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Using a generalized Madelung transformation, we derive the hydrodynamic representa-
tion of the Dirac equation in arbitrary curved space-times coupled to an electromagnetic
field. We obtain Dirac-Euler equations for fermions involving a continuity equation and
a first integral of the Bernoulli equation. Using the comparison of the Dirac and Klein-
Gordon equations we obtain the balance equation for fermion particles. We also use the
correspondence between fermions and bosons to derive the hydrodynamic representation
of the Weyl equation which is a chiral form of the Dirac equation.
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1. Introduction

The Standard Model of elementary particles establishes that there exist two kinds of
particles, fermions and bosons. In previous works,!'? the energy balance for bosons
was derived starting from the general relativistic Klein-Gordon (KG) equation. In
the present work, we study a system of fermions described by the Dirac equation in
arbitrary curved space-times taking into account electromagnetic effects. We also
use the Weyl equation which is a chiral form of the Dirac equation due to the
relationship between the Lie algebras of the symmetry groups for both systems of
particles. We give the hydrodynamic representation of the Dirac and Weyl equations
for fermions using previous results obtained for boson particles.

Many examples of fermion particles in strong gravitational fields can be found
in nature. Indeed, the curvature of space-time plays an important role in a neutron
star, in the early Universe, or in a fermion cloud (e.g. a dark matter halo) in the
vicinity of a black hole. We need to develop a general framework to identify what
are the different energy contributions in such systems. In this work we use the
geometrical decomposition of the metric in 3+1 slices and the tetrad formalism to
study the particle spin in an arbitrary space-time. We define the gamma matrices
in curved space-times and derive the generalized Dirac and Weyl equations. Then,
using the Madelung transformation, we introduce a hydrodynamic representation
of the Dirac and Weyl spinors. This hydrodynamic representation can help us to
describe the fermionic system in a general framework.
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2. Field Equations

We use the tetrad formalism for the space-time geometry, and the canonical expan-
sion of the space-time in a 3+1 ADM decomposition,® ® such that the coordinate ¢
is the parameter of evolution. The 3+1 metric reads

ds? = N2c?dt? — hy; (da' + N'cdt) (dz? + Niedt) (1)

where N represents the lapse function which measures the proper time of the ob-
servers traveling along the world line, N is the shift vector that measures the dis-
placement of the observers between the spatial slices and h;; is the 3-dimensional
slice-metric. In what follows 4,5, k,l = 1,2,3; a,b,c = 0,1,2,3 are the internal
indices and p,v,a = 0,1,2,3 the space-time indices. We write eq. (1) in the
tetrad formalism as ds? = nabeaﬂebydw”dx”, where 74, = diag(1,—1,—1,—1). Here
= e“,dz" is the set of one-forms base of the cotangent space at the space-time

manifold given by

ea

e’ = Ndt,
ek = ek, (da’ + N'cdt) , (2)
with inverse
1 0 .0
=—|—-N—
“C“TN (08t [“)xﬂ> ’
. 0
€ = 6;.3]@7 (3)

where é¥ = ék.dx® are the one-form base to the three-dimensional slice of the cotan-
gent manifold, such that h;; = 5klékiél ;- We can also define the set of vectors base of
the tangent-space to the space-time as e, = ey, such that e*e;, = §9%,. We will use
the tetrad formalism® %19 to describe the space-time geometry where the fermion
particles are located.

The action of a fermion system in curved space-time coupled to an electro-
magnetic field A, is given by S[¢,9,¢] = [L (¥, 0. (z"))d*z, where £ =
L (¢, 8,(z*)) is the Lagrangian density'? 13

L= VG [ By (D) — (D) By + Z0ytpy| ()
Here D,, = V, + %Au is the total covariant derivative accounting for elec-
tromagnetic effects. The covariant derivative of a spinor 1 = () is given by
V(o) = 0u(vs) + Ty (1a), where I, is the spin connection.® '* Using the least
action principle it is possible to obtain from eq. (4) the corresponding Dirac equa-

tion. This equation is given by
[ihy"(Vy +igAyu ) —md ¢ =0, (5)

where A, ¢ are the Planck constant and the speed of light respectively, while ¢, m
are the charge and mass of the fermion particle and v is its spinor. Besides, the
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gamma matrices 7" are related to the spin and space-time geometry. They can be
written as y* = e 4%, where ¥ are the gamma matrices in flat space-time, which
are well-know from Quantum Field Theory (QFT).'* 17 Therefore,

7’ = N7°,
7 =" + NFO). (6)

