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3+1 Formalism

ADM (Arnott-Deser-Misner, 1962) formulation is the most well known 3+1 formulation.
There are variations, most notably BSSN formulation.

3+1 line element is written as

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt)

where γij is the (3-dim) metric of the hypersurface and α and βi are the lapse and
shift functions respectively.

Define the Extrinsic curvature, along the normal vector, nµ = −α∇µt,

Kij = −
1

2
Lnγij

Take {γij ,Kij} as dynamical variables.

By considering various projections, 10 Einstein field equations (in 4-dim) becomes 4
elliptic (constraint) equations plus 12 hyperbolic (evolution) equations.

Lectures on NR #2, JUL 6, 2007 – p. 3/23



3+1 Formalism in vacuum

Constraint equations

(3)R+K2 −KijK
ij = 0

Dj(K
ij − γijK) = 0

where (3)R is 3-dim Ricci scalar, Di the covariant derivatives associated with the
3-dim metric, γij , and K is trace of Kij .

Evolution equations

(∂t −Lβ)γij = −2αKij

(∂t −Lβ)Kij = −DiDjα+ α(Rij +KKij − 2KikK
k

j)

Note that in reality, practitioners use variations of the ADM formalism, e.g. BSSN
(Baumgarte-Shapiro-Shibata-Nakamura, 1995, 1998) formulation.

Usually, free evolution approach is used: solve constraints to set up initial data and use
evolution equations to evolve the initial data forward in time. Just monitor (violations
on) constraint equations to assess the quality of simulations.
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3+1 Formalism

Look at spacetime from the point of view of the Cauchy Problem.

(Classical) gravitational field is the time history of the geometry of a spacelike
hypersurface.

To construct solutions (grav. field in 4D), solve the initial-value problem, and integrate
the dynamical eqns. along the prescribed coordinate system.

If matter is present, their initial value and evolution eqns. must also be taken into
account.
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Review

M,gab.

Foliation Σ defines spacelike hypersurfaces that are labeled by scalar function τ .

(cf. characteristic approaches based on null surfaces)

Define unit normal (to-the-hypersurface) vector, na associated with Σ.

na = −αΩa = −α∇aτ (1)

na = gabnb (2)

Note the vector field, na, can be viewed as the 4-velocity field of a congruence of
observers moving orthogonally to the slices.

Define projection operator to project tensors onto the hypersurface.

⊥a
b≡ δa

b + nanb (3)

Define “spatial derivative operator”, Da ≡⊥ ∇a.

Define 3-Riemann associated with Da. (DaDb −DbDa)Wc = Rabc
dWd (Wa is

spatial dual vector)
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Review (con’t)

Define extrinsic curvature, Kab = − ⊥ ∇anb or Kab = − 1
2
Lnγab = − 1

2
⊥ Lngab.

Derived Gauss-Codazzi equations

⊥ (4)Rabcd = Rabcd +KdbKca −KcbKda (4)

⊥ (4)Rabcn̂ = DbKac −DaKbc (5)

Einstein field equations: Gab = (4)Rab − 1
2
gab

(4)R = 8πTab

Hamiltonian Constraint equations: contract both indices with na,
Gabn

anb =(4) Rabn
anb − 1

2
gabn

anb(4)R = 8πTabn
anb.

R+K2 −Ka
bK

b
a = 16πρ (6)

where K ≡ Ka
a.

Momentum constraint equations: contract one index with na and project the remaining
index onto the 3-hypersurface, ⊥ Gan̂ =⊥ (4)Ran̂+ ⊥ 1

2
na(4)R = 8π ⊥ Tan̂ = 8πja.

DbK
ab −DaK = 8πja (7)
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Note that the Hamiltonian and momentum constraint eqautions involve only spatial
tensors and spatial derivatives and do not involve explicit time derivatives of spatial
tensors. Therefore the equations are equations of constraint which must be satisfied
by the 3+1 variables, {γab,Kab} at all times (i.e. on all slices).
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Evolution equations

Now let’s turn our attention to the evolution equations.

