13,
galaxies
to predict
in
the correct energy density for the required matter
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the rotation curves of stars, but it is obtained the correct distribution of
dark matter in galaxies as well. It also has the advantage to be a particle
predicted by fundamental theories like superstrings, I(aluza-Klein, etc.
At the galactic level, attention has been put on the quadratic potential
iD2, because of the well known fact that it behaves u, p."rr,rr"less matter
due to its oscillations around the minimum of the potential[l5], implying
that r¡o : 0, for ( po >: wo 1 po >. Following an analogous proceduré
to the one used in particle physics, we may write a phenomenological
Lagrangian with all the terms we need in order to reproduce the observed
universe. In particular, for modelling the dark matter of the universe
we use a minimally coupled real scalar field o with a self-interaction
potential of the form (rc6 : 8nG, we use natural units such that ñ : c :
1)[16, 171

Y(O) :

V" [cosh (,\ v/-,r"O)

- 1]

: {'ff:f},:"riiP;Y iif""gl si

(1)

The mass of the scalar field é is defined as m?r: V,,lo:o: A2noV'
In this case, we have a massive scalar field. The components of the

universe are baryons, radiation, three species of light neutrinos, etc.,
and two minimally coupled and homogenous scalar fields o and i[, which
represent the dark matter and the dark energy, respectively.
The scalar field has been proposed as a viable candidate, since it
mimics standard cDM above galactic scales very well, reproducing most
of the features of the standard (^CDM) model [12, 18, 1B]. However,
'at galactic scales, the scalar field model presents some advantages over
the standard
model. For example, it can explain the observed
galaxies since it produces a sharp cut-off in the Mass
scarcity of dwarf
^cDM
Power spectrum. Also, its self-interaction can, in principle, explain the
smoothness of the energy density profile in the core of galaxies
[12, 19].
At the cosmological scale, it is found that the mass of the boson is
not the only parameter that determines the power spectrum. The selfinteraction of the scalar field is also important. The free parameters of
the scalar potential, Vs and the scalar field mass ,trlq:
can be
fitted by cosmological observations. Doing this one finds^\/Vñ,
that [17]

ñ
^
Vo

mo ñ

20.28,

(2)
(3)

9.1 x 10-52 rnp¡ : I.I x l0-23eV

vnth mp¡ = G-r/2 the Planck mass.

,

(4)
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Scalar field dark matter in galaxies

The formation of galaxies through gravitational collapse of dark matter is not an easy problem to understand. A good model for galaxy formation has to take into account all the observed features of real galaxies.
There are some ideas in this respect when dealing with a scalar field. Our
main aim in this section is to present a plausible scenario for galaxy formation under the scalar field dark matter (SFDM) hypothesis. Through
a gravitational cooling plocess 123,24,25]' a cosmological fluctuation of
thó scalar field collapses to form a compact oscillaton by ejecting part
of the field. The key idea consists precisely in assuming that such final
object could distribute as galactic dark matter does. The final configu.riio.r then should consist of a central object (a core), i'e. án oscillaton,
surrounded by a diffuse cloud of scalar field, both formed at the same
time due to the same collapse process. The idea follows the standard
idea of galaxy formation, namely that scalar field (dark matter) fluctuations are the responsible for the origin of the galaxies. In the case of the
scalar field potential cosh(.\O), we have used in [17] scalar field fluctuations of the form cosh(AQ) -* cosh(A(Ó + óO)) - exp(^óO) : exp(¿rd)
for the regions where the scalar field fluctuation dominates óo > o' of
course, aJin the standard theory of galaxy formation, the dark matter
fluctuations are of different size in different regions of the [-]niverse, for
different galaxies. Therefore, at galactic level, we have a scalar field
potential *tti"tt depends on the local variable a. Thus, the exponential
potential approximates the cosh potential in some regimes of the Scalar
field and we could develop some interesting aspects of a scalar dark matter halo in galaxies and although all this work is fully relativistic, it was
done assuming staticity in galaxies [12, 26].
The question we are facing now is whether there is a dynamical rnechanism that could provide a realistic scenario of galaxy formation using
the scalar field dark matter hypothesis. First of all, a complete evolution of galactic and under galactic fluctuations belong to the non-linear
regime óf perturbations. The right answer would be provided by numérical evolutions of Einstein's equations in order to see the galaxy
partial answer
formation from the cosmological context. Fortunately, a.developed
since
equations
is given in numerical research on Einstein's
deeply
tggo. tn particular, the collapse of a scalar field has been studied
in [23, 24,251and it was found that there are final equilibrium and stable
configurations for coliapsed scalar field particles: boson stars (when the
scalar field is complex) and oscillatons (when the scalar freld is real and
time-dependent), both of them being formed through a process called
gravitaiional cooling[24]. Let us draw a possible physical picture of a
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galaxy collapse with dark matter being a scalar field endowed with the
potential (1).