In general, these matrices fulfill the following anti-commutation relation® '8

{7} =M+t =29, (7)
where g, represents the metric that describes the space-time geometry. Further-
more, as we know, the gamma matrices in flat space-time are related to the Pauli
matrices, which describe the spin of the fermion particles. In general, the gamma

matrices obey the following relation!! 1319

(v")' = By*B™, (8)

where B is a hermitian matrix, i.e. Bf = B, that is uniquely determined by the
gamma matrices v*. As usual, we denote by BT the conjugate (or Hermitian) trans-
pose of B. We note that in QFT the relation (8) is fulfilled when B = 4° and the
gamma matrices are in flat space-time. From the action (4) of the fermion system
we can find the equation for the transpose conjugated spinor by making an infinites-
imal variation of this action with respect to ¥. Another way of getting this equation
of motion is to take the transpose conjugate of the Dirac equation (5) and using
(8). In this manner we find that the transpose conjugated Dirac equation in curved
space-time is given by

i (V) v — )TV, (By*) + i)V, v + A y™ + mip = 0. 9)

To simplify the notations, here and in the following we use mc/h — m in natural
units (¢ = i = 1). We consider that (V)7 = V9T, and we denote the adjoint
spinor as ¥ = v B. Using the gamma matrices in flat space-time and the fact that
B = 3° we recover the definition of 1) in QFT and the transpose conjugated Dirac
equation. However, in an arbitrary space-time V,v* is distinct from zero, since
yH = et 4%, so in general V ,e#, is non-zero.

We can get the conserved charge from the Noether theorem.?? The Dirac current

JH = prtp = T Brtep. (10)
To obtain the continuity equation
VuJHt =0 (11)
for the Dirac current, we take the covariant derivative of eq. (10). This gives

Vil = (Va7 + 6 (,0) 6 + 97"V (12)
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If we multiply the Dirac equation (5) by 1 and its transpose conjugate (9) by v
and sum both equations, it follows that

V" =0V, (By") . (13)

If we require that the continuity equation (11) is fulfilled, i.e., that the number of
particles is conserved, then we need V,, (By*) = 0, or equivalently

(qu)'Y# = —BV,~y*. (14)

At this point, we want to emphasize the consistency conditions for the continuity
equation (11). Some authors?! impose V" = 0 while others?? impose V.B=0.
These conditions are independent of each other, i.e., in general the condition of
Ref.?! is not fulfilled in Ref.?? and wvice versa. In Refs.!?13 the authors conclude
that the condition V,(B~v") = 0 is the most convenient because it is implied by
Vv =0and V,B =0.

In addition, we can note that the matrix B can be obtained for a general metric
(1) by solving the differential equation

(Vo(BN) + V;(BeIN)) 3° = V,(B&)7* =0, (15)

which follows from eq. (14). Using the condition (14), it is possible to rewrite the
transpose conjugated Dirac equation (9) as

i (V) v 4+ ip Vv + v A" +map = 0. (16)

In order to find the conserved quantity resulting from the continuity equation, we
take an arbitrary surface S enclosing the volume V which contains the whole system.
Let k7 be an orthonormal vector to S such that

/VHJ”dV:/VoJOdV—i—/ijde:O. (17)
v v S

We assume that far away from the source, J* is negligible. Then, the surface integral
in eq. (17) vanishes, and we obtain

@ _ Vo J%dV =0, (18)
dt v
where @ = fv JOdV is the conserved charge and dV is the curved volume element
dV = y/—gd*z. ITn QFT this charge is identified with the number of fermions or
with the electric charge of the system. In flat space-time we have B = 7%, so that
JO = ¢T4p = n represents the number density of fermion particles. In curved space-
time JY (which is determined by 7° and by the generalized gamma matrices) has a
different interpretation. The form of B given by egs. (8) and (14) for each metric is
related to the gamma matrices and to the tetrad formalism.
With the Maxwell four-potential we can define the Faraday tensor

Fuy = VA, =V, A, (19)
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In the electromagnetic theory, the Faraday tensor F),, satisfies the Maxwell field
equations

vV, F = gk, (20)

where JE# is the four-electromagnetic current.