First we need to compute another projection of the spacetime curvature tensor,
⊥ (4)Ran̂bn̂.

From the definition of Riemann tensor, recalling the definitions of Kab and ab, (note
∇anb = −Kab − naab)

(4)Ran̂bn̂ = (4)Racbdn
cnd = nc(∇b∇cna −∇c∇bna)

= nc∇c(Kba + nbaa) − nc∇b(Kca + ncaa)

= nc∇cKba + ncnb∇caa + (nc∇cnb)aa − nc∇bKca + ∇baa (8)

⊥ (4)Ran̂bn̂ = ⊥ (nc∇cKba + abaa − nc∇bKca + ∇baa) (9)

Note that since ncKca = 0, we have −nc∇bKca = Kca∇bn
c.

Then

⊥ (4)Ran̂bn̂ = ⊥ (nc∇cKba +Kca∇bn
c +Kbc∇an

c −Kbc∇an
c + abaa + ∇baa)

= ⊥ (LnKab −Kbc∇an
c + aaab + ∇baa)

= ⊥ (LnKab +KbcKa
c + aaab + ∇baa) (10)
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Let us show ab = Db lnα.

Consider first

∇anb = −∇(αΩb) = −(∇aα)Ωb − α(∇aΩb) (11)

nan
c∇cnb = α2ΩaΩc (−(∇cα)Ωb − α(∇cΩb))

= −α2Ωc(∇cα)ΩaΩb − α3ΩaΩc∇cΩb

= −α2Ωc(∇cα)ΩaΩb − α3ΩaΩc∇bΩc

= −α2Ωc(∇cα)ΩaΩb −
α3

2
Ωa∇b(−α

−2)

= −α2Ωc(∇cα)ΩaΩb − Ωa∇bα (12)

where we used the facts ∇[aΩb] = ∇[a∇b]τ = 0 and
∇b(−α

−2) = ∇b(g
cdΩcΩd) = 2gcdΩc∇bΩd.

By contracting with na and noting the fact naΩa = α−1, we get,

ab = nc∇cnb = αΩc(∇cα)Ωb + α−1∇bα (13)
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On the other hand,

Db lnα =⊥c
b∇c lnα = (δc

b + ncnb)(α
−1∇cα) = αΩc(∇cα)Ωb + α−1∇bα (14)

Therefor, αb = Db lnα.

Now consider ⊥ (aaab + ∇baa):

⊥ (aaab + ∇baa) = ⊥ (Da lnαDb lnα+ ∇(α−1Daα))

= ⊥ (α−2DaαDbα− α−2DbαDaα+ α−1(∇bDaα))

= α−1DaDbα. (15)

Since Kab is a spatial tensor, we have,

⊥ LnKab = LnKab = α−1LNKab (16)

where Na = αna. Note that NaΩa = 1.

Combining Eqns (10,15,16), we obtain,

⊥ (4)Ran̂bn̂ = α−1LNKab +KacK
c
b + α−1DaDbα (17)
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Evolution Equations for Spatial Metric

The evolution equations for the spatial metric essentially come from definition of the
extrinsic curvature:

Kab = −
1

2
Lngab (18)

However, note that since na is normal vector, Lie-derivative along na is only “normal
time derivatives”. But we would like to allow more general definition of time derivative
along “time directions”, ta.

Constant coordinate observer, ta, therefore, can be defined via

ta = Na + βa = αna + βa (19)

βana = 0 (20)

Note that the above definition provides the natural normalization for the time
derivatives, taΩa = 1.
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Using a fundamental property of the Lie derivative for arbitrary vector fields va and wa,
and arbitrary tensor fields S:

Lv+wS = LvS + LwS (21)

we have

Ltγab = αLnγab + Lβγab (22)

Or

Ltγab = −2αKab + Lβγab (23)
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Evol. Equations for Extrinsic Curvature

First note that Einstein field equations can be written as

(4)Rab = 8πTab +
1

2
gab

(4)R = 8π(Tab −
1

2
gabT ) (24)

where we used the fact G = −R = 8πT .