4.

Scalar field collapse

In a realistic model the metric and fields should depend on space and
time, thus a cornplete study would involve numerical calculations within
and beyond General Relativity. one alternative is to study the behavior of the galaxy numerically with all the hypotheses stated above. In
this section we will adopt this alternative, i.e. we will perform numerical simulations and in the next section we will perform semi-analytical
calculations.
If a galaxy is an oscillaton, i.e. an oscillating soliton object, it must
correspond to coherent scalar oscillations around the minimum of the
scalar potential (1). For the scalar field collapse, the critical value for
the mass of an oscillaton (the maximum mass for which a stable configuration exists) will depend on the mass of the boson. Roughly speaking,
if we take Tfl,q :1.1 x 10-23eV, and use the formula for the critical mass
of the oscillaton corresponding to a scalar field with a é2 potential (i.e.
just a mass term), we expect the critical mass to be [2J,241
M",¡¡

- 0.69
rÍIO -

lor2Mo

.

(5)

This is a surprising result: the critical mass of the model shown in [17J
is of the order of magnitude of the dark matter content of a standard

galactic halo.

In order to study this situation for the case of a potential of the
form (1), we present a numerical simulation of Einstein's equations in
which the energy momentum tensor is that of a real scalar field. The
scenario of galactic formation we assume is as follows: a sea of scalar field

particles fills the Universe and forms localized prirnordial fluctuations
that could collapse to form stable objects, which we will interpret as the
dark matter halos of galaxies.
The numerical simulations suggest that the critical mass for the case
considered here, using the scalar potential (1), is approximately [25, 2g]
Mcrit

- oJ&

:

2.5

x ror3M6.

(6)

The results of the numerical sirnulations are as follows. Essentially, we
have found three different tvpes of behavior for the scalar field collapse.
In the first case, a generic feature is that scalar field distributions with an
initial mass slightly larger than the critical mass collapse very violently
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and form a black hole. In the second type of behavior, fluctuations
with an initial mass significantly smaller than the critical mass can not
form stable oscillatons: the scalar field is completely ejected out as the
system evolves [28]. The third behavior comesponds to a case where a
fraction of the initial density is spread out, leaving an oscillating object
that appears to be stable. This situation happens in a narrow window
of initial conditions, between 0.05 - | x M.,¿¡ [28].
Flom the cosmological point of view, the narrow window of initial
conditions means that not all fluctuations will collapse into stable objects. Moreover, the collapsed objects will have masses of the same order
of magnitude M¡not * 1.O72MO, as it seems to be precisely the case for
galaxies.

Summarizing, from the results of the numerical simulations of the collapse of the real scalar field with a cosh potential we find many similarities with the structure of the halos of galaxies. The scalar field density
profile is not singular at the center. This fact, and the values of the
final masdes obtained using the cosmological values (3) and (4) for the
parameters of the self-interaction potential, could corlespond to objects
like realistic galaxies. Moreover, it is in agreement with the observational constraints related to the phenomenological maximum galactic
mass pointed out by salucci and Burkert [29]. Therefore, we expect
that fluctuations of this scalar field, due to Jeans instabilities, will in
general collapse to form objects of the order of the mass of the halo of a
typical galaxy.
We have shown before [17] that the SFDM model could be a good
model for the universe at cosmological level, here we see that the scalar
field could also be a good candidate for the dark matter content of
individual galaxies ,*,:rt*.tted in,i12, 26, 301).

5.
5.1.