The problem of the Energy Balance for boson particles in a curved space-time
is studied in Ref.!, where the conserved 4-current associated with the KG equation
describing the evolution of a complex scalar field ®(z#) is defined. We can generalize
this idea by defining a new 4-current J¢, changing the scalar field by a spinor and
the complex conjugate scalar field by the conjugate transpose of the spinor. Namely,
the KG current is redefined as

TG =i [0 (Y, — i) 0 — 1 (V4 iaA) v 21

3. Dirac Hydrodynamic Representation

Analogously to the hydrodynamic representation of the Schrédinger equation, which
was introduced by Madelung,?? we derive the hydrodynamic representation of the
Dirac equation. We carry out the following generalized Madelung transformation
for each component of the spinor ¢ = ¢ (z#) as follows

1 = exp(if)R, (22)

where R is a spinor and 6 is a function. For the case where we consider a Dirac
electron-like fermion, 6 = 6(z*), the spinor 1 reads

Ry
R; . .
Y= R, exp(if) = Rexp(if), (23)
3
Ry
where we use the notation fi, 7, ...= 1,--- , 4 for the spinor indices such that

Ri V1
RA N
R=|2[=V"2]. (24)
R3 VAL
R4 VAU
In the appendix we show some exact solutions of the Dirac equation with this ansatz
in flat space-time. Here the dot indices represent elements of each component and
we do not use the sum convention when the indices are up and down. On the
other hand, we assume this notation R, = ,/n; to (24), where n; is the number
density, represents the modulus of v, and @ is its phase (both are real variables).
In general, n;, is different for each component of the spinor. Note that the covariant
derivative of the spinor ¢ in terms of its decomposition (23) is V,(13) = 0,,(Rse' )+
re, (Rae®) = (0, Ry)e +i(0,0)Rye®® + re, (Rse®), implying that V,0 = 9,,6.
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Using the transformation (23) in eq. (5), the Dirac equation in terms of the
variables R and 6 reads

exp(if)y" (iVHR — (V,0)R - qA,R — %WR) —0. (25)

To get the last term, we used the property of the gamma matrices that v,v* = 41,
where I is the 4 x 4 identity matrix. This property results from the anti-commutation
relation of the gamma matrices. Similarly, the continuity equation (11) with (10)
can be written with these new variables as

(V.RT) K'R+ RTK" (V,.R) =0, (26)
where RT denotes the transpose of R and K* = By*. Observe that K* is hermitian
(KM = KH).

In conclusion, we have introduced the hydrodynamic representation of the Dirac

equation (25) and its conjugate transpose equation by making the change of vari-
ables from eq. (22).

4. Dirac-Euler Equation
As for the Klein-Gordon equation,? we define the 4-velocity v, by

muuy = V,uSy + qA,. (27)

Here, S(z*) is a phase with components S; = 91’/51}@ —wl-,é’)dt where w;, are constants
that can be related to the mass of the fermion particle by w; = mc?/h and 6, = 0.
In this manner we can write

V,.050% = (mu,s — wdéoﬂ)éé‘» —qA,. (28)

v

We interpret n, as the density number of fermions and v,,;, as its velocity. Actually,
eq. (25) can be interpreted as the first integral of the Bernoulli equation for fermions
in an arbitrary space-time. To see this, we apply the operator iv*D, = iy*V, —
gy"A,, to the Dirac equation (5) written under the form iy*V ¢ = gy"* A, —ma.
This yields

_,Y,u,yl/ (VHva + iCI(VuAuW + iqAV(Vlt¢) + Z'un(Vuw) - q2AuAu¢) -
m*Y — (V") (Vo) +igA,e) = 0. (29)

Using the relation (7) in eq. (29) we obtain

Opt + m2y + %qumzx} +(V,y” ) (D) = 0, (30)

where we have defined the D’Alambertian operator in the presence of an electro-
magnetic field by O = (V,, +1igA,)(V# +igA*) and the anti-symmetric Faraday
tensor by F,, = V,A, — V,A,. Eq. (30) is similar to the Klein-Gordon equation
with an electromagnetic source except that here 1) is a spinor instead of a complex
SF. The last term of eq. (30) contains the covariant derivative of 4* which vanishes
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in a flat space-time. According to Refs.!'? if we apply the transformation (22) to
eq. (30), we could expect to obtain the continuity equation for the imaginary part
and the Bernoulli equation for the real part. However, in the case of the Dirac equa-
tion the four components are mixed by the presence of the four dimensional spinor
1. Hence, we obtain the following expression

i[2(mv* — wof )V, R — qA, + ¢V, (A*R) + V,,(mv* — wély — gA*)R] +

2
(mzv“v” + 2mwv? + % + m2> R—-0OR +

%quFwR + (V) (i(mw, + WV )R + D,R) = 0. (31)

Here, we have defined O = V¥V, and we have introduced the diagonal matrices
vy = V0% and w = wyd%. For bosons, the real and imaginary parts separate
into two independent equations, namely, the continuity equation and the Bernoulli
equation.’? But in the spinor case, the last line of equation (31) mixes both the
imaginary and real parts and there is no natural separation into real and imaginary
parts. The system remains coupled.