Projecting onto the hypersurface, we have

⊥ (4)Rab = 8π(⊥ Tab −
1

2
γabT ) (25)

Note from the 3+1 decomposition of a general symmetric type(0,2) tensor

Sab ≡⊥ Tab = Tab + 2n(a ⊥ Tb)n̂ − nanbTn̂n̂ (26)

Contracting the above eqn.

S = T + Tn̂n̂ = T + ρ (27)

T = S − ρ (28)
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Eqn. (29 becomes

⊥(4) Rab = 8π(Sab −
1

2
γab(S − ρ)) (29)

Recall from the Lecture #1,

⊥ (4)Rab = − ⊥ (4)Ran̂bn̂ + gcd ⊥ (4)Racbd (30)

Using eqn. (17) and one of the Gauss-Codazzi eqn. (??), we get,

⊥ (4)Rab = −(α−1LNKab +KacK
c
b + α−1DaDbα)

+ gcd(Rabcd +KabKcd −KadKcb)

= −α−1LNKab − 2KacK
c
b − α−1DaDbα+ Rab +KKab (31)

Equating Eqns (29) and (31) and using the fact that
LNKab = Lt−βKab = LtKab − βKab, we obtain the evolution eqns for Kab:

LtKab = LβKab −DaDbα+ α

„

Rab +KKab − 2KacK
c
b − 8π(Sab −

1

2
γab(S − ρ))

«
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Analogy with E&M

ADM Evolution equations:

Ltγab = −2αKab + Lβγab

LtKab = LβKab −DaDbα+ α

„

Rab +KKab − 2KacK
c
b − 8π(Sab −

1

2
γab(S − ρ))

Compare ADM equations to the Maxwell’s equations in flat space.

Constraint equations (Gauss law)

DiE
i = 4πρe (33)

DiB
i = 0 (34)

Evolution equations (Faraday’s law, Ampere’s Circuital Law)

∂tEi = ǫijkD
jBk − 4πJi (35)

∂tBi = −ǫijkD
jEk (36)

where ρe and Ji are charge and current densities, respectively.
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E&M

Continuity of charge is expressed by

DiJ
i = −∂tρe (37)

Note that the evolution equations preserve the constraints so that, if they are satisfied
at any time, they are automatically satisfied at all times.

Often it is useful to introduce the vector potential and write Bi as a curl of Ai

Bi = ǫijkDjAk (38)

so that the second constraint, DiB
i = 0, is automatically satisfied.

Then, we can rewrite Maxwell’s equations in terms or Ai and Ei. Evolution equations
are given by

∂tAi = −Ei −DiΦ (39)

∂tEi = −DiDjAi +DiD
jAj − 4πJi (40)

together with the constraint eqn. (33).
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Note that Φ plays a role of gauge just like the lapse and shift in the ADM equations in
the sense that it can be chosen independently, but they don’t directly affect the physics.

It is interesting to note that the equations, (39) and (40) are quite similar to the ADM
equations.

Ai ↔ γij

Ei ↔ Kij

Field variable on the RHS for Ai/γij

Second spatial derivatives of field variable on the RHS for Ei/Kij

We will use E&M analogy when we discuss continuum issues later.

E&M theory provides a laboratory to think about issues in NR with a more simple form
of equations.
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Example: spherical symmetry

The most general form of a spherically symmetric 4d spacetime metric is given by

ds2 = −a(t, r̃)dt2 + 2b(t, r̃)dtdr̃ + g̃rr(t, r̃)dr̃2 + g̃θθ(t, r̃)dΩ2 (41)

Using a new coordinate, r̃ → r ≡ (g̃θθ/g̃rr)1/2, we can write down the metric, (after
dropping all the tilde’s), in the isotropic form.

ds2 = −a(t, r)dt2 + 2b(t, r)dtdr + grr(t, r)(dr2 + r2dΩ2) (42)