The galactic model with scalar fteld dark
rnatter
A long exposition photograph of a galaxy

Summarizing, we have considered two working hypothesis up to now.
First, we identify the formation of a central compact object and a halo
with the gravitational collapse of a scalar field. The compact object
could be a) an oscillaton (since we ale dealing only with a real scalar
field) or b) a Bose condensate. second, we identify the ejected scalar
field with the halo of this galaxy.
In this section we will adopt the second alternative, i.e. we will build
a toy model for case a) stated above in purely geometrical terms and
considering only the final stage of the collapse. To start with, we support
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our toy model on the numerical results studied in the previous section
(see also 123, 24,25]). First, since the timedependence of the metric in
an oscillaton is quite small [23], we suppose then that the center of this
toy galaxy is an oscillaton which oscillates coherently but considering
a static metric. This is an approximation because neither the galactic
nuclei nor the oscillaton are expected to be static. However, for the
purposes of this analytic work, we suppose that the dynamics of the
oscillaton can be frozen in time in a way we explain below. Second, we
do not expect the scalar halo to possess the same properties than the
collapsed oscillaton; in some sense, they must be different. Thus, we will
consider the scalar halo as another scalar field. Third, baryonic matter is
considered to lie in the galaxy. Thus, we suppose that baryonic matter,
which is part of the central object, (and only to the central objéct) will
contribute to the curvature of the space-time of the galaxy.
This matter can be modelled as dust very well. As in previous works
1I2,26), we let the luminous matter around the galaxy as test particles,
i.e. they do not essentially contribute to the curvature of the spacetime. Thus, we will take the baryonic matter surrounding the halo of
the galaxy as test particles.

The analytical solution

5.2.

Then, starting from a spherically symmetric space*time, using the
harmonic maps ansatz [31] we were able to find a solution of the system.
The exact solution of the averaged Einstein's field equations is
d,s2

:

-Bo(r2

:

+ b2¡'? 0
\

-ry\
'

/

dt2

+

i;

Aorn\dr2

+ r2ddt2

(z)

\t--;)

*sin2 0dg2 and M is a constant with the interpretation
discussed below. This metric is singular at r :0, but it has an event
horizon at r : 2M. This metric does not represent a black hole because
it is not asymptotically flat. Nevertheless, for regions where r ( ó but
r > 2M the metric behaves like a Schwarzschild black hole. Inside of the
horizon the pressure of the perfect fluid is not zero anymore, thus our
toy model is valid only in regions outside of the horizon, where it could
be an approximation of the galaxy. Metric (7) in not asymptotically flat,
but it has a natural cut off when the dark matter density equals the
intergalactic density as mentioned in [26].

with

df,t2

5.3.

d,02

Physical features of the model

In order to understand the other parameters of the metric, let us
in the following way. It is believed that in a standard galaxy,

proceed
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the central object has a mass of M - 2-Jx7O6Mg -some o.u. Far away
from the center of the galaxy, say from Ipc up,, the term 2M lr ( 1. In
this limit metric (7) becomes
d,s2

:

-Bo(r2

*

b27?¿tz

*

Aod,r2

+ r2dn2.

(8)

This space-time is very similar to metric (18) of reference [26], but now
with the potential

I
2rr"
(e)
an@Tñ
being both solution the same in the limit r ---+ oo. This implies that
Ao : I - ut, recovering in this way the asymptotic results shown in
(21) in reference
u(',1,(r))

:

t1o0

[26]. Parameter b is related to parameter Ó of metric
[12], where it acts as a gauge parameter. Of course this metric is only
valid far away from the center of the galaxy. With parameter Ó it is now
possible to fit quite well the rotation curves of spiral galaxies. Therefore
metric (7) could not only represent the exterior part of the galaxy, but
it could be a good approximation for the core part of it as well' Let us
see this point.
The rotation curves o"ú seen by an observer at infinity for a spherically
symmetric metric are given by u'o' : Jrg;;TAñ [26]. For metric (7)
such result reads

-2M)r2 + !uI(T?.+b2)
^luZe @-2M)(r2+ú)
"'Y

u,ot(r\

formula that allows one to fit observational curves. Now let us explore
an ADM-like concept of mass associated to our scenario. This rnass can
be calculated using the standard form of the metric
d,s2

:

-e26dt2

*

=+,+
\r - , i

(1

- a)r2dtt2

(10)