5. Weyl Representation

The Dirac equation for 1/2-spin particles is associated with the SO(1,3) symmetry
group. Nevertheless, we can introduce a new representation as in standard QFT,
since there exists a surjective homomorphism between the SO(1,3) and SU(2) ®
SU(2) Lie groups.

In terms of the Pauli matrices the 4 x 4 gamma matrices v* can be written as
two 2 x 2 block matrices

. 01
7’ —J\WO—JV(H 0), (32)

i iei s s 0 —é (57 — N'T)
I=¢& A+ N3O =, _. , i 33
v =é,(3" +N'Y) <é]i(5l+NzH) 0 ; (33)
where ¢ are the 2 x 2 Pauli matrices in flat space-time and I is the 2 x 2 identity
matrix. The 4 matrices satisfy (7°)" = 7° and (vj)T = —9 +2NIy/N.
As we know, the special unitary group SU(2) is formed by the set of 2 x 2
complex matrices A, which satisfy det(A) = 1. Explicitly, we have

a —b
A= 4
) (34)
with det(A) = |a|?> + |b|? = 1, where a and b are complex parameters. Equivalently,
we have the identity AT = A1,

The Lie algebra su(2) associated to the SU(2) Lie group is given by the expo-
nential map

exp(su(2)) — SU(2). (35)
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For any element X of the Lie algebra, we have exp(X)exp(X)' = I, implying
that X + XT = 0. In what follows, we will indistinctly use exp(X) and eX as the
exponential map.

In the Weyl representation we can write a Dirac fermion as a four-spinor ¥ made
of two spinors each of which having two components, for instance

b= (Zf) (36)

where ¥ and v, are the right- and the left- handed Weyl spinors, respectively. If
we write the adjoint spinor 1) and use the Weyl representation, it follows that

b =viB = (vhul) B (37)

where B is the matrix from eqgs. (8) and (14). If we use the relation (8) it is straight-
forward to see that the matrix B must have the following form

B:<§< %C) (38)

where the 2 x 2 matrix B is a diagonal matrix, B¢ = bl, with b = b(z*). Therefore,
we get B = b7" and eq. (15) transforms into

Vo(Nb) + V;(e/N'b) = 0, (39)
V;(élb)5t = 0. (40)

Using the definition of the spinor and its adjoint we can write the Dirac quadricur-
rent J# from eq. (10) as

= (vhool) By (fj) , (41)

where the gamma matrices are defined by egs. (32) and (33) and, in general, B is
given by the previously mentioned conditions. This yields

J® = Nb( o +v}vr) = Non, (42)

T = b& J(U(6" + N'Dgor — ] (6"~ N'D)yr). (43)
In order to simplify the notation, we now define the vectors of 2 x 2 matrices
S® = (1,67 + N’I) and S® = (1,57 — N’T) in terms of the Pauli matrices. S* and
S are the (generalized) Pauli matrices in flat space-time. In terms of these new
definitions, the density currents read

T = b (PfS" PR — Y] Svr)
= b(Who'vr — ¥)5L), (44)

where we have defined the 2 x 2 Pauli matrices in a curved space-time by o# = e#,S°
and o# = e/ S®. With this definition, the matrices 77 read

N = (fj _gj) ) (45)
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Furthermore, observe that the o7 matrices follow the same commutation relations as
the flat space-time Pauli matrices. This means that [0, 57] = —¢é}.¢][5", 5']. For the
Weyl representation we have to obtain two equations for each Dirac fermion. Thus,
we need to redefine the covariant derivative V,, and the spinor affine connection

i
0,0t +T'# o“. Nevertheless, in this representation we need to introduce two other

1
[,,'24 which can be written as V, = §, + I, and I, = 161,0” where of}, =

notations due to the presence of G*. Let ?M and fu be the bar covariant derivative
and the bar spinor affine connection, respectively, defined by ?u =0, +I'), where

fu = iayﬁ;‘;t (we stress that we use the greek indices for denoting the objects in
curved space-time as the gamma and Pauli matrices).

We can now apply the Weyl representation to rewrite the Dirac equation (5) for
a spinor with four components as

<io’“ (VquiqA#)mewL) _ (0) (46)
ioh (V, +igAu) YL — miyr 0)"

These are the Weyl equations for a spinor in a curved space-time coupled to an
electromagnetic field. If we apply the Weyl representation to the transpose conju-
gated Dirac equation (16), it is straightforward to obtain the Weyl equation for the
adjoint spinor (37). However, we shall not write the adjoint spinor equation explic-
itly because the results are analogous to the spinor equation as we have seen in the
previous sections.