By comparing with the general 3+1 line element,
ds2 = −α2dt2 + γij(dx

i + βidt)(dxj + βjdt), we identify
b(t, r) = βr, a(t, r) = α2 − βrβr and rewrite, grr = ψ, we have

ds2 = −(α2 − βrβr)dt2 + 2βrdtdr + ψ4(dr2 + r2dΩ) (43)

Setting βr ≡ β, we get

ds2 = −(α2 − ψ4β2)dt2 + 2ψ4βdtdr + ψ4(dr2 + r2dΩ) (44)

where α ≡ α(t, r), β ≡ β(t, r), ψ ≡ ψ(t, r)
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The only non-vanishing, spatial connection coeffients are

Γr
rr = 2

ψ
′

ψ
(45)

Γr
θθ = −2

r2ψ
′

ψ
− r (46)

Γr
φφ = sin2 θΓr

θθ (47)

etc. (48)

You can do it by hand or use a symbolic algebra package such as MAPLE or
MATHEMATICA. Tensor packages are available for both.

“By-hand” method becomes extremely painful very quickly as soon as the expressions
get complex.
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Maple script using Matt Choptuik Tensor package. (Note there are other freely
available packages such as GRTensorII.)

################################################### ###################

#

# (c) Dale Choi 2007 --

#

# Maple script to verify (2.61) and (2.62) in Baumgarte and Sh apiro review

#

################################################### ###################

read ‘/root/maple/TensorV6/TENSOR‘;

alias(alpha=alpha);

alias(beta=beta);

alias(psi=psi);

laliasl([alpha,beta,psi],[t,r]);

Coords[4] := [t,r,theta,phi];

Lmetric[4]:= makeTENSOR(g4,makeIS(4,L,L));

g4_LL[1,1]:= - (alphaˆ2 - psiˆ4 * betaˆ2);

g4_LL[1,2]:= psiˆ4 beta;
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Maple script (con’t)

g4_LL[1,1]:= - (alphaˆ2 - psiˆ4 * betaˆ2);

g4_LL[1,2]:= psiˆ4 * beta;

g4_LL[2,1]:= g_LL[1,2];

g4_LL[2,2]:= psiˆ4;

g4_LL[3,3]:= rˆ2 * psiˆ4;

g4_LL[4,4]:= rˆ2 * psiˆ4 * sin(theta)ˆ2;

Umetric[4]:=makeINDEXEDinverse(Lmetric[4]);

Coords[3]:= [r,theta,phi];

Lmetric[3]:=projectN(Lmetric[4]);

Umetric[3]:=makeINDEXEDinverse(Lmetric[3]);

Chris1[3]:=makeChris1(3);

Chris2[3]:=raise(Chris1[3]);

Geometry3(on);
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Maple output:

[TENSOR, Ch3, [IS, 3, U, L, L], ARRAY([1 .. 3, 1 .. 3, 1 .. 3],

[(1, 1, 1) = 2 * (diff(psi, r))/psi, (1, 1, 2) = 0, (1, 1, 3) = 0,

(1, 2, 1) = 0, (1, 2, 2) = -r * (psi+2 * r * (diff(psi, r)))/psi, (1, 2,

(1, 3, 1) = 0, (1, 3, 2) = 0, (1, 3, 3) = -r * sin(theta)ˆ2 * (psi+2 * r *
(2, 1, 1) = 0, (2, 1, 2) = (psi+2 * r * (diff(psi, r)))/(psi * r), (2, 1,

(2, 2, 1) = (psi+2 * r * (diff(psi, r)))/(psi * r), (2, 2, 2) = 0, (2, 2,

(2, 3, 1) = 0, (2, 3, 2) = 0, (2, 3, 3) = -sin(theta) * cos(theta),

(3, 1, 1) = 0, (3, 1, 2) = 0, (3, 1, 3) = (psi+2 * r * (diff(psi, r)))/(psi

(3, 2, 1) = 0, (3, 2, 2) = 0, (3, 2, 3) = cos(theta)/sin(theta),

(3, 3, 1) = (psi+2 * r * (diff(psi, r)))/(psi * r), (3, 3, 2) = cos(theta)/sin(th
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