: m(r) is interpreted as the mass function and 6 : 6(r) as the
gravitational potential. This form of the metric is convenient because
in this coordinates rttr,r :4trr2p7', where p'¡ is the total density of the
object. This interpretation is corect in regions where the space-time is
almost flat, i.e. far away from the horizon r :2M. Close to the horizon
or inside of it, function n¿ is a quantity that should be similar to the mass
of the object, but it is not since it contains the contribution of all the
components together; in this region, where the curvature of the spacetime is huge, the volume element is different from 4trr2dr. Fbrthermore,
where m
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inside of the horizon we are not able to know the real physics of the
object. On the other side, far away from the center of the toy galaxy,
this function can be interpreted as the mass of an infinitesimal shell at
radius r. Anyway we will call function rn the mass function everywhere.
Thus, the ADM-like mass is obtained at infinity by M¿o*t : lim rn.
We perform the coordinate transformation t/-Aor "- r', \fñó']-ó in
order to compare metrics (7) and (10). We obtain
d,s2

: _+ft2
Aii'

+b2),, (, _
\

,tp)o**
r /

uffi¡¡t

fian,
(11)

with,4¡ - 1-T.'o4. Thus, Meou: JT4&1. Probably an observer at
infinity would see the mass M4p¡4 at the center of the galaxy. Observe
that for r >> b it follows the line element
d,s2

:

-Bortdt2

*

Aod,r2

+

r2d,02

+

12 sin2 edg2

(12)

where I : 2 (rr)'. This result is not surprising. Remember that the
Newtonian potentialT/ is defined as goo : -erp(24)) : -1 -24, - "'. On
the other side, the observed rotational curve profile in the dark matter
dominated region is such that the rotational velocity ae of the stars is
constant, the force is then given by F : -(uv)2fr, which respective
Newtonian potential is tft: (uv)2ln(r). If we now read the Newtonian
potential from the metric (11), we just obtain the same result. Metric
(11) is then the metric of the general relativistic version of a matter
distribution, which test particles move in constant rotational curves.
Observe that
(18)
v'

: --no(2,!-\l) vz
-

Thus, we recover the very important result, namely the scalar potential
goes always as lfr2 for a spherically symmetric metric with the fl,at
curae condition. It is remarkable that this behavior of the stress tensor
coincides with the expected behavior of the energy density of the dark
matter in a galaxy. The effective density depends on the velocities of the
stars in the galaxy, p : (ae) 1(1- (ue)4) xtl@sr2) which for thc typical
velocities in a galaxy is p - 10-12 x ll@612) - l/3IO-12Hl2pn¿tfr2,
while the effective radial pressure is lfl : @v)211uv¡z +D/Q - (ue)2) x
l/(nor2) - 10-6 x 7f (nsr2), i.e., six orders of magnitude greater than
the scalar field density. This is the reason why it is not possible to
understand a galaxy with Newtonian dynamics. Newton theory is the
limit of the Einstein theory for weak fields, small velocities but also for
small pressures (in comparison with densities). A galaxy fulfills the first
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two conditions, but it has pressures six orders of magnitude bigger than
the dark matter densit¡ which is the dominating density in a galaxy.
This effective pressure is the responsible for the behavior of the flat
rotation curves in the dark matter dominated part of the galaxies.
Metric (12) is not asymptotically flat, it could not be so. An asymptotically flat metric behaves necessarily like a Newtonian potential provoking that the velocity profile somewhere decays, which is not the observed case in galaxies. Observe also that the matter density around a
galaxy is smaller than the critical density, s&Y Po,-"rd, - 0.06p"'¿¿, then
1",¿t x lLKpc, which correspond to a typical size for galaxies. At infinity,
the observer will only measure M¡ou, i.e. it will see a Black-Hole-like
metric at the center of the galaxy which horizon lies at r :2MAou'
In Figure 2 of [30] the fit of the curves is done using the observed
rotation curves of some dwarf galaxies, whose dark matter contribution
is extremely dominating and therefore are considered as the test of fi're
for a dark matter model in galaxies. In general, for disc galaxies, the
fit of the rotation curves using this metric is analogous as in reference
for some late
[12]. It seems then that metric (7) is a good approximation
good
approximation
galaxy;
it
is
a
studi,tm of the space-time of a spiral
of a "long exposition photograph" of a galaxy
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