If we set B = b3°, the current density now reads

JH—=b (wgg% - uJ}&wL) . (47)
Explicitly, we have
J° = Nbn, (48)
B N i i N?
JI = bé! (wgo YR — ! Ebr + WJ()) . (49)

On the other hand, the last line of eq. (31) can be obtained from the identities

(2N N*Fop + i Fyj¢ 1,65 )R
RV Fth = gr , 50
7 {—(QNNkFOk —iFyeid 5F )y, (50)
and using definition (45), we find that
. —S98%(Vaed)(Duipr)
Y (V") (D) = { e TR
—S*S"(Vaey)(Dvir)

)(DovR) + (N(Voo') — 67 (V,0")(Ditbr)
)(Doypr) — (N(Vos') — o7 (V;6"))(Divor)
(Dovr) + (8"Voé, — §78'Vié))(Divor)
Doyr,) — (§¥Voéj, — SF8H (Ve (Divr),
(51)

(N(VoN) — &/ (V;N
{ (N(VoN) + 0’ (V;N
~{ (VoN = §%(ViN)
N { (VoN +5*(ViN))

— —

)
(
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where €}, is the usual Levi-Civita tensor, Fj; = ééé;-”Flm is the directional Maxwell
tensor F; = (eV; — éévi)Al, and V, = é2V,, is the directional covariant deriva-
tive which defines the Cartan connection V.é; = I'j.é,. The Cartan connection
I'¢, = e2V.e¥ determines the Cartan first fundamental form dé® + I'¢ A é° for the
connections I'j = F‘gdéd with the property that I'yp + 'y = 0, where I'yp, = nadfg.

6. Weyl Hydrodynamic Representation

We now have all the ingredients to propose a hydrodynamic representation for
the Weyl fermions, following the same procedure as the one developed for the
Schrédinger and KG equations in Refs.! 2.

We start to propose our Madelung transformation in the Weyl spinor, using the

exponential map, that is
YR > < Rp > i
\I/ = = e . 52
<¢L Ry, (52)

Since Ypr and v are two spinors, we observe that Rr and R; are two two-
dimensional vectors. The Weyl representation of the adjoint spinor ¥ when B = b3°
is
U= (vhv}) 30 = (RhRL) e (53)
Since R is a real vector, the transposed conjugate is equal to the transposed, that
is Rt = RT.
Using the Madelung transformation (52) in the Weyl equations (46) and applying
the Lie algebra and the Lie group, we can get the following expression
(—0’“ (ﬁueR) RR + iot (?MRR> — qa“ANRR) o (mRL>

4
—at (VMOL) Ry + ot (vuRL) — q&“AHRL mRgr (5 )

These are the Weyl equations in curved space-time with the Madelung transforma-
tion. We can also apply the Madelung transformation (52) and (53) to the current
density (47), thereby obtaining

J* =b(REo"Rr — RL0"Ry) . (55)

Its components are
J° = Nbo(RERR + RYR.) = Nbn, (56)
J7 = b (eh(ns — ny — g +ng) + 28] (Jagm; — i) + EN'n) . (57)

We note that the zero component, where n = Zﬁ:i ny is the density number of
fermions in the system, gives the number of both right- and left-handed particles.
We can write the following expressions [¢g|? = ¢L¢R = RERR =np and [y ]? =
1/)21/@ = RTR;, = ny, for the right- and left-handed spinors, as in the Dirac case.
Thus, ng, ny are the right- and left- handed particle number and n = ng + ny, is
the total density number.
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Furthermore, eq. (31) becomes

i [2(muly — wrdY)VuRRr — qAu, + gV (AYRR) + V, (muly — wrdl — gA*)RR] +
2
(mQ’URH’U% + 2meU% + % —|— m2> RR — DRR +
(2NN*Fop + i€ Fij6")Rp +
(N(V()N) -7 (VjN))((vao — wR)RR + DORR) +
(N(Voo') — &7 (V;0%)(imvgriRr + D;Rg) = 0.
(58)
A similar equation is obtained for the left-handed spinor Ry with the substitution
R — L and S <— S in eq. (58). Simplifying the first line in this equation for
v = 1,2 corresponding to right-handed components, we get

m Wy Wy
5 [—Evonp + V,(npvh) + Emt} +

w2 D\/ng,
Vg {va#vaf + me[,vg + Flz +m2— = } +
(2NN* Fyy, + i€, F;6%) Ry —
(Val)S*SP((mvpa — wp00)Rr + DoRpg) = 0. (59)

i

The equation for the left-handed components ¥ = 3,4 is obtained by changing
Rr — Ry and S +— S. Here, we have introduced the two-dimensional vectors
vy = (Vgp,vru) and w = (wr,wr ). Explicitly, they are given by

Ry Vi
Rg Rs N
R= =2 = V2, 60
(RL> R V3 (60)
R; Vi

vi 0 0 0
C(vre 0N _ [0 v 0 0 o
Vu (0 vLH) 0 0 wy 0| (61)
0 0 0 wvy,

wi 0 0 0

Cfwr O\ [0 w0 0
“‘(0 wL)_ 0 0 wy 0] (62)

0 0 0 w

We now write the last two lines of eq. (59) explicitly and separate them into
imaginary and real parts, respectively. Using the Pauli representation of the &7

O By S (R ™

matrices
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we obtain for v = 1:
m W w;
Flgﬁ/ni + Fgg./ng — QFSI((m@ - wl )\/ + D f)
2(Tg, N — T4, N® + T, + T%,) ((mb 5 — ws a)\/ 3 +Daﬁ)=

2
D\/ﬁ

- 20 P42 _1 L
VI |MTU, v+ mwlv + N2 +m? s

2N(F01N1 + F02N2 + F03N3)1/’I”Li — Flgy/né +

[T§ (1= (N')?) +T5,(1 = (N?)?) + Tg3(1 = (N?)?) +

2T4 N' + 205, N? — T8, + 2I'%] ((mi,i — wi60)y/ni + Day/ng) +
(=205, N? — 2T, N® + 2T'%, + 2T'%, ) ((md,5 — w500) /M5 + Dar/m3),

for v = 9
m ws W
—Fioy/ns + Fazy/nj + 2I'5, (M5 7w2§ )/ + D, \/7)
203 N' — T3, N® + Ty — I'%,) (md,q — wi a)\/ i+ Daﬁ),

2
ws 0Uy/ny
- 20 st 9 0 2 V2
Vg | M7U,50s + 2wy v, + N2 +m? nQ

2N(F01N1 + F02N2 + F03N3),/n2 + Fisy/nj +

[T (1= (N1)?) + T8, (1 — (N?)?) + T35 (1 — (N?)?) +

—2T N — 2T, N? — T, — 2T%] (mb,s — wsd0)y/m3 + Day/iz) +
(—2Ig N2 — 2§, N® + 2T, — 2T'%) ((mb,1 — wi09)y/ng + Day/ni),

for v = 3:

m Wi 7 Wi
F121/n3+F23,/n4—2F31((mA —OJ3 )\/ +D A/ N )
2(05, N' = T§,N? + Ty — [')((md,4 — wi00)y/M3 + Dav/my),

2
L, /m3
oz |m2u st 4 2mwav? + =2 +m? — 3| =
3 373 373 N2 \/@

2N (Fo1N' + FpaN? + FosN®) /g — Fuzy/my +

D51 (1 = (N1)?) + T55(1 = (N?)?) + Tg5(1 — (N®)?) +
—2T'% N' — 219, N? — T¢, — 2T'%] ((mo,s — w350)1ﬁ~ + Day/ni3) +
(20, N? + 21'%, N3 — 2T, + 2T'%) ((md, 4 — w30°)y/ng + Day/ny),

(64)

(65)

(66)
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and for v = 4:

Wy M Wy :| o
BG4 V() + A0 =
\/@[ m o+ ;(n4v4)+m

—Fioy/Mg + Fag /M3 + 208 (i3 — w;00)/mg + Day/ig) —
2(05 Nt =T N? 4+ 150 + 'y ) (miys — wy a)\/TT?ﬁ + Day/mi3),
2
m®v,;v4 + 2mwyvf + % +m? — D\/\{%j
2N (Fo1N' + FoaN? + FosN®)/ng + Fisy/ns +
[T (1= (N1)?) +T5,(1 = (N*)?) + T53(1 = (N?)?) +
2T N + 2I'5, N? — T3 + 205 ] ((mi,4 — w480)ﬁ + Do) +
(205 N? + 205, N? — 2Ty — 20, ) ((ma, —w3 )\ﬁ""D V3); (67)

NG

where we have used that I'yy + I'yy = 0 and defined the directional quantities
Vap = VRape?, 60 = 0062 = N9 and D, = é2D,.

The first line of eq. (59) represents the continuity equation of the fermionic fluid.
The second line is the Bernoulli equation. In this respect, we note that eq. (25) is
the first integral of this equation. Finally, the last three lines of eq. (59) are the
source of the fermionic fluid, something that is not present in the case of bosons.
This is because the Dirac equation was introduced in Ref.2’ in order to eliminate the
negative probability problem of the KG equation. As a result, the Dirac equation
involves only first derivatives while the KG equation is a second order equation.

Observe that the structure of equations (64)-(67) is

m

NS

e1pFiav/ny + Fogy/niy — 2e1,05, (Mg — wy-SS)\/ny- + f)a\/ﬂp) —
(TG, N —T9,N? + T3 + e25T%) ((mbas — wp AO)\/ini; + Dav/niz),

- Oyng
NG {m%w;vl’f + 2mwy v’ + m +m 7”Z } =

ON(Fo1 N + FpaN? + FosN3)/ny, — e, Fis/ng +

[T (1= (N)?) +T55(1 = (N?)?) + Tg5(1 = (N?)?) +

2e05(T§,N' + 5, N? 4+ T§) — o] (mbas — W'go)\/@ + Doy/ni) +
(—2e3, (T4 N2 + T4 N3 —T9) + 21,18 (mbap — wid°) /s + Dav/nw),  (68)

Wy Wy
[*EVORD + V#(m,vff) + EDt} =

where the coefficients e;; are +1 with e, = (+,—,+,—), ea, = (+,—,+,—) and
esy = (+,+,—,—), and the sub-index ¥ is the conjugate of the sub-index © such
that 1 =2,2=1,3=4and 4 = 3.
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7. Energy Balance

We can also write equation (30) as a Schrédinger-like equation. If we perform the
transformation ¢ = We™of, where U is a four spinor that depends on all the variables
xH, equation (30) becomes

1 2
VU — — Op0 + 2w (—ﬂ —2¢A° + iDt) U

2(.00 2w0 N2
1 (2NN*Fyy, +iFy;€ 6" 0 B
2w 0 —QNNkFok + iFije”k&’“
1 /Sest 0o q A . o
— | ¢ (D,v N§Yw) = 0.
2w0< 0 S“Sb) ba(Da¥t FauoNog¥) = 0. (69)

Equation (69) is the generalization of the Schrédinger equation for fermions with
electromagnetic field interaction in an arbitrary space-time.

Finally, from equation (59) we can identify the different energy contributions
to the Fermi gas, and obtain an energy balance equation for fermions analogous to
the one obtained for bosons in Refs."2. In order to simplify the notations, we can
re-write equation (59) in terms of the & coefficients with the understanding that the
subindex R refers to each component R = 1,2 individually. We get

i [—wpvo In(ng) + Ve M%) W?Dt] +

Ny Ny

1 1
2m? <Kp + Ewgvg + §UV-N + U§?> +E,+UJ =0. (70)

This equation is valid for right handed fermions. The result is the same for left
handed fermions changing Rr — Ry, in the first line, and S +— S in the second
line.

The first line in eq. (70) describes the free density evolution of the fermions,
while the contribution of the different energy terms appears in the second line. The
first one is the kinetic energy K, defined as

1
K,) = 51}{,“1}5. (71)
The lapse potential U is given by
2
N_ w1
U, = I N2 + 1. (72)

It represents the energy contribution due to the chosen lapse function N. The quan-
tum potential Ul? is defined as

1 Oy/ng
Q _ v
U = Com? my, (73)
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The contribution of the electromagnetic interaction E; is given by

Ey = (2NN*Fyy, + ie, F;6")],,

- QN(FolNl +F02N2 +F03N3) — 619F131 /; —+ 12 <619F12 +F23Hn.> .

(74)

It depends on the Faraday tensor, shift vector and lapse function that are related
to the Pauli matrices. This relationship is due to the interaction between the elec-
tromagnetic field and the fermionic spin. Finally, the potential U,;q describes the
interaction between the spin and the geometry of space-time. It is given by

~ e ba\/ ny Sa
— ((vad — wy-dg) + \/7T> FgaS Sb‘p,

v

Us

= [Pf (1 = (N1)?) +T5,(1 = (N?)?) + T5(1 — (N?)?)

a a a a N 2 Aa\/nz'/
+ 262&(F31N1 + F32N2 +T%) — Foo] ((mvw-, — %62) + N

" 2 ni D A/ Ny
+ (—2e3, (T4 N? + T, N —Ty) + 2e1,T%,) ((muaﬁ —wpod), | = 4+ =2 )

ny A/ Ty

< Da\/ 1

—2611)1—‘(211 (mﬁal-, — wl',(52) + 777/
V1w

I 14 ﬁa\/ 37
—2(D5; N = T3, N? + T4 + e251'5) ((m@ai; —wpb?), [ ¢ )1

+1

ny NG
(75)

for » = 1,2, and by making the substitution S +— S for = 3,4. In the foregoing
equations, the notation |, means that we have to evaluate the quantity at the
corresponding ©. Note that Uf disappears if we assume a flat space-time or if we
consider particles without spin. Furthermore, U;,g is constructed with the generalized
gamma matrices (45), which are related to the spin (the Pauli matrices) and to the
space-time geometry (tetrads).

8. Conclusions

The main difference between the hydrodynamic representation of bosons™? and
fermions concerns the form of the Bernoulli equation. For bosons, after making the
Madelung transformation, we can separate the KG equation into real and imaginary
parts. By contrast, for fermion particles we have to work with the complete equations
of motion because the real and imaginary parts cannot be separated easily. This is
related to the fact that the gamma matrices are a representation of the SO(1,3)

group.



The Sixteenth Marcel Grossmann Meeting Downloaded from www.worl dscientific.com
by 187.190.24.248 on 01/28/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

2548

The spin is a fundamental outcome of the Dirac equation®® which combines both
elements of special relativity and quantum mechanics and was introduced to solve
the problem of negative probability present in the KG equation — first proposed
as a relativistic generalization of the Schrédinger equation. Here, we observe that
the general relativistic Dirac equation involves an additional contribution due to
geometry and spin through the generalized gamma and Pauli matrices. These terms
arise from endowing a quantum field with a curvature (geometry) given by a metric
in General Relativity. Such a contribution is absent in a flat space-time and in a
system without spin as for a scalar field.

With this work we open the possibility of studying in detail the behavior of
fermions in different situations (such as massive stars or dark matter halos harboring
a central black hole) where general relativity effects may be important. We solved
the problem of energy balance for both bosons and fermions. In this manner, we can
compare the result of the hydrodynamic representation for classical and quantum
fluids in the various geometries mentioned above.

Acknowledgments

This work was partially supported by CONACyT México under grants: A1-S-8742,
304001, 376127; Project No. 269652 and Fronteras Project 281;Xiuhcoat]l and Aba-
cus clusters at Cinvestav, IPN; 10101/131/07 C-234/07 of the Instituto Avanzado
de Cosmologia (IAC) collaboration (http:// www.iac.edu.mx). O.G. acknowledges
financial support from CONACyT doctoral fellowship and appreaciates Angelica
C. Aguirre Castanén for her valuable review and support. Works of T.M. are par-
tially supported by Conacyt through the Fondo Sectorial de Investigacién para la
Educacién, grant CB-2014-1, No. 240512.

Appendix A. Solutions to the Dirac equation in flat space-time

Equation (5) in flat space-time, using the Pauli matrices (63), reads

By — s i — by — iy

G = gpty —igyty + Fotbs — mabs

Lohi+ s — i%¢z + Zopy —myy

Ftbe + b + i — Loby — m,
where we have defined the spinor as 1 = (¢,) = (¥4, 1y, ¥, ¥:)T. In order to find
an exact solution of the previous equation, we use the ansatz ¢, = Roy exp(i(zox +

Yoy + 202 + tot)), where x¢ - - - to and Ry, are constants. Here we have the simplest
solutions of the Dirac equation where the exponential is the same for all components.
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We obtain four linear equations

iRo.Cy + iRoyno + mRo; = 0,
1RoyCo — 1Roz€0 + mRo, = 0,

Ro.(y + Roiéo + imRo, = 0,

RotCo — Roz1o + imRp. = 0, (A.2)

where (o = x¢ + iyo, Mo = 20 — to, and §y = zp + tg. The solution of these equations

1S

1 . .
_E(ZROyWO +iRo2(o),

(iRo-&0 — i R0y (), (A.3)

Ry =

1
Rop = —
m

24,24 2 42 02
where g + yg + 25 — t§ = m*.

Now we use the ansatz ¢, = Ry, exp(if), where § is an arbitrary function of

the coordinates. Substituting this ansatz into (A.1) we obtain

iRo.Z; + iRoyEy + mRyy = 0,
iRoyZo — iRy Fy + mRog = 0,
RoaZ% + RoyFy + imRo, = 0,
Ro:Zo — RowEo + imRy. = 0, (A.4)

where Zg =0 410, Eg = 0 ,—0, and Fy = 0 ;40 ;. The solution of the previous
system of differential equations is

0=F(X)—it
m - ek 2 . 2 s 5 B 9
+ 2Rot Ry + 2Ro. Roy (ZCO (Ry, — Rj.) ZCO(ROy ROt)) , (A.5)

where F(X) is an arbitrary function of

X Ro¢(—CRoy — ¢*Roy + {Roy — 77R0z)' (A.6)
2R Ry, + 2R, Roy
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